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ABSTRACT
A neai— c o i n c i d e n t  d o u b ly - s y m m e t r ic  b r a n c h in g  sys tem  
i s  f i r s t  c o n s i d e r e d  in  g e n e r a l  t e r m s .  The fo rm  and 
s t a b i l i t y  o f  t h e  e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  sys tem  a r e  
s t u d i e d .  In  t h e  p r e s e n c e  o f  two m a jo r  i m p e r f e c t i o n s  t h e  
sys tem  e x h i b i t s  a p r e f e r r e d  mode o f  b u c k l i n g  c o r r e s p o n d i n g  
t o  t h e  l e a s t - s t i f f  u n c o u p led  p a t h  o f  t h e  i d e a l  s y s te m .  A 
c l a s s i f i c a t i o n  o f  t h e  system  i s  made based on t h e  s t a b i l i t y  
o f  t h e  b i f u r c a t i o n  p o i n t  when i m p e r f e c t i o n s  p u r e l y  in  t h e  
fo rm  o f  t h e  m o s t - s t i f f  b u c k le d  mode and s o l e l y  i n  t h e  fo rm  
o f  t h e  l e a s t - s t i f f  b u c k le d  mode a r e  a p p l i e d .
T h i s  g e n e r a l  t h e o r y  i s  th e n  a p p l i e d  t o  t h r e e  
t h e o r e t i c a l  models  and t h e  i m p e r f e c t i o n  s e n s i t i v i t y  
s u r f a c e s  o f  t h e i r  n a t u r a l  e q u i l i b r i u m  p a th s  a r e  g e n e r a t e d .  
The f i r s t  model i s  a s t r u t  on a W i n k l e r  t y p e  f o u n d a t i o n .  An 
i n v e s t i g a t i o n  o f  t h e  e f f e c t  o f  v a r i a t i o n s  o f  e n e rg y  
c o e f f i c i e n t s ,  s p l i t t i n g  p a r a m e te r  and i m p e r f e c t i o n s  l e a d s  
t o  t h e  f o u r  g e n e r a l  form s o f  s t a b i l i t y  b o u n d a r ie s  p r o p o s e d .  
A c c o r d in g  t o  t h e  fo rm  o f  t h e  s t a b i l i t y  boundary  a sys te m  
w i l l  behave s t a t i c a l l y ,  p a r t i a l l y  d y n a m i c a l l y  o r  
d y n a m i c a l l y  f o r  a l l  c o m b i n a t i o n s  o f  t h e  two i m p e r f e c t i o n s .  
The second i s  a m o d i f i e d  S t e i n  model w h ich  i s  a n a lo g o u s  
t o t h i n  r e c t a n g u l a r  p l a t e s  under  i n - p l a n e  c o m p re s s io n  and  
t h e  t h i r d  i s  a s i m p l y - s u p p o r t e d  r e c t a n g u l a r  p l a t e ,  
l a t e r a l l y  r e s t r a i n e d ,  under  u n i a x i a l  c o m p re s s io n .
F i n a l l y  a s e r i e s  o f  e x p e r i m e n t s ,  c o n d u c ted  t o  v e r i f y  
q u a l i t a t i v e l y  t h e  s i m p le  t h e o r i e s  p ro p o s e d ,  a r e  d e s c r i b e d .  
R e c t a n g u l a r  s t e e l  p l a t e s  w ere  h e l d  in  a s e m i - r i g i d  t e s t  
f ra m e  w h ich  p r o v i d e d  s i m p l e  s u p p o r t  t o  a l l  edges w h i l e  
r e s t r a i n i n g  t h e  u n lo ad e d  edges f rom  l a t e r a l  movement.  A 
number o f  o u t - o f - p l a n e  p o i n t  lo ad s  were used t o  r e p r e s e n t  
t h e  i m p e r f e c t i o n s .  U n i a x i a l  co m press io n  was a p p l i e d  t o  t h e  
p l a t e s  and F o u r i e r  a n a ly s e s  c a r r i e d  o u t  on t h e  o u t - o f - p l a n e  
d is p l a c e m e n t s  o f  t h e  l o n g i t u d i n a l  c e n t r e l i n e  p r o v i d e d  t h e  
i n t e r a c t i o n  between t h e  component modes o f  d e f l e c t i o n ,  in  
p a r t i c u l a r  t h e  p r e d i c t e d  c o u p l i n g  between t h e  o n e -  and  
t w o - h a l f w a v e  d e f l e c t e d  fo r m s .
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System 2 f o r  t h e  case  o f  <7=0 & a<0
2 . 1 4  L o a d - d e f  1 e c t i o n  o f  t h e  lo a d  c u r v e s  o f  t h e  i d e a l
System 2 f o r  t h e  case  o f  <7>0 ( a c - b 2) < 0  ( a - 2 b + c ) > 0
2
2 . 1 5
2 . 1 6
2 . 1 7
2 . 1 8
2 . 1 9
2 . 2 0  
2 . 2 1  
2.22
3 .  1
3 . 2
3 . 3
3 . 4
3 . 5
3 . 6
3 . 7
3 . 8
3 . 9
L o a d - d e f 1e c t i o n  o f  t h e  load  c u r v e s  o f  t h e  i d e a l  
System 2 f o r  t h e  case  o f  cr>0 ( a c - b 2 )< 0  ( a - 2 b + c ) < 0  
L o a d - d e f l e c t i o n  o f  t h e  lo ad  c u r v e s  o f  t h e  i d e a l  
System 2 f o r  t h e  case  o f  a>0 ( a c - b 2 )> 0  
I m p e r f e c t  u n c o u p le d  e q u i l i b r i u m  p a t h s  f o r  t h e  case  o f  
w=0 p r o j e c t e d  o n t o  t h e  X -v  p l a n e
I m p e r f e c t  u n c o u p le d  and c o u p le d  e q u i l i b r i u m  p a t h s  f o r  
t h e  case  o f  w=0 p r o j e c t e d  o n t o  t h e  v - v  p l a n e  
I m p e r f e c t  e q u i l i b r i u m  p a th s  f o r  t h e  case  o f  <o=0
p r o j e c t e d  o n t o  t h e  v 1“ v 2 p l a n e  i n d i c a t i n g  t h e
c l a s s i f i c a t i o n
I m p e r f e c t  u n c o u p led  e q u i l i b r i u m  p a t h s  f o r  t h e  c as e  o f
(o=jr/2 p r o j e c t e d  o n t o  t h e  X -v  p l a n e
2
I m p e r f e c t  u n c o u p led  and c o u p le d  e q u i l i b r i u m  p a t h s  f o r  
t h e  case  o f  o=jr/ 2  p r o j e c t e d  o n t o  t h e  v - v  p l a n e  
I m p e r f e c t  e q u i l i b r i u m  p a th s  f o r  t h e  case  o f  gj= ji/2 
p r o j e c t e d  o n to  t h e  v 1“ v 2 p l a n e  i n d i c a t i n g  t h e
c l a s s i f i c a t i o n
G e n e r a l  a r r a n g e m e n t  o f  t h e  s t r u t  on a W in k le i— t y p e  
f o u n d a t i o n
D e f o r m a t i o n  o f  a s m a l l  e le m e n t  o f  t h e  s t r u t  d u r i n g  
b en d in g
P l o t  o f  c r i t i c a l  a x i a l  lo ad  v e r s u s  f o u n d a t i o n
s t i f f n e s s  f o r  v a r i o u s  v a l u e s  o f  h a l f w a v e  number
P l o t  o f  t h e  t r a n s f o r m e d  e n e rg y  f u n c t i o n  c o e f f i c i e n t s
a ,  b and c v e r s u s  f o u n d a t i o n  s t i f f n e s s
P l o t  o f  t h e  s p l i t t i n g  p a r a m e t e r  a  v e r s u s  f o u n d a t i o n
s t i f f n e s s
P l o t  o f  t h e  q u a n t i t i e s  ( a c - b 2 ) and ( a - 2 b + c )  v e r s u s  
f o u n d a t i o n  s t i f f n e s s
P l o t  o f  t h e  q u a n t i t i e s  ( a c - b 2 ) ,  ( 3 a c - b c - 2 b 2 ) and
( 3 a c - a b - 2 b 2 ) v e r s u s  f o u n d a t i o n  s t i f f n e s s
E q u i l i b r i u m  p a th s  o f  t h e  i d e a l  sys tem  p l o t t e d  in
X -v  - v  space f o r  t h e  case  o f  v = 4 . 0  
1 2  *
E q u i l i b r i u m  p a th s  o f  t h e  i d e a l  sys tem  p l o t t e d  i n  X-A 
space f o r  t h e  case  o f  y = 4 . 0
3
3 .  10
3 .1 1
3 . 1 2
3 . 1 3  
3 .  14 
3 .  15
3 .  16
3 . 1 7
3 . 1 8  
3 .  19
3 . 2 0
3 .2 1
3 . 2 2
3 . 2 3
3 . 2 4
N a t u r a l  e q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t  system  f o r  
t h e  case  o f  77=0 . 0 2  and <o=0? 15? 30? 45? 60? 75°  & 90°  
p l o t t e d  in  X -v  - v  space f o r  t h e  case  o f  7=4 . 0  
E q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t  sys tem  f o r  t h e  
case o f  r )=0 .02  and co=0? 30? 45? 60? 75°  & 90° p l o t t e d  
i n  X-A space f o r  t h e  case  o f  7=4 . 0
I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  case  o f  
7= 4 . 0
E q u i l i b r i u m  p a th s  o f  t h e  i d e a l  system  p l o t t e d  in  
X-v^-Vg space f o r  t h e  case  o f  7= 3 . 5
E q u i l i b r i u m  p a th s  o f  t h e  i d e a l  system  p l o t t e d  in  X-A 
space f o r  t h e  case  o f  7=3 . 5
N a t u r a l  e q u i l i b r i u m  p a th s  o f  t h e  i m p e r f e c t  sys tem  f o r  
t h e  case  o f  77=0 . 0 2  and o=0? 15? 30? 45? 60? 75°  & 90°  
p l o t t e d  in  X -v  - v  space f o r  t h e  case  o f  7=3 . 5  
E q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t  sys tem  f o r  t h e  
case  o f  77=0 . 0 2  and w=0? 30? 45? 60? 75°  & 90°  p l o t t e d  
i n  X-A space f o r  t h e  case  o f  7= 3 . 5
I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  case  o f  
7 = 3 . 5
E q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  sys tem  p l o t t e d  in
X—v ^ - v 2 space f o r  t h e  case  o f  7 = 4 .2 5
E q u i l i b r i u m  p a th s  o f  t h e  i d e a l  sys tem  p l o t t e d  in  X-A 
space f o r  t h e  case  o f  7 = 4 .2 5
E q u i l i b r i u m  p a th s  o f  t h e  i m p e r f e c t  sys tem  f o r  t h e
case o f  o)=0 p l o t t e d  in  X -v  space f o r  t h e  case  o f  
7=4 .2 5
/
N a t u r a l  e q u i l i b r i u m  p a th s  o f  t h e  i m p e r f e c t  sys tem  f o r  
t h e  case  o f  r j= 0 .02  and <o=0? 15? 30? 45? 60? 7 5 °  & 90°  
p l o t t e d  in  X -v  - v  space f o r  t h e  case  o f  7 = 4 . 2 5  
E q u i l i b r i u m  p a th s  o f  t h e  i m p e r f e c t  sys tem  f o r  t h e
case o f  77=0 . 0 2  and <o=0? 30? 45? 60? 75°  & 90°  p l o t t e d
i n  X-A space f o r  t h e  case  o f  7 = 4 . 2 5
I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  c as e  o f  
7 = 4 .2 5
Locus o f  l i m i t  p o i n t s  f o r  t h e  case  o f  0=0 and  
b i f u r c a t i o n  p o i n t s  f o r  t h e  case  o f  w=jt/ 2
4
4 . 1  The m o d i f i e d  S t e i n  model in  t h e  u n b u c k le d  mode
4 . 2  The m o d i f i e d  S t e i n  model i n  t h e  b u c k le d  mode
4 . 3  P l o t  o f  t h e  two b r a n c h in g  l o a d s ,  A  ^ and A2 , o f  t h e
i d e a l  sys tem  v e r s u s  t h e  p a r a m e te r  a
4 . 4  P l o t  o f  t h e  t r a n s f o r m e d  e n e rg y  f u n c t i o n  c o e f f i c i e n t s  
a ,  b and c v e r s u s  t h e  p a r a m e te r  0
4 . 5  P l o t  o f  t h e  q u a n t i t i e s  ( a c - b 2 ) and ( a - 2 b + c )  v e r s u s
t h e  p a r a m e te r  0
4 . 6  G e n e r a l  fo rm  o f  t h e  e q u i l i b r i u m  p a th s  o f  t h e  
i d e a l  system
4 . 7  P l o t  o f  t h e  q u a n t i t i e s  ( a c - b 2 ) ,  ( 3 a c - b c - 2 b 2 ) and  
( 3 a c - a b - 2 b 2) v e r s u s  t h e  p a r a m e t e r  0
4 . 8  B e h a v i o u r a l  c l a s s i f i c a t i o n  o f  t h e  S t e i n  model f o r  t h e  
case  o f  a>=0
4 . 9  B e h a v i o u r a l  c l a s s i f i c a t i o n  o f  t h e  S t e i n  model f o r  t h e  
case  o f  «=rc/2
4 . 1 0  Coup led  e q u i l i b r i u m  p a t h s  f o r  <o=0 f o r  a 
n o n - h y s t e r e s i s  and n a t u r a l  h y s t e r e s i s  sys tem
4 . 1 1  The i s o l a  on t h e  n a t u r a l  . l o a d i n g  p a t h  f o r  t h e  case  
o f  o=jr/2
4 . 1 2  S c h e m a t ic  r e p r e s e n t a t i o n s  o f  t h e  s t a b i l i t y  b o u n d a r ie s  
p r o j e c t e d  o n t o  t h e  v - v  p l a n e
4 . 1 3  H y s t e r e s i s  locus  f o r  t h e  case  o f  0 = 1 4 . 0
4 . 1 4  I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  c as e  o f  
0 = 1 4 . 0
4 . 1 5  H y s t e r e s i s  l o c i  f o r  t h e  case  o f  0 = 1 . 0
4 . 1 6  I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  f o r  t h e  c as e  o f  
0= 1.0
5 . 1  P l a t e  geo m etry  i n  t h e  u n b u c k le d  mode
5 . 2  A p p l i e d  l a t e r a l  p r e s s u r e  and i t s  components
5 . 3  P l o t  o f  a s p e c t  r a t i o  a g a i n s t  b u c k l i n g  s t r e s s  
c o e f f i c i e n t  f o r  P o is s o n s  r a t i o  p = 0 . 0 ,  0 . 1 7 5 ,  0 . 3 5  & 
0 . 5 ,  f o r  t h e  case  o f  r = 1 , 2
5 . 4  P l o t  o f  a s p e c t  r a t i o  a g a i n s t  P o is s o n s  r a t i o  d e f i n i n g  
t h e  r e g i o n  o f  N o n - E x i s t e n c e
5 . 5  P l o t  o f  t h e  s p l i t t i n g  p a r a m e te r  v e r s u s  a s p e c t  r a t i o  
f o r  t h e  case  o f  p=0 . 2 7
5
5 . 6  P l o t  o f  t h e  t r a n s f o r m e d  en e rg y  f u n c t i o n  c o e f f i c i e n t s
a ,  b and c v e r s u s  a s p e c t  r a t i o  f o r  t h e  cas e  o f  i>=0.27
5 . 7  P l o t  o f  t h e  q u a n t i t i e s  ( a c - b 2) and ( a - 2 b + c )  v e rs u s
a s p e c t  r a t i o  f o r  t h e  case  o f  p = 0 . 2 7
5 . 8  P l o t  o f  t h e  q u a n t i t i e s  ( a c - b 2) ,  ( 3 a c - b c - 2 b 2 ) and 
( 3 a c - a b - 2 b  ) v e r s u s  a s p e c t  r a t i o  f o r  t h e  case  o f  
v = 0 .2 7
5 . 9  P l o t  o f  t h e  h y s t e r e s i s  a n g l e ,  v e r s u s  Po iss o n s
r a t i o  and a s p e c t  r a t i o  under  c o n d i t i o n s  o f  compound 
buck 1 ing
5 . 1 0  E q u i l i b r i u m  p a th s  o f  t h e  i d e a l  sys tem  p l o t t e d  in  
X-v^-Vg space f o r  t h e  case o f  7=2 . 1 8 2
5 . 1 1  E q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  system  p l o t t e d  in  X-A 
space f o r  t h e  case  o f  7= 2 . 1 8 2
5 . 1 2  E q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t  sys tem  f o r  t h e  
case  o f  17=0 . 2  and w=0? 8? 16? 2 4 .2 9 5 ?  60° & 90°
p l o t t e d  in  ■^” v 1_ v 2 space f o r  t h e  case  o f  7= 2 . 1 8 2
5 . 1 3  C r i t i c a l  loads  o f  t h e  b i f u r c a t i o n  p o i n t  and c o u p le d  
l i m i t  p o i n t s  f o r  t h e  case  o f  <o=0 and 7= 2 . 1 8 2
5 . 1 4  I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  c as e  o f  
7 = 2 .1 8 2
5 . 1 5  D e f l e c t e d  form s o f  t h e  p l a t e  c e n t r e l i n e  f o r  t h e  case  
o f  7= 2 . 1 8 2
5 . 1 6  E q u i l i b r i u m  p a th s  o f  t h e  i d e a l  sys tem  p l o t t e d  in
X-v  - v  space f o r  t h e  case o f  7 = 2 .5  
1 2
5 . 1 7  E q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  system  p l o t t e d  i n  X-A 
space f o r  t h e  case  o f  7= 2 . 5
5 . 1 8  H y s t e r e s i s  locus  f o r  t h e  case  o f  7 = 2 . 5
5 . 1 9  E q u i l i b r i u m  p a th s  o f  t h e  i m p e r f e c t  sys tem  f o r  t h e  
case  o f  17=0 . 2  and (0=0°, 10 ° ,  1 9 . 5 2 ° ,  4 5 ° ,  60° & 90°
p l o t t e d  in  •^“ v 1” v 2 space f o r  t h e  case  o f  7 = 2 . 5
5 . 2 0  C r i t i c a l  loads  o f  t h e  b i f u r c a t i o n  p o i n t  and c o u p le d  
l i m i t  p o i n t s  f o r  t h e  case  o f  w=0 and 7 = 2 . 5
5 . 2 1  I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  c a s e  o f  
7 = 2 .5
5 . 2 2  D e f l e c t e d  form s o f  t h e  p l a t e  c e n t r e l i n e  f o r  t h e  case  
o f  7=2 . 5
5 . 2 3  E q u i l i b r i u m  p a th s  o f  t h e  i d e a l  sys tem  p l o t t e d  in  
X-v  - v  space f o r  t h e  case  o f  7 = 1 .7 5
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5 . 2 4  E q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  system  p l o t t e d  in  X-A 
space f o r  t h e  case  o f  7 = 1 .7 5
5 . 2 5  H y s t e r e s i s  locus  f o r  t h e  case  o f  7 = 1 . 7 5
5 . 2 6  E q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t  sys tem  f o r  t h e  
case  o f  77=0 . 2  and (0=0? 15? 30? 4 5 . 3 ?  60° & 90°
p l o t t e d  i n  ■^"v 1“ v 2 space f o r  t h e  case  o f  7 = 1 . 7 5
5 . 2 7  C r i t i c a l  loads  o f  t h e  b i f u r c a t i o n  p o i n t  and c o u p le d  
l i m i t  p o i n t s  f o r  t h e  case  o f  7 = 1 . 7 5 ,  (o=0 and <d=jt/ 2
5 . 2 8  I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  case  o f  
7 = 1 . 7 5
5 . 2 9  D e f l e c t e d  forms o f  t h e  p l a t e  c e n t r e l i n e  f o r  t h e  case  
o f  7 = 1 .7 5
5 . 3 0  Loc i  o f  b i f u r c a t i o n  p o i n t s  and c o u p le d  l i m i t  p o i n t s  
f o r  t h e  case  o f  0=0 and g)=ji/2
6 .1  T y p i c a l  s t r e s s - s t r a i n  r e l a t i o n s h i p  f o r  t h e  2.0mm 
s h e e t  -  f ro m  BS 18 specimens
6 . 2  T y p i c a l  . s t r e s s - s t r a i n  r e l a t i o n s h i p  f o r  - t h e  1.5mm 
s h e e t  -  f ro m  BS 18 specimens
6 . 3  S e t t i n g  o u t  o f  a p p l i e d  l a t e r a l  lo ad  p o i n t s  f o r  t h e  
f o u r  p l a t e s
6 . 4  S e t t i n g  o u t  o f  t h e  edge r o l l e r s  f o r  t h e  f o u r  p l a t e s
6 . 5  S e c t i o n s  th r o u g h  t h e  edge s u p p o r t  b l o c k s
6 . 6  S e t t i n g  o u t  o f  t h e  s t r a i n  gauges f o r  t h e  f o u r  p l a t e s
6 . 7  S e t t i n g  o u t  o f  t h e  o u t - o f - p l a n e  LVDT t r a n s d u c e r s  f o r  
t h e  f o u r  p l a t e s
6 . 8  L o a d - d e f  1 e c t  ion  o f  t h e  lo ad  b e h a v i o u r  f o r  P l a t e  B -  
t e s t  1
6 . 9  P l o t  o f  F o u r i e r  c o e f f i c i e n t s  a g a i n s t  lo ad  f o r  P l a t e  B
-  t e s t  1
6 . 1 0  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2 f o r  P l a t e  
B -  t e s t  1
6 .1 1  D e f l e c t e d  form s o f  t h e  load ed  p l a t e  f o r  P l a t e  B -  
t e s t  1
6 . 1 2  L o a d - d e f  1 e c t  ion  o f  t h e  lo ad  b e h a v i o u r  f o r  P l a t e  B -  
t e s t  2
6 . 1 3  P l o t  o f  F o u r i e r  c o e f f i c i e n t s  a g a i n s t  lo ad  f o r  P l a t e  B
-  t e s t  2
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6 .  14
6 . 1 5
6 . 1 6
6 . 1 7
6 . 1 8
6 . 1 9
6 . 2 0  
6 . 2 1  
6 . 2 2
6 . 2 3
6 . 2 4
6 . 2 5
6 . 2 6
6 . 2 7
6 . 2 8
6 . 2 9
6 . 3 0
6 .3 1
6 . 3 2
6 . 3 3
P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2 f o r  P l a t e  
B -  t e s t  2
D e f l e c t e d  form s o f  t h e  loaded  p l a t e  f o r  P l a t e  B -
t e s t  2
L o a d - d e f 1e c t i o n  o f  t h e  load  b e h a v i o u r  f o r  P l a t e  B -  
t e s t  3
P l o t  o f  F o u r i e r  c o e f f i c i e n t s  a g a i n s t  lo a d  f o r  P l a t e  B
-  t e s t  3
P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2 f o r  P l a t e  
B -  t e s t  3
D e f l e c t e d  forms o f  t h e  loaded  p l a t e  f o r  P l a t e  B -
t e s t  3
L o a d - d e f 1e c t i o n  o f  t h e  lo ad  b e h a v i o u r  f o r  P l a t e  B -  
t e s t  4
P l o t  o f  F o u r i e r  c o e f f i c i e n t s  a g a i n s t  lo a d  f o r  P l a t e  B
-  t e s t  4
P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2 f o r  P l a t e  
B -  t e s t  4
D e f l e c t e d  forms o f  t h e  loaded  p l a t e  f o r .  P l a t e  B -
t e s t  4
L o a d - d e f 1e c t i o n  o f  t h e  lo ad  b e h a v i o u r  f o r  P l a t e  B -  
t e s t  5
P l o t  o f  F o u r i e r  c o e f f i c i e n t s  a g a i n s t  lo ad  f o r  P l a t e  B
-  t e s t  5
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NOTATION
The symbols  d e f i n e d  be low  a r e  f i r s t  i n t r o d u c e d  in  C h a p t e r  2 
and may r e a p p e a r  in  su b s e q u e n t  c h a p t e r s  o f  t h i s  t h e s i s .
V t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n
V V A c o e f f i c i e n t s  in  V
i j  i jA
S s t a b i l i t y  m a t r i x
a b e  c o e f f i c i e n t s  in  0
e (1) e (2) e i g e n v a l u e s  o f  S
s s e le m e n t s  o f  S
11 22
u^ u2 g e n e r a l i s e d  d i s p l a c e m e n t  c o o r d i n a t e  in  V
v v 2 g e n e r a l i s e d  d i s p l a c e m e n t  c o o r d i n a t e  in  $
<& t r a n s f o r m e d  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n
A d e f l e c t i o n  o f  t h e  load
A g e n e r a l i s e d  load  p a r a m e te r
A A A  c r i t i c a l  v a l u e s  o f  A1 2 c
£2 m a jo r  i m p e r f e c t i o n s  in  V
17 m a jo r  i m p e r f e c t i o n s  in  $
r) to p o l a r  c o o r d i n a t e  fo rm  o f  r)t H2
X n o r m a l i s e d  i n c r e m e n t a l  l o a d i n g  p a r a m e te r
a n o r m a l i s e d  s p l i t t i n g  p a r a m e te r
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The symbols  d e f i n e d  be low  a r e  u n iq u e  t o  t h e  c h a p t e r  
c o n c e r n e d .
C h a p t e r  3
A B a m p l i t u d e s  o f  ' f i n a l  l a t e r a l  d i s p l a c e m e n t
f u n c t i o n  w
A B a m p l i t u d e s  o f  i n i t i a l  l a t e r a l  d i s p l a c e m e n to o
f u n c t i o n  wo
E d i s p l a c e m e n t  o f  a x i a l  load  on s t r u t
El b en d in g  s t i f f n e s s  o f  s t r u t
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P a x i a l  load  on s t r u t
T t o t a l  p o t e n t i a l  en e rg y  f u n c t i o n
Ub e l a s t i c  s t r a i n  en e rg y  s t o r e d  in  s t r u t
Uf e l a s t i c  s t r a i n  en e rg y  s t o r e d  in  W i n k l e r
f o u n d a t i o n
W n o n - d i m e n s i o n a l  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n
n m i n t e g e r  h a l f - w a v e  numbers
w w i n i t i a l  & t o t a l  l a t e r a l  d i s p l a c e m e n t  f u n c t i o n  o fo
s t r u t
A n o n - d i m e n s i o n a l  a x i a l  load  on s t r u t
0 s t i f f n e s s  per  u n i t  l e n g t h  o f  W i n k l e r  f o u n d a t i o n
y n o n - d i m e n s i o n a l  W i n k l e r  f o u n d a t i o n  s t i f f n e s s
X c u r v a t u r e  o f  c e n t r e l i n e  o f  s t r u t
C h a p t e r  4
K s p r i n g  s t i f f n e s s  c o e f f i c i e n t
L l e n g t h  o f  r i g i d - l i n k s
U U e l a s t i c  s t r a i n  en e rg y  s t o r e d  in  t o r s i o n a l
b c
s p r i n g s
U U e l a s t i c  s t r a i n  en e rg y  s t o r e d  in  l i n e a r
G J
e x t e n s i o n a l  s p r i n g s
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e l a s t i c  s t r a i n  e n e rg y  s t o r e d  in  n o n - l i n e a r  
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n o n - d i m e n s i o n a l  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n
u u a m p l i t u d e s  o f  t h e  two modes o f  d e f o r m a t i o n1 2 -
n o n - d i m e n s i o n a l  p a r a m e te r s  in  t h e  e n e rg y  
f u n c t i o n
a n g u l a r  r o t a t i o n s  o f  j o i n t s  
A n o n - d i m e n s i o n a l  a x i a l  load  on model
oc £
6 . . e
1 4
C h a p t e r  5
D
E
M M
3 4
N N N
X y
P P
3 4
Q1
R
R Rl 2
T T
x y
p l a t e  b en d in g  s t i f f n e s s  
Youngs modulus  
c o n s t a n t s  d e f i n e d  in  t e x t  
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h p l a t e  t h i c k n e s s
k b u c k l i n g  s t r e s s  c o e f f i c i e n t
c
w o u t - o f - p l a n e  d i s p l a c e m e n t
7 4 b i h a r m o n i c  o p e r a t o r
A a p p l i e d  u n i a x i a l  lo ad  p e r  u n i t  w i d t h
X
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v Po iss o n s  r a t i o
e2 m a jo r  i m p e r f e c t i o n s
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E Youngs modulus
a l e n g t h  o f  p l a t e
h p l a t e  t h i c k n e s s
A2 A3 u n c o u p led  b u c k l i n g  loads  o f  modes 1,  2 & 3
y p l a t e  a s p e c t  r a t i o
if P o is s o n s  r a t i o
<j l i m i t  o f  p r o p o r t i o n a l  i t y
ip
<7 0 . 2 % p r o o f  s t r e s s
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CHAPTER 1 
INTRODUCTION
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1 .0  GENERAL OVERVIEW OF BUCKLING BEHAVIOUR
C l a s s i c a l  s t r u c t u r a l  t h e o r y  assumes t h a t  t h e  m a t e r i a l  
o f  w h ich  t h e  sys tem  i s  made i s  l i n e a r  e l a s t i c  and t h a t  t h e  
sys tem  undergoes  o n l y  s m a l l  changes in  geo m e try  d u r i n g  
d e f o r m a t i o n .  T h i s  le a d s  t o  a l i n e a r  r e l a t i o n s h i p  betw een  
t h e  load  and d e f l e c t i o n .  However some systems d e m o n s t r a t e  
n o n - l i n e a r  l o a d - d e f l e c t i o n  b e h a v i o u r  and f o r  such systems  
t h e s e  l i n e a r i s i n g  a ss u m p t io n s  can be v e r y  m i s l e a d i n g .  T h i s  
n o n - l i n e a r  b e h a v i o u r  may be caused e i t h e r  by a m a t e r i a l  
p r o p e r t y ,  f o r  exam ple  p l a s t i c i t y ,  o r  by l a r g e  d e f l e c t i o n s  
l e a d i n g  t o  g e o m e t r i c  n o n - l i n e a r i t y .
For  c o n s e r v a t i v e  systems t h e  p r i n c i p l e  o f  
c o n s e r v a t i o n  o f  e n e rg y  a p p l i e s .  U s ing  a p ro c e s s  o f  
d i s c r e t i s a t i o n  t h e  d e f l e c t e d  shape o f  a system  i s  d e s c r i b e d  
by a f i n i t e  number o f  d i s p l a c e m e n t  c o o r d i n a t e s .  T h i s  
e n a b le s  t h e  t o t a l  p o t e n t i a l  e n e rg y  o f  t h e  sys tem  t o  be 
w r i t t e n  as a f u n c t i o n  o f  t h e  a p p l i e d  loads  and t h e  f i n i t e  
number o f  d is p l a c e m e n t  c o o r d i n a t e s .
In such c i r c u m s t a n c e s  t h e  n e c e s s a r y  and s u f f i c i e n t  
c o n d i t i o n  f o r  e q u i l i b r i u m  i s  t h a t  t h e  f i r s t  v a r i a t i o n  o f  
t h e  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n  i s  z e r o .  The  
e q u i l i b r i u m  p a th s  o f  a sys tem  a r e  t h e  l o c i  o f  lo a d s  and  
d e f l e c t i o n s  w h ich  s a t i s f y  t h e  e q u i l i b r i u m  c o n d i t i o n .  I t  i s  
g e n e r a l l y  a c c e p t e d  t h a t  t h e  n e c e s s a r y  and s u f f i c i e n t  
c o n d i t i o n  f o r  s t a b i l i t y  i s  t h a t  t h e  second v a r i a t i o n  o f  t h e  
t o t a l  p o t e n t i a l  en e rg y  f u n c t i o n  i s  p o s i t i v e  d e f i n i t e .
Of a l l  t h e  p o s s i b l e  e q u i l i b r i u m  p a th s  f o r  a sys tem  
t h e r e  e x i s t s  t h e  fu n d a m e n ta l  p a th  which  t h e  sys tem
i n i t i a l l y  f o l l o w s  as t h e  lo ad  i s  i n c r e a s e d  f ro m  z e r o .  A 
system  i s  s a i d  t o  have b u c k le d  when an a b r u p t  change o f
d e f l e c t i o n  o c c u r s  t o  t a k e  i t  away f rom  t h e  f u n d a m e n ta l  
p a t h .  For  t h e  i d e a l  sys tem  (o n e  in  w h ich  t h e r e  a r e  no 
i m p e r f e c t i o n s ,  f o r  e xa m p le ,  no e c c e n t r i c i t y  o f  l o a d i n g )
t h e r e  a r e  two t y p e s  o f  b u c k l i n g  which may o c c u r :  s n a p p in g
o r  b r a n c h i n g .  B ra n c h in g  i t s e l f  may t a k e  s e v e r a l  d i f f e r e n t
19
forms as d iscussed  l a t e r .
S n app ing  w i l l  o c c u r  when t h e  fu n d a m e n ta l  p a th  r e a c h e s  
a maximum w i t h  r e s p e c t  t o  t h e  lo a d ;  a l i m i t  p o i n t .  Under  
c o n d i t i o n s  o f  lo ad  c o n t r o l  t h e  system  snaps f ro m  t h e  l i m i t  
p o i n t  t o  a n e a rb y  s t a b l e  p o s i t i o n  o f  e q u i l i b r i u m .
B r a n c h in g  w i l l  o c c u r  when t h e  fu n d a m e n ta l  p a t h  i s  
i n t e r s e c t e d  by one o r  a number o f  e q u i l i b r i u m  p a t h s  and t h e  
b r a n c h in g  p o i n t  i t s e l f  may be e i t h e r  s t a b l e  o r  u n s t a b l e .  On 
r e a c h i n g  an u n s t a b l e  b r a n c h in g  p o i n t  t h e  system  w i l l  snap  
d y n a m i c a l l y ,  under  lo ad  c o n t r o l ,  t o  an a d j a c e n t  p o i n t  o f  
e q u i l i b r i u m .  However i f  t h e  b r a n c h in g  p o i n t  i s  s t a b l e  t h e n  
t h e  sys tem  can c o n t i n u e  t o  c a r r y  load  a f t e r  b u c k l i n g  and 
t h e  sys tem  moves sm o o th ly  t o  a n e a rb y  s t a b l e  p o s i t i o n  o f  
e q u i l i b r i u m ,  i f  a c l a s s i c a l  b u c k l i n g  a n a l y s i s  i s  c a r r i e d  
o u t  on t h e  fu n d a m e n ta l  p a t h ,  o n l y  t h e  b r a n c h in g  lo ad s  o f  
t h e  system  and t h e  c o r r e s p o n d i n g  modes o f  d e f l e c t i o n  may be 
fo u n d .  No i n f o r m a t i o n  r e g a r d in g ,  t h e  fo rm  o r  s t a b i l i t y  o f  
t h e  p o s t - b u c k l i n g  e q u i l i b r i u m  p a t h s  o r  t h e  s t a b i l i t y  o f  t h e  
b r a n c h in g  p o i n t  can be o b t a i n e d .
B r a n c h in g  p o i n t s  o f  m u l t i  d e g r e e - o f - f r e e d o m  e l a s t i c  
s t r u c t u r a l  systems may be c l a s s i f i e d  as e i t h e r  d i s t i n c t  o r  
compound. A t  a d i s t i n c t  c r i t i c a l  p o i n t  s t a b i l i t y  i s  l o s t  
w i t h  r e s p e c t  t o  a s i n g l e  a c t i v e  d e f l e c t i o n  c o o r d i n a t e ,  
o t h e r  b r a n c h in g  p o i n t s  b e in g  w e l l  s e p a r a t e d  f ro m  t h i s .  A t  a 
compound c r i t i c a l  p o i n t  s t a b i l i t y  i s  l o s t  w i t h  r e s p e c t  t o  a 
number o f  a c t i v e  d e f l e c t i o n  c o o r d i n a t e s  s i m u l t a n e o u s l y ,  
t h i s  may o c c u r  where a number o f  d i s t i n c t  c r i t i c a l  p o i n t s  
a r e  made t o  c o a l e s c e  by t h e  z e r o i n g  o f  a s p l i t t i n g  
p a r a m e t e r .
in  p r a c t i c a l  s i t u a t i o n s  i d e a l  systems n e v e r  e x i s t .  
T h e re  w i l l  g e n e r a l l y  be ,  f o r  ex a m p le ,  v a r i a t i o n s  o f  t h e  
e l a s t i c  p r o p e r t i e s  o f  t h e  m a t e r i a l ,  i n a c c u r a c i e s  i n  
f a b r i c a t i o n  c a u s in g  e c c e n t r i c i t i e s  o f  l o a d i n g  o r  i n i t i a l  
m i s - s h a p e s .  G e n e r a l l y  t h e  e f f e c t  o f  a l 1 t h e s e  i m p e r f e c t i o n s  
i s  t o  round o f f  t h e  b e h a v i o u r  o f  t h e  i d e a l  s y s te m ,  t h e
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fu n d a m e n ta l  and b r a n c h in g  p a th s  o f  t h e  i d e a l  system f o r m i n g  
a s y m p to te s  f o r  t h e  e q u i l i b r i u m  p a th s  o f  t h e  i m p e r f e c t  
sy s te m .  I t  i s  t h e r e f o r e  i m p o r t a n t  t o  s tu d y  t h e  i m p e r f e c t i o n  
s e n s i t i v i t y  o f  t h e  system  t o  a s c e r t a i n  t h e  d i f f e r e n c e  in  
b e h a v i o u r  be tw een t h e  i m p e r f e c t  system and t h e  i d e a l
s ys te m .
In c e r t a i n  p rob lem s t h e  loads  c o r r e s p o n d i n g  t o  
b r a n c h in g  in  d i f f e r e n t  b u c k le d  modes a r e ,  o r  a r e  n e a r l y ,
c o i n c i d e n t .  For  e x a m p le ,  a c l a s s i c a l  b u c k l i n g  a n a l y s i s  o f  
t h i n  p l a t e s  under  a x i a l  co m press io n  i n d i c a t e s  t h a t  a number  
o f  b u c k l i n g  modes a r e  v e r y  n e a r l y  c o i n c i d e n t .  In  t h i s  case  
t h e  b u c k le d  fo rm  t h a t  t h e  p l a t e  a do p ts  can be gov ern ed  by 
t h e  a s p e c t  r a t i o  o f  t h e  p l a t e .  By v a r y i n g  t h e  a s p e c t  r a t i o  
t h e  b u c k l i n g  loads  o f  two modes c o a l e s c e  -  a c o i n c i d e n t  
sy s te m .  However ,  in  g e n e r a l  i t  i s  n o t  p o s s i b l e  t o  f a b r i c a t e  
p l a t e s  t o  such p r e c i s e  d im e n s io n s  and so t h e r e  w i l l  be a
s m a l l  d i f f e r e n c e  between t h e  two b r a n c h in g  loads
n e a r - c o i n c i d e n t  sys te m s .  I t  i s  t h e r e f o r e  i m p o r t a n t  t o  s t u d y  
t h e  e f f e c t  o f  v a r i a t i o n s  o f  t h i s  s p l i t  be tween t h e  two  
b r a n c h in g  p a t h s  t o  a s c e r t a i n  i t s  i n f l u e n c e  on t h e  b e h a v i o u r  
o f  t h e  i d e a l  and i m p e r f e c t  s ys te m s .
1 .1  LITERATURE REVIEW
1 . 1 . 1  DEVELOPMENT OF GENERAL THEORY FOR D IST IN CT BRANCHING
The b a s i c  c o n c e p ts  o f  e l a s t i c  s t a b i l i t y  o f  a 
s t r u c t u r a l  system  d e s c r i b e d  by n g e n e r a l i s e d  c o o r d i n a t e s  
and a v a r i a b l e  l o a d i n g  p a r a m e te r  w ere  d e v e lo p e d  by Thompson 
( 1 9 6 3 ) .  U s in g  a l o c a l l y  p r i n c i p a l  s e t  o f  c o o r d i n a t e s  t h e  
t o t a l  p o t e n t i a l  en e rg y  f u n c t i o n ,  o f  a g e n e r a l ’ s y s te m ,  was 
expanded t o  e n a b le  t h e  c r i t i c a l  p o i n t  and n e i g h b o u r i n g  
e q u i l i b r i u m  p a t h s  t o  be s t u d i e d .  From t h i s  he showed t h e  
c o n d i t i o n s  on t h e  en e rg y  c o e f f i c i e n t s  r e q u i r e d  f o r  e i t h e r  a 
l i m i t  p o i n t  o r  b r a n c h in g  t o  o c c u r .
The g e n e r a l  t h e o r y  was compared w i t h  t h e  r e s u l t s  o f  a 
n o n - l i n e a r  R a y l e i g h - R i t z  a n a l y s i s  by Thompson ( 1 9 6 4 ) .  U s in g
t h e  e n e rg y  e x p a n s io n  t e c h n i q u e  he proposed f o u r  th e o re m  
based on t h e  r e s u l t s  o f  an a n a l y s i s  o f  a d i s t i n c t  c r i t i c a l  
p o i n t  in  w h ich  t h e  a m p l i t u d e  o f  t h e  l i n e a r  b u c k l i n g  mode 
was employed as t h e  assumed mode. T h i s  a n a l y s i s  y i e l d e d  t h e  
c o r r e c t  i n i t i a l  s l o p e  o f  t h e  p o s t - b u c k l i n g  e q u i l i b r i u m  p a th  
th r o u g h  an a s y m m e tr ic  p o i n t  o f  b i f u r c a t i o n .  When t h i s  s l o p e  
i s  z e r o  e i t h e r  an upper  bound t o  t h e  c u r v a t u r e  o f  t h e  
p o s t - b u c k l i n g  p a th  o f  n o n -s y m m e t r ic  systems o r  t h e  e x a c t  
c u r v a t u r e  o f  t h e  p o s t - b u c k l i n g  p a th  o f  s y m m e tr ic  sys tems  
was o b t a i n e d  d ep end ing  on t h e  symmetry .
The c l a s s i c  d o c t o r a l  d i s s e r t a t i o n  o f  K o i t e r  ( 1 9 4 5 )  
i n v o l v e d  a g e n e r a l  s tu d y  o f  t h e  e f f e c t  o f  i m p e r f e c t i o n s  in  
t h e  c o n t e x t  o f  co n t in u u m  e l a s t i c i t y .  He showed t h a t  t h e i r  
e f f e c t  may be c o n s i d e r a b l e  even f o r  s m a l l  i m p e r f e c t i o n s  and 
i s  g ov erned  by t h e  p o s t - b u c k l i n g  b e h a v i o u r  o f  t h e  i d e a l  
sys te m .
Roorda ( 1 9 6 5 a )  s t u d i e d  t h e  e f f e c t  o f  s m a l l  
i m p e r f e c t i o n s  on t h e  b u c k l i n g  lo ad s  o f  e l a s t i c  s t r u c t u r e s .  
U s ing  a T a y l o r  s e r i e s  e x p a n s io n  o f  t h e  t o t a l  p o t e n t i a l  
e n e rg y  f u n c t i o n  he d e r i v e d  t h e  1 /2  and 2 / 3  power law  
i m p e r f e c t i o n  s e n s i t i v i t i e s  a s s o c i a t e d  w i t h  a s y m m e tr ic  and 
s y m m e t r ic  b i f u r c a t i o n  p o i n t s .  The r e s u l t s  o f  h i s  
e x p e r i m e n t a l  work v e r i f i e d ,  q u a l i t a t i v e l y ,  h i s  t h e o r e t i c a l  
r e s u l t s .
The i m p e r f e c t i o n  s e n s i t i v i t y  o f  s t r u c t u r a l  systems  
was t h e n  r e - e x a m i n e d  by Roorda ( 1 9 6 5 b ) .  He re  two t y p e s  o f  
i m p e r f e c t i o n  w ere  a p p l i e d  and i t  was shown t h a t  t h e y  had  
e n t i r e l y  d i f f e r e n t  e f f e c t s  on t h e  b u c k l i n g  b e h a v i o u r .  One 
t y p e  ( d e f i n e d  as m a jo r  i m p e r f e c t i o n s ) ,  w h ich  c o r r e s p o n d e d  
t o  t h e  t y p e  used i n  h i s  e a r l i e r  w o rk ,  had an a p p r e c i a b l e  
e f f e c t  on t h e  c r i t i c a l  load  o f  t h e  system  r e d u c i n g  i t  
d r a m a t i c a l l y  even when a v e r y  s m a l l  i m p e r f e c t i o n  was 
p r e s e n t .  G e n e r a l l y  t h i s  t y p e  i s  an i m p e r f e c t i o n  in  t h e  fo rm  
o f  a b u c k le d  mode o f  t h e  s ys te m .  The o t h e r  t y p e  had a 
r e l a t i v e l y  u n i m p o r t a n t  e f f e c t  on t h e  b u c k l i n g  b e h a v i o u r  and  
was d e f i n e d  as a m in o r  i m p e r f e c t i o n .  A g a in  h i s  t h e o r e t i c a l
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work was v e r i f i e d  by t h e  r e s u l t s  o f  e x p e r i m e n t s .  In  a l a t e r  
r e f e r e n c e ,  Roorda ( 1 9 6 8 ) ,  i t  was shown t h a t  when t h e  two  
i m p e r f e c t i o n s  w ere  a p p l i e d  t o g e t h e r  t h e i r  combined e f f e c t  
on t h e  c r i t i c a l  lo a d  was d om ina ted  by t h e  m a jo r  
i m p e r f e c t  i o n .
S e w e l l  ( 1 9 6 5 )  p roposed  a more p o w e r f u l  method f o r  t h e  
s o l u t i o n  o f  b r a n c h in g  p rob lem s which  he c a l l e d  t h e  s t a t i c  
p e r t u r b a t i o n  t e c h n i q u e .  I n i t i a l l y  i t  was used t o  e s t a b l i s h  
e q u i l i b r i u m  c o n f i g u r a t i o n s  by s u c c e s s i v e l y  d i f f e r e n t i a t i n g  
t h e  e q u i l i b r i u m  e q u a t i o n s  o f  a system  w i t h  r e s p e c t  t o  some 
p e r t u r b a t i o n  p a r a m e t e r .  T h i s  le d  t o  a s e r i e s  o f  l i n e a r  
e q u a t i o n s  w h ich  w ere  t h e n  s o l v e d  t o  o b t a i n  t h e  d e r i v a t i v e s  
w i t h  r e s p e c t  t o  t h e  p e r t u r b a t i o n  p a r a m e t e r .  The a d v a n ta g e  
o f  t h i s  t e c h n i q u e  was t h e r e f o r e  t h a t  a n o n - l i n e a r  p ro b lem  
c o u ld  be s o l v e d  by t h e  s o l u t i o n  o f  s e t s  o f  l i n e a r  
e q u a t i o n s .
T h i s  s t a t i c  p e r t u r b a t i o n  t e c h n i q u e  was t h e n  a d o p te d  
by Thompson ( 1 9 6 5 )  t o  s t u d y  t h e  s t a b i l i t y  o f  i d e a l  and 
i m p e r f e c t  p o i n t s  o f  b i f u r c a t i o n  and a l s o  t h e i r  i m p e r f e c t i o n  
s e n s i t i v i t y .  T h i s  t e c h n i q u e  was t h e n  expanded by Thompson 
( 1 9 6 7 )  f o r  use in  cases  w here  i t  was r e q u i r e d  t o  s tu d y  t h e  
lo s s  o f  s t a b i l i t y  o f  an e q u i l i b r i u m  p a t h .  He showed t h a t  
t h i s  a p p ro a c h ,  s u b j e c t  t o  c e r t a i n  c o n s t r a i n t s  on t h e  
symmetry and e n e rg y  c o e f f i c i e n t s ,  g e n e r a l l y  y i e l d e d  low e r  
bounds f o r  t h e  f i r s t  c r i t i c a l  lo a d .
Thompson ( 1 9 6 9 )  r e w o rk e d  t h e  g e n e r a l  p e r t u r b a t i o n  
t h e o r y  w i t h o u t  r e s o r t  t o  a scheme o f  d i a g o n a l i s a t i o n  as 
t h i s  r e s t r i c t e d  t h e  c h o ic e  o f  a p p r o x i m a t i n g  f u n c t i o n s  in  
t h e  R a y1e i g h - R i t z  p r o c e d u r e  and le d  t o  some r a t h e r  
cumbersome a l g e b r a .  He i n t r o d u c e d  t h e  c o n c e p t  o f  a 
s p i r a l l i n g  e i g e n v e c t o r ,  a l o c a l  s e t  o f  c o o r d i n a t e s  w h ich  
w ere  a f u n c t i o n  o f  t h e  p e r t u r b a t i o n  p a r a m e t e r ,  t o  y i e l d  t h e  
e q u i l i b r i u m  e q u a t i o n s  o f  t h e  i m p e r f e c t  sys tem  e x p l i c i t l y  in  
te rm s  o f  t h e  e n e rg y  d e r i v a t i v e s  o f  t h e  i d e a l  sys te m .
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A new p e r t u r b a t i o n  app ro ach  was proposed  by Thompson 
( 1 9 7 0 a )  in  w h ich  e x p r e s s i o n s  f o r  c o n t o u r s  o f  c o n s t a n t  load  
on t h e  e q u i l i b r i u m  s u r f a c e  w ere  d e r i v e d  f o r  i m p e r f e c t  
s y s te m s .  T h i s  method had t h e  p o t e n t i a l  t o  b y -p a s s  t h e  
lo w e s t  c r i t i c a l  p o i n t  th u s  a v o i d i n g  p o s s i b l e  v i o l e n t  p a th  
c o n t o r t i o n s  c l o s e  t o  t h i s  b r a n c h in g  p o i n t  due t o  
n e i g h b o u r i n g  c r i t i c a l  p o i n t s .  By h o l d i n g  t h e  lo ad  a t  a 
c o n s t a n t  l e v e l ,  no e n e rg y  d e r i v a t i v e s  w i t h  r e s p e c t  t o  load  
e n t e r  t h e  a n a l y s i s  and th u s  t h e  p ro b lem  is  s i m p l i f i e d .  T h i s  
new method d i d  however ap p e a r  t o  r e l y  on t h e  e x i s t e n c e  o f  a 
dom inan t  p o s t - b u c k l i n g  p a th  t o  p roduce  t h e  b e s t  r e s u l t s .
Thompson ( 1 9 7 0 b )  p r e s e n t e d  two th e o r e m s ,  c o n c e rn e d  
w i t h  b i f u r c a t i o n  p o i n t s ,  which  a l l o w e d  s t a b i l i t y  
p r e d i c t i o n s  t o  be made by i n s p e c t i o n  o f  t h e  e q u i l i b r i u m  
p a t h s  a l o n e .  The f i r s t  i n v o l v e d  t h e  change o f  s t a b i l i t y  o f  
t h e  f u n d a m e n ta l  p a th  a t  a b i f u r c a t i o n  p o i n t :  a change o f
s t a b i l i t y  can o n l y  o c c u r  i f  t h e  fu n d a m e n ta l  p a t h  i n t e r s e c t s  
a second d i s t i n c t  p o s t - b u c k l i n g  e q u i l i b r i u m  p a t h .  The  
second th e o re m  was c o n cern ed  w i t h  t h e  s t a b i l i t y  o f  t h e  
b i f u r c a t i o n  p o i n t  i t s e l f :  t h e  p o i n t  can o n l y  be u n s t a b l e  
( f r o m  w hich  t h e  system  snaps d y n a m i c a l l y )  i f  i t  i s  
app ro ached  by a second d i s t i n c t  p o s t - b u c k l i n g  e q u i l i b r i u m  
p a t h  a t  sub c r i t i c a l  v a l u e s  o f  lo a d .
F u r t h e r  new theorem s w ere  p r e s e n t e d  by Thompson 
( 1 9 7 9 )  w h ich  a l l o w e d  s t a b i l i t y  changes t o  be p r e d i c t e d  on 
t h e  b a s i s  o f  t h e  fo rm  o f  t h e  e q u i l i b r i u m  p a th s  t h e m s e l v e s .  
Assuming t h a t  one d e g re e  o f  s t a b i l i t y  i s  l o s t  a t  t h e  f i r s t  
l i m i t  p o i n t  e n c o u n t e r e d  i t  r e m a in e d  t o  be seen w h e t h e r  t h e  
p a th  r e g a i n e d  i t s  i n i t i a l  s t a b i l i t y  a t  a second l i m i t  p o i n t  
o r  l o s t  a f u r t h e r  d e g re e  o f  s t a b i l i t y .  A number o f  th e o re m s  
w ere  proposed f o r  a s s e s s in g  t h e  p a th  s t a b i l i t y  based on t h e  
s l o p e  o f  t h e  l o a d - d e f 1e c t i o n  r e l a t i o n s h i p  o f  a s t r u c t u r e .  
T h e s e ,  t o g e t h e r  w i t h  a knowledge o f  t h e  t y p e  o f  l o a d i n g  
a p p l i e d  ( d e a d ,  r i g i d  o r  s e m i - r i g i d ) ,  e n a b le d  t h e  s t a b i l i t y  
o f  t h e  sys tem  under  s e m i - r i g i d  l o a d i n g  t o  be e s t a b l i s h e d  by 
an e x a m i n a t i o n  o f  t h e  fo rm  o f  t h e  e q u i 1 i b r i u m  p a t h s .
24
Two works  by Thompson & Hunt  ( 1 9 7 3  & 1984 )  g i v e ,  a
d e t a i l e d  r e v i e w  o f  t h e  d ev e lo p m en t  o f  n o n - l i n e a r  
b i f u r c a t i o n  t h e o r y .  A t t e n t i o n  i s  fo c u s e d  on t h e  e l a s t i c  
p o s t - b u c k l i n g  o f  c o n s e r v a t i v e  s t r u c t u r a l  s y s te m s ,  t h e  
l a t t e r  i n c l u d i n g  a s t u d y  on t h e  e f f e c t s  o f  i n t e r a c t i v e  
b u c k l i n g  a t  compound b r a n c h in g  p o i n t s .
I t  had become a p p a r e n t  t h a t  a d i s c r e t e  c r i t i c a l  p o i n t  
c o u ld  be c o n s i d e r e d  as a one d e g r e e - o f - f r e e d o m - p r o b 1em. 
Hunt ( 1 9 7 1 )  p r e s e n t e d  t h e  p r o o f  t h a t  a d i s c r e t e  b i f u r c a t i o n  
p o i n t  c o u ld  be t u r n e d  i n t o  a one d e g r e e - o f - f r e e d o m  system  
i n v o l v i n g  o n l y  t h e  a c t i v e  d i s p l a c e m e n t .  T h i s  was a c h ie v e d  
by t h e  use o f  a p e r t u r b a t i o n  t e c h n i q u e  t o  e l i m i n a t e  t h e  
p a s s i v e  d i s p l a c e m e n t  c o o r d i n a t e s .  I t  was a l s o  shown t h a t  
a f t e r  t h i s  t r a n s f o r m a t  ion  t h e  e q u i l i b r i u m  and s t a b i l i t y  
c o n d i t i o n s  a p p l i e d  t o  t h e  new e n e rg y  f u n c t i o n .
1 . 1 . 2  DEVELOPMENT OF GENERAL THEORY FOR COMPOUND BRANCHING
M u l t i p l e  b r a n c h in g  p o i n t s  o c c u r  when a sys tem  
s i m u l t a n e o u s l y  becomes c r i t i c a l  t o  more t h a n  one p r i n c i p a l  
d e f l e c t i o n  c o o r d i n a t e .  S e w e l l  ( 1 9 6 8 a )  expanded h i s  t h e o r i e s  
t o  i n c l u d e  m u l t i p l e  b r a n c h in g  p o i n t s ,  o f  which  d i s t i n c t  
c r i t i c a l  p o i n t s  may be r e g a r d e d  as a s p e c i a l  c a s e .  A t  a 
m u l t i p l e  c r i t i c a l  p o i n t  more t h a n  one e le m e n t  o f  t h e  
d i a g o n a l i s e d  s t a b i l i t y  d e t e r m i n a n t  v a n i s h e s .  By e x a m in in g  
t h e  c u r v a t u r e  o f  t h e  e n e rg y  s u r f a c e  l o c a l  t o  a d i s t i n c t  
b r a n c h in g  p o i n t  t h e  s t a b i l i t y  o f  t h e  p o i n t  and t h e  i n i t i a l  
s t a b i l i t y  o f  t h e  p o s t - b u c k l i n g  e q u i l i b r i u m  p a t h  f ro m  i t  may 
be o b t a i n e d .  However ,  f o r  m u l t i p l e  b r a n c h in g  p o i n t s  t h i s  i s  
more complex and S e w e l l  ( 1 9 6 8 b )  i n v e s t i g a t e d  t h e  fo rm  o f  
t h e  e n e rg y  s u r f a c e  in  t h e  l o c a l i t y  o f  a m u l t i p l e  b r a n c h in g  
p o i n t .  He a c h ie v e d  t h i s  by a d e t e r m i n a t i o n  o f  t h e  o r d e r  o f  
c o n t a c t  which  t h e  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n  has w i t h  
t h e  p r i n c i p a l  d e f l e c t i o n  c o o r d i n a t e  s p a c e .  T h i s  le d  t o  t h e  
n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  a l o c a l  minimum t o  
o c c u r  a t  a g i v e n  p o i n t .
The forms o f  t h e  e q u i l i b r i u m  p a th s  o f  two  
d e g r e e - o f - f r e e d o m  systems w i t h  two e q u a l ,  o r  n e a r l y  e q u a l ,
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b r a n c h in g  loads  w ere  s t u d i e d  by C h i l v e r  ( 1 9 6 7 ) .  From an 
e x p a n s io n  o f  t h e  t o t a l  p o t e n t i a l  en e rg y  he i n v e s t i g a t e d  
t h r e e  systems w i t h  d i f f e r e n t  symmetry c o n s t r a i n t s  on t h e  
e n e rg y  f u n c t i o n .  The f i r s t  was a g e n e r a l  s y s te m ,  t h e  second  
was s y m m e tr ic  in  one d i s p l a c e m e n t  c o o r d i n a t e  (an  a s y m m e tr ic  
s y s te m )  and t h e  t h i r d  ' s y m m e tr ic  in  bo th  d is p l a c e m e n t  
c o o r d i n a t e s  ( a  d o u b 1y - s y m m e t r i c  s y s t e m ) .  E q u i l i b r i u m  p a th s  
i n v o l v i n g  o n l y  one d i s p l a c e m e n t ,  w i t h  l o a d ,  w ere  d e f i n e d  as 
u n c o u p led  p a t h s  and t h o s e  w h ich  i n v o l v e d  v a r i a t i o n s  o f  bo th  
d i s p l a c e m e n t s ,  w i t h  l o a d ,  w ere  d e f i n e d  as c o u p le d  p a t h s .  A 
u s e f u l  way o f  i n v e s t i g a t i n g  t h e  fo rm  o f  t h e  c o u p le d  p a t h s  
was found  t o  be by p r o j e c t i n g  them o n t o  t h e  d i s p l a c e m e n t  
p l a n e .  I t  was shown t h a t  t h e  fo rm  o f  t h e  c o u p le d  p a t h s ,  f o r  
each o f  t h e  t h r e e  s y s te m s ,  depended on t h e  m a g n i t u d e ,  and 
s i g n ,  o f  t h e  s e p a r a t i o n  o f  t h e  p r i m a r y  b r a n c h in g  loads  and 
t h e  r e l a t i o n s h i p  between c e r t a i n  en e rg y  c o e f f i c i e n t s .
S u p p le  (1 9 6 7  & 1968 )  made a more d e t a i l e d
i n v e s t i g a t i o n  o f  d ou b1y - s y m m e t r ic  systems in  w h ic h  t h e  
p o s s i b l e  form s o f  t h e  c o u p le d  e q u i l i b r i u m  p a t h s  o f  t h e  
i d e a l  sys tem  w ere  i d e n t i f i e d .  These p a th s  to o k  t h e  fo rm  o f  
e l l i p s e s ,  i m a g in a r y  e l l i p s e s  o r  h y p e r b o l a e  d ep e n d in g  on t h e  
s i g n  o f  t h e  s e p a r a t i o n  o f  t h e  p r i m a r y  b r a n c h in g  lo ad s  and 
t h e  r e l a t i o n s h i p  between c e r t a i n  e n e rg y  c o e f f i c i e n t s .  I t  
was shown t h a t  as t h e  lo ad  s e p a r a t i o n  changed s i g n  t h r o u g h  
z e r o  t h e  e l l i p t i c a l  p a t h s  c o l l a p s e d  t o  a p o i n t  and t h e n  
became im a g in a r y  and t h e  h y p e r b o l a e  r e v e r t e d  t o  t h e i r  
a s y m p to t e s .  Thus f o r  t h e  c o i n c i d e n t  case  t h e r e  w ere  e i t h e r  
two o r  f o u r  e q u i l i b r i u m  p a th s  b r a n c h in g  f ro m  t h e  
b i f u r c a t i o n  p o i n t  dep en d in g  on p a r t i c u l a r  e n e rg y  
c o e f f i c i e n t s .
Su p p le  ( 1 9 6 8 )  i n t r o d u c e d  two m a jo r  i m p e r f e c t i o n s  i n t o  
t h e  doub1y - s y m m e t r i c  system  t o  t r y  t o  e x p l a i n  q u a l i t a t i v e l y  
t h e  b u c k le  p a t t e r n  changes t h a t  S t e i n  ( 1 9 5 9 )  had o b s e r v e d .  
I t  was shown t h a t  systems d i s p l a y i n g  t h e  e l l i p t i c a l  c o u p le d  
p a th  fo rm  f o r  t h e  i d e a l  case  c o u ld  d e m o n s t r a t e  t h e s e  b u c k l e  
p a t t e r n  changes b u t  t h a t  t h i s  b e h a v i o u r  c o u ld  o n l y  o c c u r  
f o r  systems w i t h  h y p e r b o l i c  c o u p le d  p a t h s  i f  t h e
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im p e r f e c t io n s  were p r e s e n t .
The e x i s t e n c e  o f  sec o n d a ry  b i f u r c a t i o n  p o i n t s  caused  
by t h e  s p l i t t i n g  o f  a m u l t i p l e  b r a n c h in g  p o i n t  was 
i n v e s t i g a t e d  by B a u e r ,  K e l l e r  and R e is s  ( 1 9 7 5 ) .  U s ing  a 
p e r t u r b a t i o n  t e c h n i q u e  w i t h  a s p l i t t i n g  p a r a m e te r  t h e y  
s t u d i e d  a r i g i d  l i n k - s p r i n g  m o d e l ,  s i m i l a r  t o  t h a t  used by 
S t e i n ,  t o  o b t a i n  t h e  s t a b i l i t y  o f  t h e  unc o u p led  e q u i l i b r i u m  
p a t h s .  The m a g n i tu d e  o f  en e rg y  p a r a m e t e r s ,  used t o  a l t e r  
t h e  s t i f f n e s s  o f  t h e  s p r i n g s ,  w ere  found  t o  go v ern  which  o f  
t h r e e  p o s s i b l e  form s o f  c o u p le d  p a th s  o c c u r r e d .
C r o l l  ( 1 9 7 5 )  i n v e s t i g a t e d  t h e  b e h a v i o u r  o f  box 
co lum ns,  o r  w id e  s y m m e t r i c a l l y  s t i f f e n e d  p l a t e s ,  u s in g  a 
m e c h a n ic a l  m o d e l .  W i t h  t h e  e f f e c t s  o f  t h e  web s t i f f e n e r s  
i n c l u d e d  he showed t h a t  u n s t a b l e  i n t e r a c t i v e  b u c k l i n g  o n l y  
o c c u rs  f o r  s l e n d e r n e s s  r a t i o s  where  t h e  o v e r a l l  and l o c a l  
b u c k l i n g  modes a r e  c o i n c i d e n t .  Under c o n d i t i o n s  o f  
n e a r - c o i n c i d e n c e  an i n i t i a l l y  s t a b l e  b i f u r c a t i o n  w ould  
become u n s t a b l e  a t  a s e c o n d a ry  b i f u r c a t i o n  p o i n t .
The m a t h e m a t ic a l  a n a l y s i s  o f  p o s t - b u c k l i n g  b e h a v i o u r  
when a d o u b l e - e i g e n v a l u e  o c c u r s  i s  v e r y  com plex .  P os ton  and 
S t e w a r t  ( 1 9 7 8 )  have p o i n t e d  o u t  t h a t  t h e  geo m e try  i s  
e s s e n t i a l l y  t e n - d i m e n s i o n a l  r e q u i r i n g  two s t a t e  v a r i a b l e s  
( d e f l e c t i o n s )  and e i g h t  c o n t r o l  p a r a m e t e r s  ( w h ic h  may 
i n c l u d e  a d e s t a b i l i s i n g  l o a d ,  two m a jo r  i m p e r f e c t i o n s  and a 
s p l i t t i n g  p a r a m e t e r ) .
P o t i e r - F e r r y  ( 1 9 7 9 )  p r e s e n t e d  a method t o  p e r m i t  t h e  
shape o f  t h e  e q u i l i b r i u m  p a th s  f o r  any i m p e r f e c t i o n  
d i r e c t i o n  t o  be o b t a i n e d .  F i r s t  t h e  case  o f  a d o u b le  
e i g e n v a l u e  was s t u d i e d  and t h i s  t h e o r y  a p p l i e d  t o  o b t a i n  
t h e  e q u i l i b r i u m  p a th s  f o r  t h e  case  o f  b u c k l i n g  o f  
r e c t a n g u l a r  p l a t e s .  The e q u i l i b r i u m  p a t h s  w ere  p l o t t e d  and 
i t  was found  t h a t  h y s t e r e s i s  b e h a v i o u r  o c c u r r e d  p o s s i b l y  
caused by t h e  u n s t a b l e  s o l u t i o n s  e x i s t i n g  c l o s e  t o  a 
m u l t i p l e  e i g e n v a l u e .  T h i s  r e f e r e n c e  ends w i t h  an a t t e m p t  t o  
g e n e r a l i s e  t h e  method t o  cases  w here  t h e  e i g e n v a l u e  has a
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m u l t i p l i c i t y  g r e a t e r  t h a n  tw o .
R e is  and Roorda ( 1 9 7 9 )  showed t h a t  t h e  t y p e  o f  
c o u p l i n g  in  a dou b1y - s y m m e t r i c  system  governs  w h e t h e r  o r  
n o t  worsened i m p e r f e c t i o n  s e n s i t i v i t y  i s  t o  be e x p e c t e d .  To 
v e r i f y  t h e  t h e o r y  e x p e r im e n t s  on an e l a s t i c a l l y  r e s t r a i n e d  
r i g i d  b a r  under  a x i a l  load  and a s im p le  t r i a n g u l a r  t r u s s  
w ere  r e p o r t e d ,  i m p e r f e c t i o n s  w ere  i n t r o d u c e d  i n t o  t h e  t r u s s  
by a c o n t r o l l e d  v a r i a t i o n  o f  t h e  l e n g t h  between s u p p o r t s ;  
a t  a p a r t i c u l a r  d i s t a n c e  t h e  two members b u c k le d  
s i m u l t a n e o u s l y .  The r e s u l t s  i n d i c a t e d  t h a t  t h e  i m p e r f e c t i o n  
s e n s i t i v i t y  o f  t h i s  m o d e l ,  when c o i n c i d e n t  b u c k l i n g  
o c c u r r e d ,  was s i m i l a r  t o  t h a t  when t h e  two b u c k l i n g  loads  
w ere  w e l l  s e p a r a t e d .
The i m p e r f e c t i o n  s e n s i t i v i t y  o f  n e a r - c o i n c i d e n t  
s e m is y m m e tr ic  systems was i n v e s t i g a t e d  by Hunt  ( 1 9 7 9 )  by 
t h e  use o f  C a t a s t r o p h e  t h e o r y .  A s p l i t t i n g  p a r a m e t e r  was 
i n t r o d u c e d  t o  a l l o w  f o r  t h e  s e p a r a t i o n  o f  t h e  two  
b i f u r c a t i o n s  on t h e  fu n d a m e n ta l  p a th  o f  t h e  i d e a l  sys te m .  
A f t e r  a s t u d y  o f  t h e  c o i n c i d e n t  case  ( a  z e r o  s p l i t t i n g  
p a r a m e t e r )  t h e  n e a r - c o i n c i d e n t  sys tem  was i n v e s t i g a t e d .  
I m p e r f e c t i o n s ,  in  p o l a r  c o o r d i n a t e  fo rm  w ere  i n t r o d u c e d  t o  
a l l o w  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  t o  be p l o t t e d .  
T a k in g  a s t i f f e n e d  p l a t e  as an e x a m p le ,  t h e  f u l l  
i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  w ere  g e n e r a t e d  f o r  bo th  
z e r o  and n o n - z e r o  s p l i t t i n g  p a r a m e t e r s .  T h i s  showed t h e  
d i s t o r t i o n s  caused by t h e  s e p a r a t i o n  o f  t h e  two b u c k l i n g  
l o a d s .
W icks  ( 1 9 8 6 )  made a d e t a i l e d  i n v e s t i g a t i o n  i n t o  t h e  
i m p e r f e c t i o n s  s e n s i t i v i t y  o f  c o i n c i d e n t  do u b 1y - s y m m e t r i c  
s ys te m s .  S im p le  c o o r d i n a t e  t r a n s f o r m a t  ions  w ere  c a r r i e d  o u t  
on t h e  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n  w h ich  le d  t o  
s i m p l i f i e d  e q u i l i b r i u m  e q u a t i o n s .  These systems w ere  t h e n  
c a t e g o r i s e d  i n t o  two m ain  c l a s s e s  dep en d in g  on t h e  number 
o f  b r a n c h in g  p a th s  t h a t  e x i s t  f o r  t h e  i d e a l  sys te m .  These  
two c l a s s e s  w ere  th e n  each s u b d i v i d e d  i n t o  two groups  
d ep end ing  on t h e  s i g n  o f  p a r t i c u l a r  t r a n s f o r m e d  e n e rg y
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c o e f f i c i e n t s  w h ich  g overned  w h e th e r  t h e  p o s t - b u c k l i n g  p a th s  
w ere  r i s i n g  o r  f a l l i n g  w i t h  r e s p e c t  t o  lo a d .  Two m a jo r  
i m p e r f e c t i o n s  w ere  th e n  i n t r o d u c e d  i n t o  each g r o u p ,  f i r s t  
each i m p e r f e c t i o n  a l o n e  and t h e n  t o g e t h e r  t o  show t h e  fo rm  
o f  t h e  i m p e r f e c t  e q u i l i b r i u m  p a t h s .  The g e n e r a l  t h e o r y  was 
t h e n  a p p l i e d  t o  two t h e o r e t i c a l  m ode ls ;  a s t r u t  on a 
W i n k l e r - t y p e  e l a s t i c  f o u n d a t i o n  and a b i - a x i a l l y  load ed  
p l a t e .  The f u l l  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  f o r  t h e s e  
two exam ples  w ere  g e n e r a t e d .
These s t u d i e s  w ere  t h e n  e x te n d e d  t o  encompass a 
m o d i f i e d  S t e i n  m o d e l ,  Wicks  ( 1 9 8 7  & 1989 )  and r e c t a n g u l a r  
l a t e r a l l y  r e s t r a i n e d  p l a t e s ,  W icks  ( 1 9 8 7 ) .  The c o m p le te  
i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  f o r  t h e s e  two models  w ere  
d e v e lo p e d  f o r  t h e  c o i n c i d e n t  s ys te m .
I t  was e s t a b l i s h e d  by P o t i e r - F e r r y  ( 1 9 8 1 )  t h a t  a 
symmetry b r e a k i n g  s e c o n d a ry  b r a n c h in g  p a th  can e x i s t  i f  t h e  
p r i m a r y  b r a n c h in g  p a th  i s  s y m m e t r ic .  U s ing  p u r e l y  
m a t h e m a t ic a l  methods he used a s i m p ly  s u p p o r te d  beam on a 
n o n - l i n e a r  f o u n d a t i o n  and a s i m p l y - s u p p o r t e d  p l a t e  under  
u n i a x i a l  c om pres s io n  as exam ples  t o  p r o v e  t h e  p r o p o s i t i o n s .
The d e f i n i t i o n  o f  an i s o l a  c e n t r e  as t h e  l i m i t  o f  a 
c l o s e d  loop  p a t h  (a n  i s o l a )  was made by P o t i e r - F e r r y  ( 1 9 8 5 )  
in  h i s  p r e s e n t a t i o n  o f  e l a s t i c  p o s t - b u c k l i n g  t h e o r y .  A t  a l l  
s ta g e s  a q u i t e  r i g o r o u s  m a t h e m a t ic a l  a n a l y s i s  was i n c l u d e d  
i n  t h e  p r o o f s .  He showed, as C h i l v e r  ( 1 9 6 7 )  had i n d i c a t e d ,  
t h a t  f o r  t h e  case  o f  two c o i n c i d e n t  modes t h e r e  w ere  e i t h e r  
two b ran c h es  (one  s t a b l e  and one u n s t a b l e )  o r  f o u r  b ra n c h e s  
( tw o  s t a b l e  and two u n s t a b l e )  f ro m  t h e  b i f u r c a t i o n  p o i n t .  
I n t r o d u c i n g  i m p e r f e c t i o n s  t o  t h e  s y s te m ,  he i d e n t i f i e d  t h e  
h y s t e r e s i s  p o i n t  as t h e  l i m i t  between e i t h e r  two l i m i t  
p o i n t s  o r  no l i m i t  p o i n t  on t h e  b r a n c h in g  p a t h .  For  
s y m m e tr ic  c o i n c i d e n t  systems f o r m u l a e  f o r  t h e  r e d u c t i o n  o f  
t h e  c r i t i c a l  l o a d ,  w i t h  r e s p e c t  t o  t h e  i m p e r f e c t i o n s ,  w ere  
o b t a i n e d .  W i th  t h e  i n t r o d u c t i o n  o f  a s p l i t t i n g  p a r a m e t e r ,  
he d e r i v e d  e q u a t i o n s  f o r  t h e  e q u i l i b r i u m  p a th s  and o b s e r v e d  
t h a t  a c l o s e d  loop p a th  c o u ld  e x i s t  on an e q u i l i b r i u m  p a th
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depending on th e  magnitude o f  th e  im p e r f e c t i o n s .
1 . 1 . 3  PLATE BUCKLING BEHAVIOUR
An i n v e s t i g a t i o n  i n t o  t h e  dynamic  m ode- jum ping  
b e h a v i o u r  e x h i b i t e d  i n  some p l a t e  b u c k l i n g  e x p e r im e n t s  was 
c a r r i e d  o u t  by S t e i n  ( 1 9 5 9 )  u s in g  a r i g i d  l i n k - s p r i n g  
m o d e l .  The model had a fu n d a m e n ta l  p a th  w i t h  two p r i m a r y  
b i f u r c a t i o n  p o i n t s ,  one c o r r e s p o n d i n g  t o  each  
d e g r e e - o f - f r e e d o m .  The s p r i n g  s t i f f n e s s e s  w ere  t a k e n  such  
t h a t  t h e  p r i m a r y  b i f u r c a t i o n  p o i n t s  c o u ld  be s e p a r a t e d  o r  
sup er im posed  on each o t h e r .  I t  was shown t h a t  e q u i l i b r i u m  
p a t h s  e x i s t e d  w h ich  c o r r e s p o n d e d  t o  d e f l e c t i o n s  p u r e l y  in  
e i t h e r  o f  t h e  two b u c k l i n g  modes. When t h e  p r i m a r y  
b i f u r c a t i o n  p o i n t s  w ere  s e p a r a t e d ,  e q u i l i b r i u m  p a t h s  w h ich  
i n t e r s e c t e d  t h e  unco u p led  e q u i l i b r i u m  p a t h s  c o u ld  be shown 
t o  e x i s t .
The p o s t - b u c k l i n g  b e h a v i o u r  o f  t h i n  p l a t e s  has been  
s t u d i e d  by S u p p le  ( 1 9 7 0 ) .  The boundary  c o n d i t i o n s  imposed  
on t h e  p l a t e  w ere  t h a t  a l l  f o u r  edges were s im p ly  s u p p o r te d  
w i t h  t h e  u n lo a d e d  edges f r e e  t o  t r a n s l a t e  b u t  c o n s t r a i n e d  
t o  re m a in  s t r a i g h t  and p a r a l l e l .  For  t h e  i d e a l  c a s e ,  t h e  
b u c k le d  mode was p u r e l y  t w o - h a l f w a v e .  He c o n c lu d e d  t h a t  t h e  
co u p le d  p a t h s  w ere  a lw a y s  h y p e r b o l i c  and th u s  changes o f  
waveform  c o u ld  o n l y  o c c u r  in  t h e  p r e s e n c e  o f  i n i t i a l  
i m p e r f e c t i o n s .  A c r i t i c a l  locus  was d e f i n e d  which  s e p a r a t e d  
t h e  i n i t i a l  i m p e r f e c t i o n s  i n t o  two s u b s e t s ;  an i n i t i a l  
i m p e r f e c t i o n  o f  one group le d  t o  a p r e d o m i n a n t l y
t w o - h a l f w a v e  mode w h i l e  t h e  o t h e r  le d  t o  a p r e d o m i n a n t l y
t h r e e - h a l f w a v e  mode.
Sharman and Humpherson ( 1 9 6 8 )  c o n s id e r e d  t h e  p ro b le m  
o f  s im p ly  s u p p o r te d  p l a t e s  whose u n lo a d e d  edges w ere  
r i g i d l y  h e l d  a p a r t ,  a l t h o u g h  a s tu d y  o f  compound
b i f u r c a t i o n  was n o t  t h e i r  i n t e n t i o n .  In  a d d i t i o n  t o  an 
a x i a l  c o m p r e s s iv e  load  an o u t - o f - p l a n e  t r a p e z o i d a l  p r e s s u r e  
was a p p l i e d .  They to o k  a two-mode d e f l e c t i o n  f u n c t i o n ,  
which  c o u ld  r e p r e s e n t  a o n e -a n d  t w o - h a l f w a v e  fo rm  i n  t h e  
l o n g i t u d i n a l  d i r e c t i o n ,  and used t h e  von K&rm&n l a r g e
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d e f l e c t i o n  e q u a t i o n s  t o g e t h e r  w i t h  a G a l e r k i n  i n t e g r a l  
t e c h n i q u e  t o  d e r i v e  t h e  e q u i l i b r i u m  e q u a t i o n s .  S u p p le  
( 1 9 7 0 )  o b s e r v e d  t h a t  t h e  v a r i o u s  i d e a l  c o u p le d  p a th  forms  
c o u ld  be p r e d i c t e d  f ro m  t h i s  example  d e p en d in g  on t h e  v a l u e  
o f  a s p e c t  r a t i o  and P o is s o n s  r a t i o .  He to o k  as an example  
t h e  case  o f  a p l a t e  w i t h  an a s p e c t  r a t i o  o f  two and 
P o is s o n s  r a t i o  1 / 3 .  W i t h  no l a t e r a l  l o a d i n g  t h e  c l o s e d  loop  
c o u p le d  p a t h  was o b t a i n e d .
Mode jum ping  in  t h e  b u c k l i n g  o f  r e c t a n g u l a r  p l a t e s  
was i n v e s t i g a t e d  by S c h a e f f e r  and G o l u b i t s k y  ( 1 9 7 9 )  who 
d e m o n s t r a t e d  t h a t  t h i s  c o u ld  be e x p l a i n e d  by sec o n d a ry  
b i f u r c a t i o n s .  They a l s o  showed t h a t  t h e  p l a t e  boundary  
c o n d i t i o n s  and e i g e n v a l u e  s p l i t t e r  made an i m p o r t a n t  
c o n t r i b u t i o n  t o  t h e  b e h a v i o u r  o f  b u c k le d  p l a t e s .  I t  was 
arg u e d  t h a t  mode jum p ing  would  n o t  o c c u r  i n  s i m p ly  
s u p p o r te d  p l a t e s ,  however i f  t h e  loaded  edges w ere  c lamped  
sec o n d a ry  b i f u r c a t i o n s  c o u ld  be made t o  t a k e  p l a c e  and mode 
jum ping  would  happen.
W icks  and Johnson ( 1 9 8 9 )  i n v e s t i g a t e d  t h e  e f f e c t  o f  a 
s p l i t t i n g  p a r a m e te r  on a m o d i f i e d  S t e i n  model and g e n e r a t e d  
t h e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  f o r  t h e  n a t u r a l  
l o a d i n g  p a t h s .  I t  was shown t h a t  a sys tem  w hich  was 
c o n s id e r e d  t o  be s t a b l e  ( u n d e r  c o n d i t i o n s  o f  c o i n c i d e n c e )  
c o u ld  ( u n d e r  c o n d i t i o n s  o f  n e a r - c o i n c i d e n c e )  e x h i b i t  
h y s t e r e s i s  b e h a v i o u r .
1 . 2  PROPOSALS FOR STUDY AND ORGANISATION OF TH IS  THESIS
A g r e a t  d e a l  o f  work has been c a r r i e d  o u t  in  o r d e r  t o  
u n d e r s ta n d  more f u l l y  t h e  p o s t  b u c k l i n g  b e h a v i o u r  o f  
s t r u c t u r a l  sys te m s .  Much o f  t h e  e a r l y  work was c o n c e rn e d  
w i t h  g e n e r a l  s ys te m s .  More r e c e n t l y  t h e s e  i n v e s t i g a t i o n s  
have become fo c u s e d  on a p a r t i c u l a r  c l a s s  o f  sys tem  
a c c o r d in g  t o  t h e  symmetry p r o p e r t i e s  o f  t h e  t o t a l  p o t e n t i a l  
en e rg y  f u n c t i o n .
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The m a jo r  p a r t  o f  t h e s e  s t u d i e s  have c o n c e n t r a t e d  on 
t h e  b e h a v i o u r  o f  c o i n c i d e n t  systems w here  two d i s t i n c t  
b i f u r c a t i o n  p o i n t s  c o a l e s c e .  However ,  in  r e c e n t  t i m e s ,  t h e  
i m p e r f e c t i o n  s e n s i t i v i t y  o f  neai— c o i n c i d e n t  a s y m m e tr ic
systems has been i n v e s t i g a t e d  and a r a t h e r  m a t h e m a t ic a l  
a n a l y s i s  on t h e  e f f e c t  o f  i m p e r f e c t i o n s  and a s p l i t t i n g  
p a r a m e te r  on s y m m e tr ic  systems has been c a r r i e d  o u t  f o r  
p a r t i c u l a r  c a s e s .
A d e t a i l e d  i n v e s t i g a t i o n  i n t o  t h e  i m p e r f e c t i o n  
s e n s i t i v i t y  o f  d ou b1y - s y m m e t r i c  systems has been u n d e r t a k e n  
f o r  t h e  c o i n c i d e n t  case  o n l y .  C o i n c i d e n c e  i s  t h e  p a r t i c u l a r  
case  o f  two d i s t i n c t  b u c k l i n g  loads  o c c u r r i n g  
s i m u l t a n e o u s l y .  T h i s ,  in  p r a c t i c e ,  w i l l  se ldom happen .
H owever ,  c o i n c i d e n c e  i s  t h e  g e n e r a t i n g  b e h a v i o u r  f o r
n e a r - c o i n c i d e n c e  and i t  i s  n e c e s s a r y  t o  have  an 
u n d e r s t a n d i n g  o f  t h i s  f i r s t .
T h e r e f o r e  i t  seems n e c e s s a r y  t h a t  a more d e t a i l e d  
i n v e s t i g a t i o n  i n t o  t h e  b e h a v i o u r  o f  dou b 1y - s y m m e t r i c
b r a n c h in g  systems s h o u ld  be c a r r i e d  o u t  in  o r d e r  t o  
a s c e r t a i n  what  e f f e c t  a s p l i t t i n g  p a r a m e t e r ,  i n  p a r t i c u l a r  
i n  t h e  p r e s e n c e  o f  two m a jo r  i m p e r f e c t i o n s ,  w i l l  have  on 
t h e i r  p o s t - b u c k l i n g  b e h a v i o u r .
in t h e  i n v e s t i g a t i o n  o f  p o s t - b u c k l i n g  b e h a v i o u r  v e r y  
l i t t l e  e x p e r i m e n t a l  work has been u n d e r t a k e n .  Thus i t  would  
seem i m p o r t a n t  t h a t  t h e  s i m p l e  t h e o r i e s  d e v e lo p e d  i n  t h i s  
work s h o u ld  be v e r i f i e d  by an e x p e r i m e n t a l  i n v e s t i g a t i o n  o f  
a p r a c t i c a l  p r o b le m .
In t h i s  w o rk ,  o n l y  t h e  c l a s s  o f  doub 1 y -s y m m e tr  i c  
systems f o r  which  t h e r e  a r e  two b r a n c h in g  p a th s  f o r  t h e  
i d e a l  c o i n c i d e n t  system a r e  i n v e s t i g a t e d  and ,  in  t h e  m a in ,  
o n l y  t h e  n a t u r a l  l o a d i n g  p a t h s  have been c o n s i d e r e d  as 
t h e s e  a r e  o f  most  p r a c t i c a l  i m p o r ta n c e .
The main  body o f  t h i s  t h e s i s  may be d i v i d e d  i n t o  
t h r e e  d i s t i n c t  p a r t s .
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P a r t  One c o m p r is e s  C h a p t e r  2 i n  w h ich  t h e  g e n e r a l  
t h e o r y  o f  a n e a r - c o i n c i d e n t  dou b1y - s y m m e t r i c  b r a n c h in g  
sys tem  i s  d e r i v e d  f ro m  a t r a n s f o r m e d  t o t a l  p o t e n t i a l  en e rg y  
f u n c t i o n .  A f t e r  an e x a m i n a t i o n  o f  t h e  fo rm  and s t a b i l i t y  o f  
t h e  e q u i l i b r i u m  p a th s  o f  t h e  i d e a l  case  two m a jo r  
i m p e r f e c t i o n s  a r e  i n t r o d u c e d  s e p a r a t e l y  and t h e  fo rm  o f  t h e  
e q u i l i b r i u m  p a t h s  i n v e s t i g a t e d .  A sys tem  c l a s s i f i c a t i o n  i s  
t h e n  p roposed  based on t h e  number o f  c r i t i c a l  p o i n t s  t h a t  
e x i s t  on t h e  c o u p le d  p a th s  when each i m p e r f e c t i o n  i s  
a p p l i e d  a l o n e .
P a r t  2 c o n t a i n s  C h a p t e r s  3 ,  4 and 5 .  In t h e s e  t h e
g e n e r a l  t h e o r y  o f  C h a p t e r  2 i s  a p p l i e d  t o  t h r e e  t h e o r e t i c a l  
m o d e ls .  The f i r s t  i s  a s t r u t  on a W i n k l e r  t y p e  f o u n d a t i o n ;  
t h i s  can be t a k e n  as a d i r e c t  r e p r e s e n t a t i o n  o f  p rob lem s  
such as f o u n d a t i o n  s t r u c t u r e s ,  r a i l w a y  t r a c k s  o r  a s i m p le  
a n a lo g y  o f  t h i n - w a l l e d  t u b e s  w here  t h e  e l a s t i c  f o u n d a t i o n  
i s  a n a lo g o u s  t o  t h e  hoop s t r e s s e s  induced  in  t h e  
c y l i n d r i c a l  s h e l l s  ( a l t h o u g h  a c u b i c  s p r i n g  i s  r e q u i r e d  t o  
o b t a i n  a f u l l  n o n - l i n e a r  a n a l y s i s ) .  The second i s  a 
m o d i f i e d  S t e i n  r i g i d - 1 i n k - s p r i n g  m ode l ;  t h i s  can be t a k e n  
t o  be a n a lo g o u s  t o  t h i n  r e c t a n g u l a r  p l a t e s  under  i n - p l a n e  
co m p res s io n  in  w h ich  t o r s i o n a l  s p r i n g s  model t h e  b e n d in g  
s t i f f n e s s  o f  t h e  p l a t e  and e x t e n s i o n a l  s p r i n g s  model t h e  
m i d d l e - s u r f a c e  s t r e t c h i n g  o f  t h e  p l a t e  due t o  l a r g e  
d e f l e c t i o n s .  F i n a l l y  a t h e o r e t i c a l  i n v e s t i g a t i o n  o f  
l a t e r a l l y  r e s t r a i n e d  p l a t e s  under  i n - p l a n e  c o m p res s io n  i s  
made.
In P a r t  T h r e e ,  C h a p t e r  6 , a s e r i e s  o f  t e s t s  c o n d u c te d  
on l a t e r a l l y  r e s t r a i n e d  s t e e l  p l a t e s  i s  d e s c r i b e d .  T h i s  
e x p e r i m e n t a l  work was u n d e r t a k e n  in  o r d e r  t o  v e r i f y ,  
q u a l i t a t i v e l y ,  t h e  s i m p le  t h e o r i e s  p roposed in  t h e  e a r l i e r  
p a r t s .
A g e n e r a l  d i s c u s s i o n  o f  t h e  w h o le  work i s  g i v e n  in  
C h a p t e r  7 .
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GENERAL THEORY 
IDEAL AND IMPERFECT SYSTEMS
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2 . 0  INTRODUCTION
A c o n s e r v a t i v e ,  d o u b 1y - s y m m e t r ic  b r a n c h in g  system  
s u b j e c t  t o  two m a jo r  i m p e r f e c t i o n s ,  Roorda ( 1 9 6 5 b ) ,  and a 
s p l i t t i n g  p a r a m e t e r ,  Hunt  ( 1 9 7 1 ) ,  i s  t o  be c o n s i d e r e d .  The 
purpo se  o f  t h e  p r e s e n t  c h a p t e r  i s  t o  d e v e lo p  t h e  g e n e r a l  
t h e o r y  o f  such s y s te m s ,  t h i s  w i l l  t h e n  be a p p l i e d  i n  l a t e r  
c h a p t e r s  t o  s tu d y  t h e  b e h a v i o u r  o f  s p e c i f i c  ex a m p le s .
The t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n ,  f ro m  w hich  t h e  
p a s s i v e  d e f l e c t i o n  c o o r d i n a t e s  have been e l i m i n a t e d ,  i s  
compacted u s in g  some s i m p le  c o o r d i n a t e  t r a n s f o r m a t  i o n s . 
From t h i s  t r a n s f o r m e d  e n e rg y  f u n c t i o n  s i m p l i f i e d  
e q u i l i b r i u m  e q u a t i o n s  a r e  o b t a i n e d .  Wicks  ( 1 9 8 6 )  
c a t e g o r i s e d  c o i n c i d e n t  d o u b ly  s y m m e tr ic  systems i n t o  two  
main c l a s s e s  d ep en d in g  on t h e  number o f  e q u i l i b r i u m  p a th s  
t h a t  e x i s t  f o r  t h e  i d e a l  sys te m .  These two c l a s s e s  c o n t a i n  
E x i s t e n c e  System s,  f o r  w h ich  t h e r e  a r e  two u n c o u p le d  p a t h s  
and one c o u p le d  p a th  and N o n - E x i s t e n c e  Sys tem s,  f o r  w h ich  
t h e r e  a r e  o n l y  two u n c o u p le d  p a t h s .  In  t h i s  s t u d y  o n l y  
n o n - e x i s t e n c e  systems a r e  c o n s i d e r e d .
The i d e a l  case  i s  exam ined and t h e  c o n d i t i o n s  f o r  
w hich  a c l o s e d  loop c o u p le d  p a th  e x i s t s  a r e  f o u n d .  
F o l l o w i n g  S u p p le  ( 1 9 6 8 )  b i f u r c a t i o n  p o i n t s  on t h e  
f u n d a m e n ta l  p a t h  a r e  r e f e r r e d  t o  as p r i m a r y  b i f u r c a t i o n  
p o i n t s  and t h o s e  on t h e  b r a n c h in g  p a t h s  a r e  r e f e r r e d  t o  as 
sec o n d a ry  b i f u r c a t i o n  p o i n t s .
For  systems f o r  w h ich  t h e  t o t a l  p o t e n t i a l  e n e rg y  i s  
l i n e a r  i n  t h e  load  t h e  l o a d - d e f l e c t i o n  o f  t h e  lo ad  
r e l a t i o n s h i p s  a r e  d e r i v e d .  These g i v e  an i n d i c a t i o n  o f  t h e  
i n i t i a l  p o s t - b u c k l i n g  s t i f f n e s s e s  o f  t h e  u n c o u p le d  and 
c o u p le d  p a t h s .
The e le m e n ts  o f  t h e  s t a b i l i t y  m a t r i x  a r e  o b t a i n e d  
f ro m  t h e  second v a r i a t i o n s  o f  t h e  t o t a l  p o t e n t i a l  e n e r g y .  
By i n v e s t i g a t i n g  t h e  e i g e n v a l u e s  o f  t h i s  m a t r i x  t h e  d e g re e  
o f  s t a b i l i t y  o f  t h e  e q u i l i b r i u m  p a th s  a r e  d e t e r m i n e d .  The
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s t a b i l i t y  o f  t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  i s  t h e n  found  
f ro m  a c o n s i d e r a t i o n  o f  t h e  f o u r t h  d e r i v a t i v e  o f  t h e  t o t a l  
p o t e n t i a l  e n e rg y  expanded a b o u t  t h e  b i f u r c a t i o n  p o i n t s  
t h e m s e l v e s .  However ,  i n  c e r t a i n  c i r c u m s t a n c e s  i t  i s  
n e c e s s a r y  t o  look  a t  t h e  ' i n t r i n s i c '  f o u r t h  d e r i v a t i v e  
which  i s  o b t a i n e d  by t h e  e l i m i n a t i o n  o f  t h e  p a s s i v e  
c o o r d i n a t e s  (some o f  t h e  a c t i v e  c o o r d i n a t e s  w h ich  a r e  
m o m e n t a r i l y  p a s s i v e  a t  t h e s e  p o i n t s ) ,  Thompson and Hunt  
( 1 9 8 6 ) ,  t o  d e t e r m i n e  t h e  s t a b i l i t y  o f  t h e  sec o n d a ry  
b i f u r c a t i o n  p o i n t s .
The i m p e r f e c t  sys tem  i s  i n v e s t i g a t e d  by i n t r o d u c i n g  
i n t o  t h e  i d e a l  system  f i r s t  one i m p e r f e c t i o n  a l o n e  and th e n  
t h e  o t h e r  i m p e r f e c t i o n  a l o n e .  In  each case  t h e r e  i s  an 
u n c o u p le d  and c o u p le d  s o l u t i o n .  An e x p r e s s i o n  f o r  t h e  l i m i t  
p o i n t  s e n s i t i v i t y  o f  t h e  u n c o u p led  p a th  i s  o b t a i n e d .  I t  i s  
seen t h a t  t h e  c o u p le d  s o l u t i o n  i n t e r s e c t s  t h e  u n c o u p le d  
s o l u t i o n  a t  e i t h e r  one o r  t h r e e  r e a l  p o i n t s  d ep e n d in g  on 
t h e  v a l u e  o f  t h e  i m p e r f e c t i o n  norm and t h e  s i g n  o f  t h e  
s p l i t t i n g  p a r a m e t e r .  The c o n d i t i o n s  f o r  w h ich  a c l o s e d - l o o p  
c o u p le d  p a t h ,  i s o l a ,  P o t i e r - F e r r y  ( 1 9 8 5 ) ,  b ra n c h e s  f ro m  t h e  
i m p e r f e c t  u n c o u p le d  e q u i l i b r i u m  p a t h  a r e  e s t a b l i s h e d .  I t  i s  
found  t h a t  two a d d i t i o n a l  c o u p le d  l i m i t  p o i n t s  may e x i s t ,  
e i t h e r  on t h e  c o u p le d  b r a n c h in g  p a th  o r  t h e  i s o l a ;  t h e  
c o n d i t i o n s  g o v e r n in g  t h e  e x i s t e n c e  o f  t h e s e  p o i n t s  a r e  
o b t a i n e d .  A sys tem  c l a s s i f i c a t i o n  i s  t h e n  p roposed  f o r  each  
i m p e r f e c t i o n  a p p l i e d  t o  t h e  system  a l o n e  based on t h e  
number o f  c r i t i c a l  p o i n t s  t h a t  e x i s t  on t h e  c o u p le d  p a t h s .
Some g e n e r a l  a l g e b r a i c  e x p r e s s i o n s  a r e  d e r i v e d  w h ich  
r e p r e s e n t  r a y s  t h r o u g h  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  
f o r  o>=0 and <o=jr/ 2 ; t h e s e  a r e  o b t a i n e d  by a l g e b r a i c  
m a n i p u l a t i o n  o f  t h e  s t a b i l i t y  and e q u i l i b r i u m  e q u a t i o n s .
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2 . 1  TOTAL POTENTIAL ENERGY FUNCTION AND TRANSFORMATION 
OF COORD I NATES
F o l l o w i n g  C h i l v e r  ( 1 9 6 7 )  and S u p p le  (1 9 6 7  & 1 9 6 8 ) ,  a 
d i s c r e t e ,  c o n s e r v a t i v e  e l a s t i c  s t r u c t u r a l  sys tem  i s  
c o n s i d e r e d .  The sys tem  is '  assumed t o  be under  t h e  a c t i o n  o f  
a c o n s e r v a t i v e  d e s t a b i l i s i n g  v a r i a b l e  lo ad  p a r a m e t e r ,  A, 
and i s  s u b j e c t  t o  two m a jo r  i m p e r f e c t i o n s ,  and e , as 
d e f i n e d  by Roorda ( 1 9 6 5 b ) .  The n g e n e r a l i s e d  c o o r d i n a t e s  
may be s p l i t  i n t o  two d i s t i n c t  s u b s e t s ,  t h e  a c t i v e  and 
p a s s i v e  c o o r d i n a t e s .  I t  i s  assumed t h a t  t h e  ( n -m )  p a s s i v e  
c o o r d i n a t e s ,  Hunt  ( 1 9 7 1 ) ,  have been e l i m i n a t e d  w h i l s t  t h e  m 
a c t i v e  c o o r d i n a t e s ,  now c o n ta m i n a t e d  by t h e  p a s s i v e  
c o o r d i n a t e s ,  a r e  r e t a i n e d .  In  t h i s  s tu d y  o n l y  t h e  case  o f  
m=2 i s  c o n s i d e r e d .
I t  i s  assumed t h a t  f o r  t h e  i d e a l  sys tem  a
s i n g l e - v a l u e d  fu n d a m e n ta l  e q u i l i b r i u m  p a th  e x i s t s  and t h a t
a t  a c r i t i c a l  l o a d ,  A , t h i s  p a th  e x p e r i e n c e s  a p r i m a r y
b i f u r c a t i o n  p o i n t ,  P , a t  which  t h e  system  becomes c r i t i c a l
i
w i t h  r e s p e c t  t o  t h e  a c t i v e  d e f l e c t i o n  c o o r d i n a t e  u . A t  al
d i f f e r e n t  l o a d ,  Az , t h e  fu n d a m e n ta l  p a th  e x p e r i e n c e s  a 
second p r i m a r y  b i f u r c a t i o n  p o i n t ,  P , a t  which  t h e  sys tem  
becomes c r i t i c a l  w i t h  r e s p e c t  t o  t h e  a c t i v e  d e f l e c t i o n  
c o o r d i n a t e  Thus ,  f o l l o w i n g  Hunt  ( 1 9 7 9 ) ,  t h e  d i f f e r e n c e  
between t h e  c r i t i c a l  lo ad s  o f  t h e  u^ and u u n c o u p le d  
b u c k l i n g  modes, A^  and Ag, i s  r e f e r r e d  t o  as t h e  s p l i t t i n g  
p a r a m e t e r .  When t h i s  c o n t r o l  p a r a m e te r  i s  equ a l  t o  z e r o  t h e  
sys tem  i s  under  c o n d i t i o n s  o f  c o i n c i d e n t  b u c k l i n g  and w i l l  
b u c k le  a t  a c r i t i c a l  load  A such t h a t  A =A =A .
c c 1 2
Assuming t h a t  t h e  s t r o n g  symmetry c o n d i t i o n  g o v e r n s ,  
Thompson & Hunt  ( 1 9 8 4 ) ,  t h e  l e a d i n g  te r m s  in  a T a y l o r  
s e r i e s  e x p a n s io n  o f  t h e  t o t a l  p o t e n t i a l  e n e rg y  o f  t h e  
sys tem  a b o u t  t h e  c r i t i c a l  s t a t e  P a r e
37
V = 1V u 4 + 1V u 2u 2 + 1V u 4 +
H H  1 j  H 2 2  1 2  2222 2
1 (A-A )V Au 2 + 1 (A-A )V Au 2 +•j l  n A  l  2 22A 2
V e u + V e u ( 2 . 1 )le 1 1 2e 2 2 1 2
A more compact  fo rm  o f  e q u a t i o n  ( 2 . 1 )  i s  c r e a t e d  by t h e
i n t r o d u c t i o n  o f  some s im p le  c o o r d i n a t e  t r a n s f o r m a t  i o n s ,
Wicks ( 1 9 8 6 ) .  The u , u , e and e axes a r e  r e s c a l e d  and' 1 2 1  2
t h e  i m p e r f e c t i o n s  e x p re s s e d  in  p o l a r  c o o r d i n a t e  fo rm  in  t h e  
f o l l o w i n g  way
V i = >/ l V i iA l  Ui 1 = 1 ' 2 ( 2 * 2 a )
-V  e 1£ 1
17 = ------------  —  = rjcosw ( 2 . 2b)
1 A / I V  A|cr * 11A'
“ V £2£ 2
17 = ------- :— -—  = 17s inw ( 2 . 2 c )
2 a/Iv22aI
an i n c r e m e n t a l  l o a d i n g  p a r a m e te r  X i s  i n t r o d u c e d  as 
X = A -  A1
A
c
and t h e  s p l i t t i n g  p a r a m e te r  as
or = A -  A 
2 1
A
c
T h i s  g i v e s  t h e  new t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n ,  
$ ( X , v  »v >n>u,cr), n o r m a l is e d  w i t h  r e s p e c t  t o  A , as
1 2  c
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$ = av 4 + bv 2v 2 + cv 2 -  Xv 2 -  1(X-cr)v 2 -  
?  1 *  1 2 ?  2 7  1 7  2
nv c o s g ) -  nv s i n u  ( 2 . 3 )
1 2
w here
a = V 1 ( 2 . 4 a )m i   v y
6 A c ( V l l A > '
b = V „ 22----------1----------  ( 2 . 4 b )
2 A c V i t A V 2 2 A
c = V 1 ( 2 . 4 c )
2222  v y
6 A  ( V „ A ) 2c 2 2 A
In  t h i s  s tu d y  o n l y  N o n - E x i s t e n c e  s y s te m s ,  Wicks
( 1 9 8 6 ) ,  w i l l  be c o n s i d e r e d ,  t h u s  t h e  c o e f f i c i e n t s  in  
e q u a t i o n s  ( 2 . 4 )  a r e  c o n s t r a i n e d  by e i t h e r
a < b < c ( 2 . 5 a )
o r
c < b < a ( 2 . 5 b )
These s y s te m s ,  f o r  w h ich  i n e q u a l i t i e s  ( 2 . 5 a )  o r  ( 2 . 5 b )  
h o l d ,  a r e  r e f e r r e d  t o  as System 1 and System 2
r e s p e c t i v e l y .  Each sys tem  i s  s u b d i v i d e d  i n t o  f o u r  subgroups
a c c o r d in g  t o  t h e  s i g n  o f  t h e  c o e f f i c i e n t s  i n  e q u a t i o n s
( 2 . 4 ) .  The f u l l  sys tem  c l a s s i f i c a t i o n  o f  n o n - e x i s t e n c e  
systems i s  r e p r o d u c e d  in  T a b l e  1 b e lo w .
SYSTEM 1 SYSTEM 2
a b c a b c
1. 1 + + + + 2 . 1 + + + +
1 . 1" - - . - 2 . 1’ - - -
1 . 2 - + + 2 . 2 + + -
1 . 3 - - + 2 . 3 + - -
T a b l e  2 . 1 :  C l a s s i f i c a t i o n  o f  N o n - E x i s t e n c e  systems
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R e a r r a n g i n g  i n e q u a l i t i e s  ( 2 . 5 )  g i v e s
System 1 ( a - b )  < 0 ( c - b )  > 0 ( 2 . 6 a )
( 2 . 6 b)System 2 ( a - b )  > 0 ( c - b )  < 0
2 . 2  THE IDEAL SYSTEM
2 . 2 . 1  THE FORM OF THE PATHS IN X - v  - v  SPACE1 2
The e q u i l i b r i u m  e q u a t i o n s  f o r  t h e  i d e a l  sys tem  a r e  
d e r i v e d  f ro m  t h e  c o n d i t i o n  t h a t  t h e  t o t a l  p o t e n t i a l  en e rg y  
i s  s t a t i o n a r y  w i t h  r e s p e c t  t o  t h e  a c t i v e  d i s p l a c e m e n t  
c o o r d i n a t e s ,  t h a t  i s
0$ = 0£  = 0 ( 2 . 7 )
dv dv 1 2
T h i s  y i e l d s  t h e  two e q u i l i b r i u m  e q u a t i o n s  as
B e s id e s  t h e  t r i v i a l  s o l u t i o n ,  X^O v =v = 0 ,  w h ich  r e p r e s e n t s  
t h e  f u n d a m e n ta l  p a th  t h e r e  a r e  t h r e e  s o l u t i o n s  o f  e q u a t i o n s  
( 2 . 8 ) ,  t h e s e  a r e
i )  X*0 v ^ O  v 2=0 Uncoupled
i i )  X?£0 v^=0 v 2^0 Uncoup led
i i i )  X^O v 5*0 v * 0  Coup led1 2
The two unc o u p led  s o l u t i o n s  a lw a y s  e x i s t  and t h e i r  
e q u i l i b r i u m  p a t h s  ap p e a r  as
v ( a v  2 + bv 2 -  X) = 0i v 1 2 '
v (b v  2 + c v 2 - X  + a)  = 0 2 1 2  '
( 2 . 8 a )
( 2 . 8 b)
X = av 2 ( 2 . 9 a )l
X = cv 2 + o ( 2 . 9 b )
2
r e s p e c t i v e l y .  Thus t h e  s i g n s  o f  t h e  c o e f f i c i e n t s  a and c 
d e t e r m i n e  w h e th e r  t h e  u n c o u p led  p a th s  a r e  upward o r
downward t u r n i n g  w i t h  r e s p e c t  t o  l o a d ,  Thompson (1 9 6 4  and 
1 9 6 5 ) .  By i n s p e c t i o n  t h e  p a t h  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  
i n  t h e  v mode, t o  t h e  o r d e r  o f  t h e  a n a l y s i s ,  i s  u n a f f e c t e d  
by v a r i a t i o n s  o f  t h e  s p l i t t i n g  p a r a m e te r  a .  However ,  
v a r i a t i o n s  o f  <7 a l t e r  t h e  i n t e r c e p t  w i t h  t h e  lo a d  a x i s  o f  
t h e  p a th  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  in  t h e  v mode b u t  
n o t  t h e  c u r v a t u r e  o f  t h e  p a t h ,  S u p p le  ( 1 9 6 7 ) .
The t h i r d  s o l u t i o n  r e p r e s e n t s  a c o u p le d  e q u i l i b r i u m  
For whi  
e x p r e s s e d  as
p a t h  f o r ich  t h e  p r o j e c t i o n  o n to  t h e  v 1” v 2 p l a n e  may be
( a - b ) v t2 -  ( c - b ) v 2 = 1  ( 2 . 1 0 )
Thus t h e  s i g n s  o f  t h e  q u a n t i t i e s  ( a - b ) / a  and ( c - b ) / c r  g o v e rn  
t h e  fo rm  o f  e q u a t i o n  ( 2 . 1 0 ) .  F i r s t l y ,  f o r  System 1 t h e  
t h r e e  p o s s i b l e  form s o f  s o l u t i o n  a r e ;
i ) o > 0 no r e a l  s o l u t i o n ( 2 . 1 1 a )
i i ) a  = 0 a p o i n t  a t  v =v =0 1 2 ( 2 . 1 1 b )
i i i ) a  < 0 an e l l i p t i c a l  c o u p le d  p a t h . ( 2 . 1 1 c )
S e c o n d l y ,  f o r System 2 t h e  t h r e e p o s s i b l e  fo rm s o f
s o l u t i o n  a r e ;
i ) a  > 0 an e l l i p t i c a l  c o u p le d  p a th ( 2 . 12a )
i i ) a  = 0 a p o i n t  a t  v =v =0 1 2 ( 2 . 12b)
i i i ) a  < 0 no r e a l  s o l u t i o n . ( 2 . 1 2 c )
As found by S u p p le  ( 1 9 6 7 ) ,  t h e c o u p le d s o l u t i o n  f o r
an i d e a l  n o n - e x i s t e n c e  sys tem  i s  r e p r e s e n t e d  by an e l l i p s e  
i n  t h e  V j - v  p l a n e  w h ich  c o l l a p s e s  t o  a p o i n t  and t h e n  
becomes i m a g in a r y  as t h e  s p l i t t i n g  p a r a m e te r  changes s i g n  
t h r o u g h  z e r o .  F o l l o w i n g  P o t i e i — F e r r y  ( 1 9 8 5 )  v t h i s  c l o s e d  
loop  c o u p le d  p a t h  w h ich  form s a t r a n s i t i o n  betw een t h e  two  
u n c o u p le d  p a th s  i s  r e f e r r e d  t o  as an ' i s o l a ' .  For  System 1 
t h e  m a jo r  a x i s  o f  t h e  e l l i p s e  l i e s  a lo n g  t h e  v a x i s  i f  
( a - 2 b + c ) > 0  and a lo n g  t h e  v z a x i s  i f  ( a - 2 b + c ) < 0 .  For  System  
2 t h e  m a jo r  a x i s  w i l l  l i e  a lo n g  t h e  v a x i s  i f  ( a - 2 b + c ) < 0
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and a l o n g  t h e  v 2 a x i s  i f  ( a - 2 b + c ) > 0 .  When ( a - 2 b + c ) = 0  t h e
fo rm  o f  t h e  i s o l a  w i l l  be a c i r c l e ,  c e n t r e  v =v =0 and
1 2
r a d i u s  r = / [ a ( a - b ) ] = / [ - a ( c - b ) ]  .
In  t h e  case  o f  systems f o r  w h ich  t h e  i s o l a  e x i s t s  i t s  
l o a d - d i s p l a c e m e n t  r e l a t i o n s h i p s  a r e
X = ( a c - b 2 ) v  2 -  ba ( 2 . 1 3 a )
"Tc-b)- 1 Tc^BT
and
X = ( a c - b 2 ) v  2 -  aa ( 2 . 1 3 b )
( a - b )  2 ( a - b )
when p r o j e c t e d  o n t o  t h e  X -v  and X-v  p l a n e s  r e s p e c t i v e l y .
*  ■ 2  2 Hence t h e  s i g n s  o f  t h e  q u a n t i t i e s  ( a c - b  ) / ( c - b )  and
( a c - b  ) / ( a - b )  go v ern  t h e  c u r v a t u r e  o f  t h e  i s o l a  i n  t h e  X -v
i
and ^” V2 p l a n e s  r e s p e c t i v e l y .  From ( 2 . 6 )  i t  can be seen  
t h a t ,  f o r  a g i v e n  s i g n  o f  t h e  q u a n t i t y  ( a c - b 2 ) ,  t h e  
c u r v a t u r e  o f  t h e  i s o l a  in  t h e  two l o a d - d i s p l a c e m e n t  p l a n e s  
a r e  o f  o p p o s i t e  s i g n s .  Thus t h e  fo rm  o f  t h e  i s o l a  d e s c r i b e s  
t h e  p e r i m e t e r  o f  a s a d d l e .
From e q u a t i o n s  ( 2 . 9 a )  and ( 2 . 1 3 a )  t h e  c o u p le d  
e q u i l i b r i u m  p a th  i n t e r s e c t s  t h e  p a th  c o r r e s p o n d i n g  t o  
d e f o r m a t i o n s  i n  t h e  v mode a t  two s e c o n d a ry  b i f u r c a t i o n  
p o i n t s  g i v e n  by
v *  = ±r a  11/2 ( 2 . 1 4 a )1 -  -[i?s]
v *  = 0 ( 2 . 1 4 b )
2
X* = aa ( 2 . 14c )
Ta-FJ
and f ro m  e q u a t i o n s  ( 2 . 9 b )  and ( 2 . 1 3 b )  i t  i n t e r s e c t s  t h e  v g 
u n c o u p led  e q u i l i b r i u m  p a th  a t  two s e c o n d a ry  b i f u r c a t i o n  
p o i n t s  g i v e n  by
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From ( 2 . 6 ) ,  ( 2 . 1 1 )  and ( 2 . 1 2 )  i t  can be seen t h a t  when t h e  
i s o l a  e x i s t s
a > 0  
( a - b )
and
a < 0  
T c ^ F J
From t h e  above r e s u l t s  t h e  f o l l o w i n g  c o n c l u s i o n s  can
be drawn r e g a r d i n g  t h e  fo rm s  o f  t h e  e q u i l i b r i u m  p a t h s  in
t h e  X -v  and X -v  p l a n e s :1 2
For  System 1
1 an i s o l a  o n l y  e x i s t s  when cKO
2 when ( a c - b  ) <0 t h e  i s o l a  f a l l s  f ro m  t h e  u n c o u p le d
p a t h  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  in  t h e  v z mode t o  
t h e  u n c o u p le d  v mode p a th
3 when ( a c - b 2 )> 0  t h e  i s o l a  r i s e s  f ro m  t h e  u n c o u p le d
p a t h  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  i n  t h e  v mode t o  
t h e  u n c o u p led  v mode p a th
For  System 2
1 an i s o l a  o n l y  e x i s t s  when cr>0
p
2 when ( a c - b  ) <0  t h e  i s o l a  f a l l s  f ro m  t h e  u n c o u p le d
p a t h  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  i n  t h e  -v mode t o  
t h e  u n c o u p led  v g mode p a th
3 when ( a c - b 2 )> 0  t h e  i s o l a  r i s e s  f ro m  t h e  u n c o u p le d
p a t h  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  i n  t h e  v mode t o  
t h e  u n c o u p led  v g mode p a th
The above c o n c l u s i o n s  a r e  summarised i n  F i g u r e s  2 .1  t o  2 . 4  
f o r  System 1 and F i g u r e s  2 . 5  t o  2 . 8  f o r  System 2.
( 2 . 16a)  
( 2 . 16b)
1-1 1-2.1-3
X
v.1 r
V,'2
F i g u r e  2 . 1 :  Form & s t a b i l i t y  o f  t h e  e q u i l i b r i u m  p a t h s  o f
t h e  i d e a l  Sy s t em 1 p r o j e c t e d  o n t o  t h e  X-v  & * ~ v 2 P 1anes
f o r  t h e  c a s e  o f  o >0
X
V11 r
x
F i g u r e  2 . 2 :  Form & s t a b i l i t y  o f  t h e  e q u i l i b r i u m  p a t h s  o f
t h e  i d e a l  System 1 p r o j e c t e d  o n t o  t h e  X.-v^ & X-v  p l a n e s
f o r  t h e  case  o f  o=0
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Xi - r M
X
1-3
X
1-2
X
F i g u r e  2 . 3 :  Form & s t a b i l i t y  o f  t h e  e q u i l i b r i u m
t h e  i d e a l  System 1 p r o j e c t e d  o n t o  t h e  X-v^ & X-v
f o r  t h e  case o f  a<0 ( a c - b 2 ) <0
p a t h s  o f  
p 1anes
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X1 - 1+ 1-1
F i g u r e  2 . 4 :  Form & s t a b i l i t y  o f  t h e  e q u i l i b r i u m  p a t h s  o f
t h e  i d e a l  System 1 p r o j e c t e d  o n t o  t h e  X-v^ & X-v^ p l a n e s
f o r  t h e  case o f  a<0 ( a c - b 2 )>0
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X2 - 1+
X
2-1 2 2,2-3
F i g u r e  2 . 5 :  Form & s t a b i l i t y  o f  t h e  e q u i l i b r i u m  p a t h s  o f
r o j e c t e d  o n t o  t h e  X- 
f o r  t h e  c a s e  o f  a <0
t h e  i d e a l  Sy s t em 2 p -v  & X-v  p l a n e s
2
X
v,2 - 1+
X
2 - 1' 2-2,2-3
F i g u r e  2 . 6 :  Form & s t a b i l i t y  o f  t h e  e q u i l i b r i u m  p a t h s  o f
r o j e c t e d  o n t o  t h e  X- 
f o r  t h e  c a s e  o f  o - 0
t h e  i d e a l  Sy s t em 2 p j - v^  & X-v  p l a n e s
2
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2-1
X
2-1 +
X
2-B
X
2-2
X
F i g u r e  2 . 7 :  Form & s t a b i l i t y  o f  t h e  e q u i l i b r i u m  p a t h s  o f
t h e  i d e a l  System 2 p r o j e c t e d  o nt o  t h e  & X~v2 p l a n e s
f o r  t h e  case o f  cr>0 ( a c - b 2 )>0
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2-r
x
2-1 +
X
F i g u r e  2 . 8 :  Form & s t a b i l i t y  o f  t h e  e q u i l i b r i u m  p a t h s  o f
t h e  i d e a l  System 2 p r o j e c t e d  o n t o  t h e  X-v^ & ^“ v 2 p l a n e s
f o r  t h e  case o f  <j>0 ( a c - b 2)<0
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2 . 2 . 2  LOAD-DEFLECT ION OF THE LOAD BEHAVIOUR
The t o t a l  p o t e n t i a l  en e rg y  o f  a s t r u c t u r a l  sys tem  is  
composed o f  two d i s t i n c t  components:
i )  t h e  e l a s t i c  s t r a i n  e n e rg y  s t o r e d  -  U
i i )  t h e  work done ' by t h e  lo ad  moving t h r o u g h  i t s  
c o r r e s p o n d i n g  d i s p l a c e m e n t  -  E ( u )
w here  u i s  t h e  d i s p l a c e m e n t  o f  t h e  lo a d .  Commonly t h e  t o t a l  
p o t e n t i a l  e n e rg y  i s  l i n e a r  in  t h e  load  p a r a m e t e r  A, th u s
V = U ( u )  -  AE(u )  ( 2 . 1 7 )
The l o a d - d e f  1 e c t  io n  o f  t h e  lo ad  b e h a v i o u r  o f  a sys tem  
p r o v i d e s  a d i r e c t  m easure  o f  t h e  e l a s t i c  s t r a i n  e n e rg y  
s t o r e d  w i t h i n  t h e  sys tem  when d e f o r m in g  i n t o  a p a r t i c u l a r  
c o n f i g u r a t i o n ,  and a l s o  g i v e s  an i n d i c a t i o n  o f  t h e  i n i t i a l  
p o s t - b u c k l i n g  s t i f f n e s s  o f  t h e  e q u i l i b r i u m  p a t h s .
Hence by i n s p e c t i o n  o f  e q u a t i o n  ( 2 . 1 )  t h e  
d i s p l a c e m e n t  o f  t h e  l o a d ,  A, i s  g i v e n  by
A = ^ < VllA Ul 2 + V22AU22> <2 - 18)
w here  b o th  V ^ and V22^ have n e g a t i v e  v a l u e s ,  S u p p le  ( 1 9 6 7 )
R e m a in ing  in  o r i g i n a l  c o o r d i n a t e s ,  t h e  two u n c o u p le d  
e q u i l i b r i u m  p a t h s  a r e  g i v e n  by
X = - a V  Au 2 ( 2 .  19a )
n A  l  v
X = - c V  AU 2 ( 2 . 19b)
22A  2 v
Com bin ing  e q u a t i o n s  ( 2 . 1 8 )  and ( 2 . 1 9 )  g i v e s  t h e  
l o a d - d e f l e c t i o n  o f  t h e  lo a d  r e l a t i o n s h i p s  o f  t h e  two  
u n c o u p led  p a t h s  as
X = 2aA ( 2 . 2 0 a )
X = 2cA + a  ( 2 . 2 0 b )
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T h u s ,  t o  t h e  o r d e r  o f  t h e  a n a l y s i s ,  t h e  two i n i t i a l
p o s t - b u c k  1 in g  s t i f f n e s s e s  a r e  2a and 2c f o r  t h e  u and u1 2
u n c o u p le d  modes o f  b u c k l i n g  r e s p e c t i v e l y  and bo th  a r e  
l i n e a r  w i t h  r e s p e c t  t o  t h e  d e f l e c t i o n  o f  t h e  l o a d .  For  t h e  
cas e  o f  System 1,  f ro m  t h e  c o n s t r a i n t  ( 2 . 5 a ) ,  t h e  
u n c o u p le d  p a t h  w i l l  be s t i f f e r  th a n  t h e  v p a t h :  c o n v e r s e l yi
f o r  System 2 ,  under  t h e  c o n s t r a i n t s  o f  ( 2 . 5 b ) ,  t h e  v
u n c o u p le d  p a t h  w i l l  be s t i f f e r  t h a n  t h e  v p a t h .
The i s o l a ,  in  o r i g i n a l  c o o r d i n a t e s ,  i s  g i v e n  by
x = - a V iiA U i2 -  bV22AU22 ( 2 . 2 1 a )
X = - bV22Au t 2 -  CV22AU22 + "  ( 2 . 21 b )
Com bin ing  e q u a t i o n s  ( 2 . 1 8 )  and ( 2 . 2 1 )  g i v e s  t h e
l o a d - d e f l e c t i o n  o f  t h e  lo ad  r e l a t i o n s h i p  o f  t h e  c o u p le d  
p a t h  as
X = 2 A ( a c - b 2 ) + ( a - b ) a  ( 2 . 2 2 )
 ( a - i b + c ) -----------
From e q u a t i o n  ( 2 . 2 2 )  t h e  s t i f f n e s s  i s  a g a i n  l i n e a r  w i t h
r e s p e c t  t o  t h e  d e f l e c t i o n  o f  t h e  lo a d .  The s i g n  o f  t h e  
s t i f f n e s s  o f  t h e  i s o l a  depends on t h e  s i g n s  o f  t h e  
q u a n t i t i e s  ( a c - b 2 ) and ( a - 2b + c ) ;  t h i s  i s  summarised i n  
T a b l e  2 . 2  b e lo w .
s i g n  o f  s t i f f n e s s  
o f  i s o l a
( a c - b 2 ) > 0
( a - 2b + c ) >0 +
( a - 2b + c ) <0 -
( a c - b 2 ) <0
( a - 2b + c ) >0 -
( a - 2b + c ) <0 +
T a b l e  2 . 2 :  S ig n  o f  t h e  s t i f f n e s s  o f  t h e  i s o l a
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From t h e  above r e s u l t s  an i s o l a  t h a t  f a l l s  f ro m  t h e  
m a jo r  t o  t h e  m in o r  a x i s  o f  t h e  e l l i p s e  has a p o s i t i v e  
s t i f f n e s s  b u t  an i s o l a  t h a t  f a l l s  f ro m  t h e  m in o r  t o  t h e  
m a jo r  a x i s  has a n e g a t i v e  s t i f f n e s s .  C o n v e r s e l y ,  an i s o l a  
t h a t  r i s e s  f ro m  t h e  m in o r  t o  t h e  m a jo r  a x i s  o f  t h e  e l l i p s e  
has a p o s i t i v e  s t i f f n e s s  b u t  an i s o l a  t h a t  r i s e s  f ro m  t h e  
m a jo r  t o  t h e  m in o r  a x i s  has a n e g a t i v e  s t i f f n e s s .
The c o o r d i n a t e s  o f  t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  
i n  l o a d - d e f l e c t i o n  o f  t h e  lo ad  c o o r d i n a t e s  a r e
A* = a
2 ( a - b )
X* = aa
and
A* = - a
X* = - b a
f o r  t h e  v and v g u n c o u p led  p a t h s  r e s p e c t i v e l y .
F i g u r e s  2 . 9  t o  2 . 1 6  i n c l u s i v e  show s c h e m a t i c a l l y  t h e  
l o a d - d e f  l e c t i o n  o f  t h e  lo a d  c u r v e s  o f  t h e  u n c o u p le d  and  
c o u p le d  p a t h s .  F i g u r e  2 . 9  shows t h e  l o a d - d e f 1e c t i o n  o f  t h e  
lo ad  b e h a v i o u r  o f  t h e  u n c o u p led  e q u i l i b r i u m  p a t h s  o f  System  
1 f o r  t h e  case  o f  a=0 and a> 0 .  F i g u r e s  2 . 1 0  and 2 . 1 1  show 
t h e  b e h a v i o u r  o f  System 1 ( w i t h  a n e g a t i v e  s p l i t t i n g  
p a r a m e t e r )  f o r  ( a c - b 2 ) <0  w i t h  ( a - 2b + c ) > 0  and ( a - 2b + c ) < 0  
r e s p e c t i v e l y ;  F i g u r e  2 . 1 2  shows t h e  b e h a v i o u r  f o r
( a c - b  ) > 0 .  F i g u r e  2 . 1 3  shows t h e  l o a d - d e f  1 e c t  io n  o f  t h e
load  b e h a v i o u r  f o r  System 2 f o r  t h e  case  o f  a<0 and a = 0 .
F i g u r e s  2 . 1 4  and 2 . 1 5  show t h e  b e h a v i o u r  o f  System 2 ( w i t h  
a p o s i t i v e  s p l i t t i n g  p a r a m e t e r )  f o r  ( a c - b  ) < 0  w i t h
( a - 2 b + c ) > 0  and ( a - 2 b + c ) < 0  r e s p e c t i v e l y  and F i g u r e  2 . 1 6  
shows t h e  l o a d - d e f 1e c t i o n  o f  t h e  lo ad  b e h a v i o u r  f o r  
( a c - b 2) > 0 .
( 2 . 2 3 a )
( 2 . 2 3 b )
( 2 . 2 4 a )
( 2 . 2 4 b )
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1-1* 1-1" 1-2,1-3
cr=0
cr>0
F ig u r e  2 . 9 :  L o a d - d e f l e c t i o n  o f  th e  load curves  o f  t h e  id e a l
System 1 f o r  th e  case o f  <j= 0 & o>0
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XB
A
F ig u r e  2 . 1 0 :  L o a d - d e f l e c t i o n  o f  t h e  load curves  o f  t h e
id e a l  System 1 f o r  th e  case o f  <j<0 ( a c - b 2)<0 ( a - 2 b + c ) > 0
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X.1 - 1"
F ig u r e  2 . 1 1 :  L o a d - d e f l e c t i o n  o f  t h e  load curves  o f  t h e
id e a l  System 1 f o r  t h e  case o f  cr<0 ( a c - b 2)<0 ( a - 2 b + c ) < 0
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X1-1* r r
F ig u r e  2 . 1 2 :  L o a d - d e f 1e c t i o n  o f  th e  load curves  o f  t h e
id e a l  System 1 f o r  th e  case o f  a<0 ( a c - b  )>0
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2- r 2-2,2-3
X
cr=0
X
cr< 0
F ig u r e  2 . 1 3 :  L o a d - d e f l e c t i o n  o f  th e  load curves  o f  t h e
id e a l  System 2 f o r  th e  case o f  a=0 and a<0
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XF ig u r e  2 . 1 4 :  L o a d - d e f l e c t i o n  o f  th e  load curves  o f  t h e
id e a l  System 2 f o r  th e  case o f  a>0 ( a c - b 2)<0 ( a - 2 b + c ) > 0
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XF ig u r e  2 . 1 5 :  L o a d - d e f 1e c t i o n  o f  th e  load curves  o f  t h e
id e a l  System 2 f o r  th e  case o f  cr>0 ( a c - b 2 )<0 (a c -2 b + c ) < 0
59
X2- r
F i g u r e  2 . 1 6 :  L o a d - d e f 1e c t i o n  o f  t h e  lo ad  c u r v e s  o f  t h e
2
i d e a l  System 2 f o r  t h e  cas e  o f  o>0 ( a c - b  )> 0
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S t e i n  ( 1 9 5 9 ) ,  s t a t e s  t h a t  f o r  c o n s e r v a t i v e  systems as 
long  as e q u i l i b r i u m  p a t h s  a r e  f o l l o w e d  such systems behave  
c o n s e r v a t i v e l y  and t h e  s t r a i n  e n e rg y  i s  e q u a l  t o  t h e  a r e a  
under  t h e  l o a d - d e f  1 e c t i o n  o f  t h e  load  c u r v e .  Thu s ,  f o r  
e x a m p le ,  i n  F i g u r e  2 . 1 0  t h e  a r e a  e n c lo s e d  by t h e  t r i a n g l e  
ABC i s  e q u a l  t o  t h e  a r e a  w i t h i n  t h e  t r i a n g l e  CDE.
When an i s o l a  e x i s t s  a t r a n s i t i o n  f ro m  an i n i t i a l  
d e f o r m a t i o n  i n  t h e  m o s t - s t i f f  u n c o u p le d  mode t o  a 
d e f o r m a t i o n  i n  t h e  l e a s t - s t i f f  u n c o u p le d  mode a lw a ys  
o c c u r s .  Under c o n d i t i o n s  o f  compound b r a n c h i n g ,  o r  when t h e  
c o u p le d  p a t h  i s  i m a g i n a r y ,  t h e  sys tem  w i l l  t e n d  t o  de fo rm  
c o n t i n u o u s l y  i n  t h e  l e a s t - s t i f f  u n c o u p led  mode, t h e  s t i f f e r  
u n c o u p le d  e q u i l i b r i u m  p a t h  p l a y i n g  no p a r t  in  t h e  i n i t i a l  
p o s t - b u c k l i n g  b e h a v i o u r  o f  t h e  sys te m .
In  t h e  case  o f  a c o u p le d  p a th  w i t h  a n e g a t i v e  
s t i f f n e s s ,  i f  ( a - 2b + c ) >0  t h e n  c o n t r o l l e d  d e f l e c t i o n  l o a d i n g  
would  be r e q u i r e d  t o  d e t e r m i n e  t h e  f u l l  r a n g e  o f  changes in  
s t i f f n e s s  o f  t h e  sys te m ,  i n  t h i s  case  t h e  t r a n s i t i o n  would  
be s t a t i c  w hereas  under  dead l o a d i n g  t h e  t r a n s i t i o n  would  
be dyn am ic .  However i f  ( a - 2 b + c ) < 0  t h e n  t h e  t r a n s i t i o n  would  
a lw a y s  be d yn am ic .  In  t h e  case  o f  a c o u p le d  p a t h  w i t h  a 
p o s i t i v e  s t i f f n e s s ,  i f  ( a - 2b + c ) <0  w h a t e v e r  t y p e  o f  l o a d i n g  
w ere  used t h e  t r a n s i t i o n  w ould  be dynam ic :  i f  ( a - 2 b + c ) >0
t h e n  a s t a t i c  t r a n s i t i o n  w ould  a lw a y s  o c c u r .
2 . 2 . 3  STABIL ITY
The s t a b i l i t y  o f  t h e  e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  
sys tem  i s  d e t e r m in e d  by i n v e s t i g a t i n g  t h e  second v a r i a t i o n  
o f  t h e  t o t a l  p o t e n t i a l  e n e rg y  a t  e q u i l i b r i u m  s t a t e s  on t h e  
p a t h s .  D i f f e r e n t i a t i n g  t h e  e q u i l i b r i u m  e q u a t i o n s  w i t h  
r e s p e c t  t o  v and v g i v e s  t h e  e le m e n t s  o f  t h e  s t a b i l i t y  
m a t r i x ,  S. Thus t o  d e t e r m i n e  t h e  s t a b i l i t y  o f  an 
e q u i l i b r i u m  p a t h  i t  i s  n e c e s s a r y  t o  exam ine  t h e  e i g e n v a l u e s  
o f  S. A m a t r i x  i s  d e f i n e d  as p o s i t i v e  d e f i n i t e  i f  a l l  o f  
i t s  e i g e n v a l u e s  a r e  p o s i t i v e ;  t h i s  c o r r e s p o n d s  t o  a s t a t e  
o f  s t a b l e  e q u i l i b r i u m .  I f  one o r  more o f  i t s  e i g e n v a l u e s
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a r e  n e g a t i v e  t h e n  t h i s  c o r r e s p o n d s  t o  a s t a t e  o f  u n s t a b l e  
e q u i l i b r i u m  w here  t h e  number o f  n e g a t i v e  e i g e n v a l u e s  i s  
r e f e r r e d  t o  as t h e  d e g re e  o f  i n s t a b i l i t y  o f  t h e  p a t h .  The  
e i g e n v e c t o r s  c o r r e s p o n d i n g  t o  t h e  p o s i t i v e  and n e g a t i v e  
e i g e n v a l u e s  g i v e  t h e  s t a b l e  and u n s t a b l e  d i r e c t i o n s  
r e s p e c t i v e l y ,  w i t h  r e f e r e n c e  t o  t h e  d i s p l a c e m e n t  a x e s .
D i f f e r e n t i a t i n g  t h e  e q u i l i b r i u m  e q u a t i o n s  ( 2 . 7 )  w i t h  
: t  t o  v 
m a t r i x ,  S,  as
r e s p e c and v g i v e s  t h e  e le m e n t s  o f  t h e  s t a b i l i t y  1 2
s = 3av 2 + bv 2 -  X ( 2 . 2 5 a )
11 1 2 v
s = bv 2 + 3cv 2 -  X + a  ( 2 . 2 5 b )
22  1 2 v
s = s = 2bv v ( 2 . 2 5 c )
12 21 1 2
T a k in g  t h e  u n c o u p le d  s o l u t i o n  ( 2 . 8 a )  y i e l d s  t h e  e le m e n t s  o f  
S,  f o r  t h e  p a t h  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  in  t h e  v
mode as
s = 2 av 2 ( 2 . 2 6 a )
11 1 V '
s 22 = - ( a - b ) ^ 2 + o ( 2 . 2 6 b )
s = s = 0 ( 2 . 2 6 c )
12 21 v
T hu s ,  because  S i s  d i a g o n a l i s e d ,  t h e  r e l e v a n t  e i g e n v a l u e s  
e (1) and e (2) f o r  a l l  p o i n t s  on t h i s  p a t h  a r e
e (1) = 2 a v ^  ( 2 . 2 7 a )
e (2) = - ( a - b ) v t 4 + crv 2 ( 2 . 2 7 b )
and a r e  a s s o c i a t e d  w i t h  t h e  v and v d i r e c t i o n s1 2
r e s p e c t i v e l y .  Hence t h e  d e g re e  o f  s t a b i l i t y  o f  t h e  v 
u n c o u p le d  p a t h  w i l l  depend on t h e  s i g n s  o f  t h e  q u a n t i t i e s  
a ,  ( a - b )  and a;  t h i s  i s  summarised i n  T a b l e  2 . 3  w here  -  v 
i n d i c a t e s  t h e  d i r e c t i o n  o f  i n s t a b i l i t y  o f  t h e  p a t h .
S i m i l a r l y  t h e  d e g re e  o f  s t a b i l i t y  o f  t h e  u n c o u p le d
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p a t h  depends on t h e  s i g n s  o f  t h e  q u a n t i t i e s  c ,  ( c - b )  and a;  
t h i s  i s  summarised in  T a b l e  2 . 4 .
SYSTEM 1 SYSTEM 2
<7^0 CT^ O
a >0 STABLE UNSTABLE 1st  d e g re e  -  v 2
a <0 UNSTABLE 1s t  d e g re e  -  v
i
UNSTABLE 2nd
d e g re e  -  v , v  1 2
<7<0 a>0
a>0
UNSTABLE 18t  
d e g re e  -  v 2
STABLE
1/2
STABLE UNSTABLE 18t  d e g re e  -
a<0
1/2 UNSTABLE 2 nd 
d e g re e  -
UNSTABLE 18t  
d e g re e  -  v
1/2 UNSTABLE 1 st  
d e g re e  -  v
UNSTABLE 2nd
d e g re e  -  v , v  1 ' 2
T a b l e  2 . 3 :  S t a b i l i t y  o f  t h e  v u n c o u p le d  e q u i l i b r i u m  p a t h1
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SYSTEM 1 SYSTEM 2
0*2:0 O£0
c >0 UNSTABLE 1st  d e g re e  -  v STABLE
c <0 UNSTABLE 2 ndd e g re e  -  v , v  1 9 2
UNSTABLE 1st  
d e g r e e  -  v 2
O<0 <j>0
c >0
1/2
STABLE UNSTABLE 1st  d e g r e e  -  v
UNSTABLE 1 8 t  
d e g re e  -  v STABLE
c <0
i » , i <
i 
i
0 1 
i
.c
H
q
, 1/2 UNSTABLE 1s t  
d e g r e e  -  v g
UNSTABLE 2nd
d e g r e e  -  v , v  1 2
i » , i >
c 3 j ]
UNSTABLE 2 nd
d e g re e  -  v , v  1 ' 2
UNSTABLE 18t  
d e g r e e  -  v 2
T a b l e  2 . 4 :  S t a b i l i t y  o f  t h e  v z u n c o u p le d  e q u i l i b r i u m  p a t h
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T a k in g  t h e  c o u p le d  s o l u t i o n ,  ( 2 . 8 c ) ,  and s u b s t i t u t i n g  
f o r  X f ro m  t h e  e q u i l i b r i u m  e q u a t i o n s  ( 2 . 7 )  y i e l d s  t h e  
e le m e n t s  o f  S f o r  t h e  i s o l a  as
s = 2 av11 1
s = 2cv22 2
S = s =12 21 1 2
( 2 . 2 8 a )
( 2 . 2 8 b )
( 2 . 2 8 c )
A f t e r  some s i m p l e  m a t r i x  o p e r a t i o n s  t h e  p r o d u c t  o f  t h e  
e i g e n v a l u e s  o f  t h e  s t a b i l i t y  m a t r i x  may be r e l a t e d  t o  t h e  
c o e f f i c i e n t s  a ,  b and c by means o f  t h e  r e l a t i o n s h i p
e ( 1) . e <2) = 4 ( a c - b 2 ) v  2v 2 ( 2 . 2 9 )1 1
t h u s  f ro m  e q u a t i o n  ( 2 . 2 9 )  when ( a c - b 2 ) < 0  t h e  p r o d u c t  o f  t h e  
two e i g e n v a l u e s  i s  n e g a t i v e  and t h e  i s o l a  i s  u n s t a b l e  t o  
t h e  f i r s t  d e g r e e .  When ( a c - b  )> 0  t h i s  p r o d u c t  i s  p o s i t i v e  
and t h e  e i g e n v a l u e s  a r e  e i t h e r  b o t h  p o s i t i v e  o r  n e g a t i v e ;  
i n  t h i s  c as e  i t  i s  n e c e s s a r y  t o  look  a t  t h e  sum o f  t h e  
e i g e n v a l u e s  t o  d e t e r m i n e  t h e  s t a b i l i t y  o f  t h e  p a t h .  The sum 
o f  t h e  e i g e n v a l u e s  o f  t h e  s t a b i l i t y  m a t r i x  i s  g i v e n  by
e d >  + e (2 ) _ a + c ( 2 . 3 0 )
Under t h e  c o n s t r a i n t s  o f  ( 2 . 5 )  t h e  q u a n t i t y  ( a c - b  ) can  
o n l y  t a k e  p o s i t i v e  v a l u e s  when t h e  c o e f f i c i e n t s  a and c 
have t h e  same s i g n .  Thus f ro m  e q u a t i o n  ( 2 . 3 0 )  when a>0 and  
c >0 t h e  e i g e n v a l u e s  a r e  b o th  p o s i t i v e  and t h e  i s o l a  i s  
s t a b l e ;  when a <0 and c <0 t h e  e i g e n v a l u e s  a r e  b o th  n e g a t i v e  
and t h e  i s o l a  i s  u n s t a b l e  t o  t h e  second d e g r e e .  T h e r e f o r e  
t h e  s t a b i l i t y  o f  t h e  i s o l a  depends on t h e  s i g n s  o f  t h e  
q u a n t i t i e s  a ,  c and ( a c - b 2 ) ;  t h i s  i s  summarised i n  T a b l e  
2 . 5 .
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( a c - b 2 ) >0
a >0 c >0 STABLE
a <0 c <0 UNSTABLE 2 nd d e g re e
( a c - b 2 ) <0 UNSTABLE 18t  d e g re e
T a b l e  2 . 5 :  S t a b i l i t y  o f  t h e  i s o l a
The above r e s u l t s  e n a b le  t h e  f o l l o w i n g  c o n c l u s i o n s  t o  
be drawn c o n n e c t i n g  t h e  s i g n  o f  c u r v a t u r e  w i t h  r e s p e c t  t o  
l o a d  and t h e  s t a b i l i t y  o f  t h e  i d e a l  u n c o u p led  and c o u p le d  
e q u i l i b r i u m  p a t h s :
i )  Uncoup led  p a th s  w h ich  a r e  r i s i n g  w i t h  r e s p e c t  t o  lo ad  
a r e  e i t h e r ;
a )  s t a b l e  becoming u n s t a b l e  t o  t h e  f i r s t  d e g re e  a t  a 
s e c o n d a ry  b i f u r c a t i o n  p o i n t ,  o r
b )  u n s t a b l e  t o  t h e  f i r s t  d e g re e  becoming s t a b l e  a t  a 
s e c o n d a ry  b i f u r c a t i o n  p o i n t .
i i )  U n coup led  p a t h s  w h ic h  a r e  f a l l i n g  w i t h  r e s p e c t  t o  
lo ad  a r e  e i t h e r ;
a )  u n s t a b l e  t o  t h e  f i r s t  d e g re e  becoming u n s t a b l e  t o  
t h e  second d e g re e  a t  a s e c o n d a ry  b i f u r c a t i o n  
p o i n t ,  o r
b )  u n s t a b l e  t o  t h e  second d e g re e  becoming u n s t a b l e  t o  
t h e  f i r s t  d e g re e  a t  a s e c o n d a ry  b i f u r c a t i o n  p o i n t .
i i i )  The m o s t - s t i f f  u n c o u p le d  p a t h  lo s e s  one d e g re e  o f
s t a b i l i t y  a t  a s e c o n d a ry  b i f u r c a t i o n  p o i n t  w hereas  
t h e  l e a s t - s t i f f  p a t h  g a i n s  one d e g re e  o f  s t a b i l i t y ,  
i v )  R i s i n g  and f a l l i n g  u n c o u p le d  p a t h s  have t h e  same
d e g re e  and d i r e c t i o n  o f  s t a b i l i t y  a f t e r  t h e  s e c o n d a r y  
b i f u r c a t i o n  p o i n t  as t h e  r e s p e c t i v e  p a t h  f o r  t h e  
sys tem  under  c o n d i t i o n s  o f  compound b r a n c h in g  o r  when 
no i s o l a  e x i s t s ,  
v )  R i s i n g  u n c o u p led  p a t h s  w h ich  a r e  u n s t a b l e  t o  t h e
f i r s t  d e g re e  have a d i r e c t i o n  o f  i n s t a b i l i t y  w h ic h  i s  
p e r p e n d i c u l a r  t o  t h e  p a t h  i t s e l f ,
v i )  F a l l i n g  unco u p led  p a t h s  w h ich  a r e  u n s t a b l e  t o  t h e
f i r s t  d e g re e  have a d i r e c t i o n  o f  i n s t a b i l i t y  p a r a l l e l
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t o  t h e  p a t h  i t s e l f ,  
v i i )  F a l l i n g  u n c o u p le d  p a th s  w h ich  a r e  u n s t a b l e  t o  t h e
second d e g re e  have d i r e c t i o n s  o f  i n s t a b i l i t y  b o th
p a r a l l e l  and p e r p e n d i c u l a r  t o  t h e  p a t h  i t s e l f ,
v i i )  The c o u p le d  p a t h  i s  e i t h e r ;
a )  s t a b l e  i f  ( a c - b 2 ) >0  a >0 and c > 0 ,
b )  u n s t a b l e  t o  t h e  second d e g re e  i f  ( a c - b 2) >0  a <0
and c < 0 , o r
c )  u n s t a b l e  t o  t h e  f i r s t  d e g re e  i f  ( a c - b 2 ) < 0 .
The above c o n c l u s i o n s  a r e  summarised i n  F i g u r e s  2 .1  t o  2 . 4
f o r  System 1 and F i g u r e s  2 . 5  t o  2 . 8  f o r  System 2 .  In  t h e s e  
F i g u r e s  t h e  f o l l o w i n g  c o l o u r  c o n v e n t i o n  i s  ad o p te d  f o r  t h e  
e q u i l i b r i u m  p a t h s ;
a )  g r e e n  s t a b l e
b )  b l u e  u n s t a b l e  t o  t h e  f i r s t  d e g re e
c )  r e d  u n s t a b l e  t o  t h e  second d e g re e
The s t a b i l i t y  o f  t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  i s  
d e t e r m in e d  f ro m  a T a y l o r  s e r i e s  e x p a n s io n  o f  t h e  t o t a l
p o t e n t i a l  e n e rg y  f u n c t i o n  a b o u t  t h e  b i f u r c a t i o n  p o i n t  und er  
c o n s i d e r a t i o n .  The d om inan t  t e r m  in  a p a r t i c u l a r  e x p a n s io n  
w i l l  be a q u a r t i c  w i t h  r e s p e c t  t o  t h e  a c t i v e  c o o r d i n a t e .  I f  
t h i s  f o u r t h  d e r i v a t i v e  i s  n e g a t i v e  t h e n  t h e r e  i s  no l o c a l  
minimum o f  e n e rg y  and t h e  p o i n t  i s  u n s t a b l e ;  h o w e v e r ,  a
p o s i t i v e  v a l u e  does n o t  g u a r a n t e e  a minimum and s t a b i l i t y .
In  t h i s  l a t t e r  s i t u a t i o n ,  f o l l o w i n g  Thompson & Hunt  ( 1 9 8 4 ) ,  
t h e  p a s s i v e  c o o r d i n a t e  i s  e l i m i n a t e d  f ro m  t h e  e x p a n s io n
l e a d i n g  t o  an ' i n t r i n s i c '  f o u r t h  d e r i v a t i v e  w h ic h  i s
c o n t a m i n a t e d  by t h e  p a s s i v e  mode. I f  t h i s  i n t r i n s i c  
d e r i v a t i v e  i s  p o s i t i v e  t h e n  a l o c a l  e n e rg y  minimum e x i s t s  
and t h e  c r i t i c a l  p o i n t  i s  s t a b l e .
F i r s t ,  c o n s i d e r  t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  on
t h e  u n c o u p le d  p a t h  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  i n  t h e  v
mode. T a k in g  t h e  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n ,  e q u a t i o n  
( 2 . 1 3 ) ,  and s u b s t i t u t i n g  i n  t h e  lo a d  c o o r d i n a t e  o f  t h e  
p o i n t s  f ro m  e q u a t i o n  ( 2 . 1 4 )  g i v e s  t h e  t o t a l  p o t e n t i a l
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e n e rg y  f u n c t i o n  as
$ = av  4 + bv 2v 2 + cv 4 -  
i 1 ?  1 2 ? 2
ft<V j * > 2<V.l2 + V2Z) + Z V22 ( 2 ’ 3 1 )
i n  w h ic h  t h e  s i g n i f i c a n t  c o e f f i c i e n t  i s  t h e  f o u r t h
d e r i v a t i v e  g i v e n  by
2 2 2 2  1
0 = 6 c ( 2 . 3 2 )
2 2 2 2  v 7
Hence when c<0 t h e s e  p o i n t s  a r e  u n s t a b l e ;  when c>0 t h e  
s t a b i l i t y  i s  d e t e r m in e d  by i n v e s t i g a t i n g  t h e  i n t r i n s i c  
f o u r t h  d e r i v a t i v e .  Expan d in g  e q u a t i o n  ( 2 . 3 1 )  a b o u t  t h e  
b i f u r c a t i o n  p o i n t  g i v e s
1$ 6v 2 + 1$ 6v 2 + 1<t 6v 6v 6v +
— 11 1 — 2 2  2  — i j k  i  j  k
2 2 3!
$ 6v 6v 5v 6v ( 2 . 3 3 )
- i j k l  i  j  k 1 v
4 !
w here  i , j . . .  t a k e  t h e  v a l u e s  1 and 2 , and 6v , 6v a r e
1 2
a d d i t i o n a l  d e f l e c t i o n s  f ro m  t h e  c r i t i c a l  p o i n t .  
S u b s t i t u t i n g  i n  t h e  r e l e v a n t  d e r i v a t i v e s  o f  e q u a t i o n  
( 2 . 3 1 ) ,  e v a l u a t e d  a t  t h e  c r i t i c a l  p o i n t ,  and r e t a i n i n g  t h e  
dom in an t  t e r m s  o n l y  y i e l d s
a ( v  * ) 25v 2 + (b v  * ) 6v ( 6v ) 2 + c (S v  ) 4 ( 2 . 3 4 )
1 1 1 1 2  i f
w here  v *  i s  g i v e n  by e q u a t i o n  ( 2 . 1 4 a ) .  T h i s  fo rm  o f  e n e rg y
c o r r e s p o n d s  t o  a c r i t i c a l  s t a t e  a t  w h ich  v i s  a p a s s i v e
d e f l e c t i o n  c o o r d i n a t e  and v i s  an a c t i v e  d e f l e c t i o n
2
c o o r d i n a t e ,  Thompson & Hunt  ( 1 9 8 4 ) .  The p a s s i v e  c o o r d i n a t e  
i s  t h e n  e l i m i n a t e d  t o  g i v e  t h e  i n t r i n s i c  f o u r t h  d e r i v a t i v e  
as
4>____= 6 ( a c - b  ) ( 2 . 3 5 )
2222  — - —  --------------£ *
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Thus t h e  s t a b i l i t y  o f  t h e s e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  
depends on t h e  s i g n s  o f  t h e  q u a n t i t i e s  a ,  c and ( a c - b  ) .  
The s t a b i l i t y  o f  t h e  s e c o n d a r y  b i f u r c a t i o n  p o i n t s  on t h e  v 
u n c o u p le d  p a t h  i s  as summarised i n  T a b l e  2 . 6  b e lo w .
c >0
a >0
( a c - b 2 ) >0 STABLE
( a c - b 2 ) <0 UNSTABLE
a <0 ( a c - b 2 ) <0 STABLE
c <0
/
UNSTABLE
T a b l e  2 . 6 :  S t a b i l i t y  o f  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  on t h e
v u n c o u p le d  p a th  1
The s t a b i l i t y  o f  t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  on 
t h e  p a t h  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  i n  t h e  mode i s  
d e t e r m in e d  i n  a s i m i l a r  way.  In  t h i s  case  i t  i s  fo und  t h a t  
when a<0 t h e s e  p o i n t s  a r e  u n s t a b l e .  When a>0 t h e  s t a b i l i t y  
o f  t h e s e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  depends on t h e  s i g n s  
o f  t h e  q u a n t i t i e s  a ,  c and ( a c - b 2 ) ;  t h i s  i s  summarised i n  
T a b l e  2 . 7  b e lo w .
a >0
c >0
( a c - b 2 ) >0 STABLE
( a c - b 2 ) <0 UNSTABLE
c <0 ( a c - b 2 ) <0 STABLE
a <0 UNSTABLE
T a b l e  2 . 7 :  S t a b i l i t y  o f  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  on t h e
v 2 u n c o u p le d  p a t h
F i g u r e s  2 .1  t o  2 . 8  show t h a t  when an i s o l a  e x i s t s  f o r  
System 1 t h e  f i r s t  p a th  t h a t  t h e  sys tem  e n c o u n t e r s  und er
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l o a d i n g  i s  t h e  v 2 u n c o u p le d  p a t h ,  t h e  i s o l a  t h e n  fo rm s  a
t r a n s i t i o n  f ro m  t h e  t o  t h e  v u n c o u p le d  p a t h .
C o n v e r s e l y ,  when an i s o l a  e x i s t s  f o r  System 2 t h e  sys te m
f i r s t  e n c o u n t e r s  t h e  v u n c o u p le d  p a t h ,  t h e  i s o l a  f o r m i n g  a
1
t r a n s i t i o n  f ro m  t h e  v p a t h  t o  t h e  v 2 u n c o u p le d  p a t h .
From t h e  above r e s u l t s  t h e  f o l l o w i n g  c o n c l u s i o n s  can  
be drawn r e g a r d i n g  t h e  fo rm  and s t a b i l i t y  o f  t h e  i s o l a  and  
t h e  s t a b i l i t y  o f  t h e  s e c o n d a r y  b i f u r c a t i o n  p o i n t s .
1) For  a sys tem  w i t h  b o th  u n c o u p led  p a t h s  r i s i n g  t h e
s e c o n d a r y  b i f u r c a t i o n  p o i n t s  a r e ;
a )  s t a b l e  when t h e  i s o l a  form s a s t a b l e  r i s i n g  
t r a n s i t i o n  be tw een  t h e  u n c o u p le d  p a t h s ,  o r
b )  u n s t a b l e  when t h e  i s o l a  fo rm s  a f a l l i n g  
t r a n s i t i o n ,  u n s t a b l e  t o  t h e  f i r s t  d e g r e e ,  be tw een  
t h e  u n c o u p led  p a t h s .
2 )  For  a sys tem  w i t h  b o th  u n c o u p le d  p a t h s  f a l l i n g  t h e
s e c o n d a r y  b i f u r c a t i o n  p o i n t s  a r e  u n s t a b l e .
3 )  For  a sys tem  w i t h  t h e  f i r s t  u n c o u p led  p a t h  r i s i n g  and
t h e  second u n c o u p le d  p a t h  f a l l i n g  t h e  i s o l a  fo rm s a
f a l l i n g  t r a n s i t i o n ,  u n s t a b l e  t o  t h e  f i r s t  d e g r e e ,  
betw een  t h e  two u n c o u p le d  p a t h s  f ro m  an u n s t a b l e  
s e c o n d a r y  b i f u r c a t i o n  p o i n t  t o  a s t a b l e  s e c o n d a r y  
b i f u r c a t i o n  p o i n t .
These c o n c l u s i o n s  a r e  summarised i n  F i g u r e s  2 . 3  and  
2 . 4  f o r  System 1 and F i g u r e s  2 . 7  and 2 . 8  f o r  System 2 w here
t h e  f o l l o w i n g  c o l o u r  c o n v e n t i o n  i s  a d o p te d  f o r  t h e
s e c o n d a ry  b i f u r c a t i o n  p o i n t s ;
a )  g r e e n  s t a b l e
b )  r e d  u n s t a b l e
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2 . 3  THE IMPERFECT SYSTEM
In a d d i t i o n  t o  t h e  r a t i o  o f  t h e  two i m p e r f e c t i o n s ,  n1
and rj2 , i t  i s  t h e  m a g n i tu d e  o f  t h e  i m p e r f e c t i o n s  w h ich  i s  
o f  im p o r ta n c e  in  t h e  g e n e r a l  b e h a v i o u r  o f  t h e s e  sys te m s .  I t  
i s  fo u n d  t o  be c o n v e n i e n t  t o  e x p re s s  t h e  i m p e r f e c t i o n s  in  
p o l a r  c o o r d i n a t e  f o r m ,  Hunt  ( 1 9 7 7 ) ;  u s i n g  t h e  n u m e r ic a l  
t e c h n i q u e  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  can be g e n e r a t e d  by 
a sweep o f  t h e  i m p e r f e c t i o n  r a y  f ro m  o=0 t o  o=2jr. Because  
o f  t h e  d o u b le -s y m m e t r y  i n h e r e n t  in  t h e  t o t a l  p o t e n t i a l  
e n e rg y  f u n c t i o n ,  e q u a t i o n  ( 2 . 3 ) ,  i t  i s  o n l y  n e c e s s a r y  t o  
i n v e s t i g a t e  t h e  b e h a v i o u r  o f  t h e  sys tem  f o r  rj>0 and 
O^o^re/2 .
The e q u i l i b r i u m  e q u a t i o n s  f o r  t h e  i m p e r f e c t  sys tem  
a r e  o b t a i n e d  i n  t h e  u su a l  way and a r e  g i v e n  by
av 3 + bv v 2 -  Xv -  ncoso = 0 ( 2 . 3 6 a )1 1 2  1 *
bv^2v 2 + c v 23 -  (X-cr )v2 -  q s in o  = 0  ( 2 . 3 6 b )
E l i m i n a t i n g  t h e  l o a d ,  X, be tw een  t h e s e  two e q u a t i o n s  g i v e s  
t h e  p r o j e c t i o n  o f  any e q u i l i b r i u m  p a t h  o n t o  t h e  v - v  p l a n e  
as
Under t h i s  c o m b i n a t i o n  o f  t h e  two i m p e r f e c t i o n s  
e q u a t i o n s  ( 2 . 3 6 )  become
( 2 . 3 6 c )
2 . 3 . 1  o = 0  n > 0
av 3 + bv v 2 -  Xv -  n = 0 1 1 2  l  1
b v t 2v z + c v 23 -  ( \ - a ) v 2 = 0 
v 2[ ( a - b ) v ] 3 -  ( c - b ) v i v 22 -  o v i  -  rj] = 0
( 2 . 3 7 a )
( 2 . 3 7 b )
( 2 . 3 7 c )
r e s p e c t i v e l y .  By i n s p e c t i o n  t h e s e  e q u a t i o n s  have two
p o s s i b l e  s o l u t i o n s
i )  X*0 v ^ O  v 2=0 Uncoup led
i i )  X^O v ^ O  v 2^0 Coup led
i )  The Uncoupled S o lu tio n
R e a r r a n g i n g  e q u a t i o n  ( 2 . 3 7 a )  y i e l d s
X = av 2 -  2  ( 2 . 3 8 )
V 1
T h i s  i s  t h e  f a m i l i a r  p e r t u r b e d  s y m m e t r ic  p o i n t  o f  
b i f u r c a t i o n ,  Thompson ( 1 9 6 5 ) ,  i n  w h ich  t h e  n a t u r a l  l o a d i n g  
p a t h  r i s e s ,  o r  f a l l s ,  w i t h  r e s p e c t  t o  lo ad  d ep en d in g  on t h e  
s i g n  o f  t h e  c o e f f i c i e n t  a .  T h i s  p a t h  becomes a s y m p t o t i c  t o  
t h e  v u n c o u p le d  p a t h  o f  t h e  i d e a l  sys tem  and i s  u n a f f e c t e d  
by v a r i a t i o n s  o f  t h e  s p l i t t i n g  p a r a m e t e r  a .  The form s o f  
t h i s  s o l u t i o n  a r e  shown s c h e m a t i c a l l y  i n  F i g u r e  2 . 1 7 .
0 0
F i g u r e  2 . 1 7 :  I m p e r f e c t  u n c o u p le d  e q u i l i b r i u m  p a t h s  f o r  t h e
case  o f  o=0 p r o j e c t e d  o n t o  t h e  p l a n e
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The l i m i t  p o i n t s  on t h e  u n c o u p le d  e q u i l i b r i u m  p a t h  
a r e  g i v e n  by t h e  s im u l t a n e o u s  s o l u t i o n  o f  e q u a t i o n  ( 2 . 3 8 )  
and t h e  c o n d i t i o n
3X = 0 ( 2 . 3 9 )
6v
A f t e r  some a l g e b r a  t h e  s o l u t i o n  o f  t h e s e  two e q u a t i o n s  
y i e l d s  t h e  r e l a t i o n s h i p  between t h e  c r i t i c a l  v l
d i s p l a c e m e n t  and t h e  i m p e r f e c t i o n  norm as
n = - 2 a ( v  * ) 3 ( 2 . 4 0 )
1 1L
The c r i t i c a l  l o a d - d i s p l a c e m e n t  r e l a t i o n s h i p  i s  t h e n  
o b t a i n e d  as
X *  = 3 a ( v  * ) 2 ( 2 .4 1 )
L 1L
As e x p e c t e d  t h i s  p a r a b o l i c  l o c u s ,  e q u a t i o n  ( 2 . 4 1 ) ,  has  
t h r e e  t i m e s  t h e  c u r v a t u r e  o f  t h e  c o r r e s p o n d i n g  i d e a l  
u n c o u p le d  e q u i l i b r i u m  p a t h ,  e q u a t i o n  ( 2 . 9 a ) ,  and i s  
i d e n t i c a l  t o  t h e  cas e  o f  a sys tem  und er  c o n d i t i o n s  o f  
compound b u c k l i n g ,  Wicks  ( 1 9 8 6 ) .  Thus t h e  l i m i t  p o i n t  
s e n s i t i v i t y  i s
Xt *  -  r27ar)2l 1/3 ( 2 . 4 2 )
i i )  The Coupled S o lu tio n
R e a r r a n g i n g  e q u a t i o n  ( 2 . 3 7 c )  y i e l d s
v 2 = ( a - b ) v  2 -  1 n -  a ( 2 . 4 3 )
2 T c -f) 1 "(c-TS) vt (c-b)
T h i s  c o u p le d  s o l u t i o n  i s  s y m m e t r ic  a b o u t  t h e  X -v  p l a n e .  Tol
i n v e s t i g a t e  t h e  i n t e r s e c t i o n  o f  t h e  c o u p le d  e q u i l i b r i u m  
p a t h  w i t h  t h e  u n c o u p led  p a t h ,  e q u a t i o n  ( 2 . 3 7 c )  i s  
r e a r r a n g e d  t o  g i v e
V 3 _ a  v .  -  n = 0  ( 2 . 4 4 )
1 X^E7 ' 15^57
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E q u a t i o n  ( 2 . 4 4 )  i s  i n  t h e  fo rm  o f  a Reduced C u b ic  f o r  w h ich  
t h e r e  a r e  two e x a c t  methods o f  s o l u t i o n ,  ( s e e  A r c h b o ld  
( 1 9 7 0 ) ) .  i t  i s  fo u n d  t h a t  e q u a t i o n  ( 2 . 4 4 )  has t h r e e  r e a l  
r o o t s  when
a < 0  
’3"(a-b )
and
2  . 3n £ 4 o
I7 '(a -B 7
I n e q u a l i t y  ( 2 . 4 5 a )  a lw a y s  h o ld s  when an i s o l a  e x i s t s  f o r  
t h e  i d e a l  sys te m ;  i n e q u a l i t y  ( 2 . 4 5 b )  y i e l d s  a t r a n s i t i o n  
v a l u e  o f  i m p e r f e c t i o n  norm as
( 2 . 4 5 a )
( 2 . 4 5 b )
T hu s ,  when an i s o l a  does n o t  e x i s t  f o r  t h e  i d e a l  s y s te m ,  o r  
when t h e  i s o l a  e x i s t s  and t h e  i m p e r f e c t i o n  norm* rj>f]**,  t h e  
c o u p le d  p a t h  i n t e r s e c t s  t h e  u n c o u p le d  e q u i l i b r i u m  p a t h  a t  a 
s i n g l e  b i f u r c a t i o n  p o i n t  B g i v e n  by
v tB* = f 2 7 ( a - b ) N 2 + 4g3~j 1/3 
[  5 4 ( a - b ) 2N J
v *  = 0
2 B
V  = b ( V lB * > 2  + *
where
N = I )  + In2 -  4cr3 1 1/2 
[  27l«=B )j
When t h e  i s o l a  does e x i s t  i n  t h e  i d e a l  sys tem  and t h e  
i m p e r f e c t i o n  norm i s  i n  t h e  r a n g e  0 <rj<rj** t h e  c o u p le d  p a t h  
i n t e r s e c t s  t h e  unc o u p led  p a t h  a t  t h r e e  s e p a r a t e  b i f u r c a t i o n  
p o i n t s .  Two o f  t h e s e  p o i n t s  c o r r e s p o n d  t o  t h e  i n t e r s e c t i o n  
o f  an i s o l a  w i t h  t h e  u n c o u p le d  p a t h .  The t h i r d  i s  t h e  
b i f u r c a t i o n  p o i n t  B. These t h r e e  b i f u r c a t i o n  p o i n t s  a r e  
g i v e n  by
( 2 . 4 7 a )
( 2 . 4 7 b )
( 2 . 4 7 c )
( 2 . 4 8 )
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v *  = kcos0 , kcos
IB 6H-2rcl , kcosfe+4jt"l ( 2 . 4 9 a )
( 2 . 4 9 b )
( 2 . 4 9 c )
w here
k = f  4 a 3 1 1/2
[ 3 ( a - b ) j
( 2 . 5 0 a )
and 0 i s  a s o l u t i o n  t o
( 2 . 5 0 b )
Hence t) * *  i s  t h e  t r a n s i t i o n  i m p e r f e c t i o n  norm betw een  t h e
e x i s t e n c e  and n o n - e x i s t e n c e  o f  t h e  i s o l a  f o r  t h i s  
c o m b i n a t i o n  o f  t h e  i m p e r f e c t i o n s .  The s i n g l e  b i f u r c a t i o n
d e t e r m i n e s  w h e t h e r  i t  l i e s  on t h e  n a t u r a l  o r  c o m p lem en ta ry  
p o r t i o n  o f  t h e  l o a d i n g  p a t h .  For  System 1, B has a n e g a t i v e  
v ib *  c o o r d i n a t e  and t h e r e f o r e  l i e s  on t h e  c o m p lem en ta ry  
p a t h ;  t h e  i s o l a ,  when i t  e x i s t s ,  i n t e r s e c t s  t h e  n a t u r a l  
l o a d i n g  p a t h ,  F i g u r e  2 . 1 8 a )  & b ) .  C o n v e r s e l y ,  f o r  System 2 ,  
B has a p o s i t i v e  v *  c o o r d i n a t e  and t h u s  l i e s  on t h e
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n a t u r a l  l o a d i n g  p a t h ;  t h e  i s o l a ,  when i t  e x i s t s ,  i n t e r s e c t s  
t h e  c o m p lem en ta ry  l o a d i n g  p a t h ,  F i g u r e  2 . 1 8 c )  & d ) .  Thus  
a l t h o u g h  b o th  systems i n i t i a l l y  de fo rm  i n  an u n c o u p le d  v^ 
mode t h e r e  w i l l  be a marked d i f f e r e n c e  in  b e h a v i o u r  be tw een  
Systems 1 and 2 .  T h i s  w i l l  n o t  be d is c u s s e d  i n  d e t a i l  h e r e  
b u t  w i l l  be d e m o n s t r a t e d  i n  l a t e r  c h a p t e r s  when s p e c i f i c  
exam ples  a r e  exam ined .
I t  i s  found  t h a t  two a d d i t i o n a l  c o u p le d  l i m i t  p o i n t s  
may e x i s t .  When t h e s e  c o u p le d  l i m i t  p o i n t s  do e x i s t  t h e y  
e i t h e r  l i e  on t h e  c o u p le d  b r a n c h in g  p a t h  o r  on t h e  i s o l a ,  
when i t  e x i s t s .  Thus t h e  c l a s s i f i c a t i o n  o f  t h e s e  sys tems i s  
g o v e rn e d  by t h e  e x i s t e n c e  o r  n o n - e x i s t e n c e  o f  t h e  c o u p le d  
l i m i t  p o i n t s  and w h e t h e r  t h e y  l i e  on t h e  p a t h  t h a t  
b ra n c h e s  f ro m  t h e  n a t u r a l  o r  com p lem en ta ry  p o r t i o n  o f  t h e  
e q u i l i b r i u m  p a t h .
p o i n t  B a lw a y s  e x i s t s  b u t  t h e  s i g n  o f  t h e  v *  c o o r d i n a t e
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(a) (c)
(d)(b)
F i g u r e  2 . 1 8 :  I m p e r f e c t  unc o u p led  and c o u p le d  e q u i l i b r i u m
p a t h s  f o r  t h e  case  o f  w=0 p r o j e c t e d  o n t o  t h e  v i “ V2 p l a n e
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The t h r e e  d i s t i n c t  c l a s s e s  a r e
a )  N o n - H y s t e r e s i s  Systems
In  t h i s  c l a s s  systems have e i t h e r  one o r  t h r e e  
u n c o u p le d  b i f u r c a t i o n  p o i n t s  and no c o u p le d  l i m i t  
p o i n t s .  T h i s  i s  shown s c h e m a t i c a l l y  i n  F i g u r e  2 . 1 9 a )  
& b ) .
b )  N a t u r a l  H y s t e r e s i s  Systems
In  t h i s  c l a s s  systems have e i t h e r  one o r  t h r e e
b r a n c h in g  p o i n t s  and two c o u p le d  l i m i t  p o i n t s  on t h e  
p a t h  t h a t  b ra n c h e s  f ro m  t h e  n a t u r a l  l o a d i n g  p a t h .  
They have no c o u p le d  l i m i t  p o i n t s  on t h e  
p a t h  b r a n c h in g  f ro m  t h e  com plem enta ry  p a t h .  T h i s  i s  
shown s c h e m a t i c a l l y  i n  F i g u r e  2 . 1 9 c )  & d ) .
c )  Com plem entary  H y s t e r e s i s  Systems
In  t h i s  c l a s s  systems have e i t h e r  one o r  t h r e e
b r a n c h in g  p o i n t s  and two c o u p le d  l i m i t  p o i n t s  on t h e  
p a t h  t h a t  b r a n c h e s  f ro m  t h e  com p le m e n ta ry  l o a d i n g  
p a t h .  They have no c o u p le d  l i m i t  p o i n t s  on t h e  p a t h  
b r a n c h in g  f ro m  t h e  n a t u r a l  p a t h .  T h i s  i s  shown
s c h e m a t i c a l l y  i n  F i g u r e  2 . 1 9 e )  & f ) .
Com bin ing  t h e  e q u i l i b r i u m  e q u a t i o n s  ( 2 . 3 7 a )  and  
( 2 . 3 7 b )  g i v e s  t h e  r e l a t i o n s h i p  betw een t h e  l o a d i n g  
p a r a m e t e r  X and t h e  v d e f l e c t i o n  c o o r d i n a t e ,  f o r  t h el
c o u p le d  p a t h ,  as
X = ( a e - b ) 2v 2 -  c rj -  bo  ( 2 . 5 1 )
( c - b )  ( c - b ) v ^  ( c - b )
The c o u p le d  l i m i t  p o i n t s  a r e  g i v e n  by t h e  s i m u l t a n e o u s  
s o l u t i o n  o f  e q u a t i o n  ( 2 . 5 1 )  and t h e  c o n d i t i o n
ax = 0 ( 2 . 5 2 )
a \
A f t e r  some a l g e b r a  t h e  s o l u t i o n  o f  t h e s e  two e q u a t i o n s  
y i e l d s  t h e  c o o r d i n a t e s  o f  t h e  c o u p le d  l i m i t  p o i n t s ,  D andl
D2 , when t h e y  e x i s t ,  as
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SYSTEM 1 SYSTEM 2
NON-HYSTERESIS
i
I
1 c r i t i c a l  p o in t  3 c r i t i c a l  p o in ts  1 c r i t i c a l  p o in t  3 c r i t i c a l  p o in ts
(a) (b)
NATURAL HYSTERESIS
3 c r i t i c a l  p o in ts  5 c r i t i c a l  p o in ts | 5 c r i t i c a l  p o in ts
(c) I
 • ------------------------
COMPLEMENTARY HYSTERESIS
(d)
i
I
5 c r i t i c a l  p o in ts  3 c r i t i c a l  p o in ts  5 c r i t i c a l  p o in ts
(e) (f)
F i g u r e  2 . 1 9 :  I m p e r f e c t  e q u i l i b r i u m  p a t h s  f o r  t h e  c a s e  o f
t h e  v - v  p 1 2 K
c l a s s i f i c a t i o n
<d=0 p r o j e c t e d  o n t o  t ” v 2 l a n e  i n d i c a t i n g  t h e
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v m *  = T  " ° n 1 1/2 ( 2 . 5 3 a )
[_2(ac-b)2J
V2D* = ± f ( 3 a c - b c - 2 b 2) [~ cr? 1 2/3 - g 1 1/2 ( 2 . 5 3 b )
[  c ( c - b )  [ 2 ( a c - b ) 2J (c -b )J
XD*  = 3 ( a c - b 2 ) crj 1 2/3 -  bg ( 2 . 5 3 c )
( c - b )  |_2(ac-b2)J ( c - b )
For  t h e  i d e a l  sys tem  e q u a t i o n s  ( 2 . 5 3 )  r e d u c e  t o  t h e  
c o o r d i n a t e s  o f  t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t  on t h e  v z 
u n c o u p le d  e q u i l i b r i u m  p a t h  o f  t h e  i d e a l  s y s te m ,  g i v e n  by  
e q u a t i o n s  ( 2 . 1 5 ) .
From e q u a t i o n  ( 2 . 5 3 a )  i t  can be seen t h a t  t h e  s i g n  o f  
t h e  v *  c o o r d i n a t e  o f  t h e  c o u p le d  l i m i t  p o i n t s  depends on 
t h e  s i g n s  o f  t h e  q u a n t i t i e s  c and ( a c - b 2) .  Thus t h e  s i g n s  
o f  c and ( a c - b  ) g o v e rn  w h e t h e r  t h e s e  l i m i t  p o i n t s ,  when 
t h e y  e x i s t ,  l i e  on t h e  e q u i l i b r i u m  p a t h  b r a n c h i n g  f ro m  t h e  
u n c o u p le d  n a t u r a l  o r  com p lem en ta ry  l o a d i n g -  p a t h .  A 
n e c e s s a r y  c o n d i t i o n  f o r  t h e  c o u p le d  l i m i t  p o i n t s  t o  e x i s t
on t h e  c o u p le d  b r a n c h in g  p a t h  i s  t h a t  t h e  c o o r d i n a t e s  v *
. .  . IB
and v iD*  a r e  o f  t h e  same s i g n .  Hence t h e  c o n d i t i o n s  w h ic h  
d e t e r m i n e  on w h ich  p a t h  t h e  c o u p le d  l i m i t  p o i n t s  l i e ,  when 
t h e y  e x i s t ,  a r e  summarised in  T a b l e  2 . 8  b e lo w .
SYSTEM 1 SYSTEM 2
c >0
( a c - b 2 ) >0
com p lem en ta ry
b r a n c h in g
com p le m e n ta ry  
i s o l a
( a c - b 2 ) <0
n a t u r a l
i s o l a
n a t u r a l
b r a n c h in g
c <0
( a c - b 2 ) >0
n a t u r a l
i s o l a
n a t u r a l
b r a n c h in g
( a c - b 2 ) <0
co m p lem en ta ry
b r a n c h in g
c o m p lem en ta ry  
i s o l a
T a b l e  2 . 8 :  P a th  on which  c o u p le d  l i m i t  p o i n t s  o c c u r  f o r
t h e  case  o f  rj>0 and «=0
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A second n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  t o  c o n f i r m  
t h e i r  e x i s t e n c e  on a p o r t i o n  o f  t h e  e q u i l i b r i u m  p a t h  t h a t  
a c t u a l l y  e x i s t s  i s  o b t a i n e d  f ro m  e q u a t i o n  ( 2 . 5 3 b )  as
(3 a c - b c - 2 b 2 ) cn 1 2/ 3 - a  > 0 ( 2 . 5 4 )
c ( c - b )  |_2(ac-bz )J ( c - b )
T h i s  c o n d i t i o n  y i e l d s  a t r a n s i t i o n  v a l u e  
norm be tw een  e x i s t e n c e  and n o n - e x i s t e n c e  
l i m i t  p o i n t s  as j
rj* = f  4 c ( a c - b 2 ) g 3 1 1/2 ( 2 . 5 5 )
[ ( 3 a c - b c - 2b2 ) 3J
Thus t h e  c l a s s i f i c a t i o n  o f  t h e s e  s y s te m s ,  f o r  q= 0 ,
o
depends on t h e  s i g n s  o f  t h e  q u a n t i t i e s  c ,  ( a c - b  ) ,  
( 3 a c - b c - 2 b  ) and a  and t h e  v a l u e  o f  t h e  a p p l i e d
i m p e r f e c t i o n  norm compared w i t h  77* .  The f u l l  c l a s s i f i c a t i o n  
f o r  Systems 1 and 2 i s  g i v e n  i n  T a b l e s  2 . 9  and 2 . 1 0  
r e s p e c t i v e l y ,  where
Non-H = N o n - H y s t e r e s i s
NH = N a t u r a l  H y s t e r e s i s
CH = Complem entary  H y s t e r e s i s
o f  i m p e r f e c t i o n  
o f  t h e  c o u p le d
80
SYSTEM cr>0
oiib a <0
1 . 1*
( a c - b 2 ) >0
( 3 a c - b c - 2 b 2 )> 0
H<n*Non-H
n>n* ch CH CH
( 3 a c - b c - 2 b 2 )< 0 Non-H Non-H
r)<n* CH 
r)>r)*Non-H
( a c - b 2 ) <0
( 3 a c - b c - 2 b 2 )> 0 Non-H Non-H Non-H
( 3 a c - b c - 2 b 2 )< 0 Non-H Non-H
n<n* nh
n>r)*Non-H
1 . 1“
( a c - b 2) >0
( 3 a c - b c - 2 b 2) > 0 Non-H Non-H
r)<n* nh
t j>rj*Non-H
( 3 a c - b c - 2 b 2 )< 0 Non-H Non-H Non-H
( a c - b 2 ) <0
( 3 a c - b c - 2 b 2 )> 0 Non-H Non-H
n<n* CH
n>n*  Non-H
( 3 a c - b c - 2 b 2 ) < 0
n<rj*Non-H  
n>n* c h
CH CH
1 . 2 ( a c - b 2 ) <0
( 3 a c - b c - 2 b 2 ) > 0 Non-H Non-H
Tj<r]* NH
rj>rj*Non-H
( 3 a c - b c - 2 b 2 )< 0 Non-H Non-H Non-H
1 . 3 ( a c - b 2 ) <0
( 3 a c - b c - 2 b 2 )> 0 Non-H Non-H
r j<rj* NH 
rj>rj *Non-H
( 3 a c - b c - 2 b 2) < 0 Non-H Non-H Non-H
T a b le  2 * 9 :  C l a s s i f i c a t i o n  o f  System 1 f o r  t h e  case o f  q=0
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SYSTEM <7>0 Q II O <7<0
( a c - b 2 ) >0
( 3 a c - b c - 2 b 2 )> 0
rj<ri* CH 
rj>rj*Non-H Non-H Non-H
( 3 a c - b c - 2 b 2 )< 0 Non-H Non-H Non-H
2 . 1  +
( a c - b 2 ) <0
( 3 a c - b c - 2 b z )> 0
I7<r?* NH 
rj>r|*Non-H Non-H Non-H
( 3 a c - b c - 2 b 2 )< 0 NH NH
i7<rj*Non-H
n>n* nh
( a c - b 2 ) >0
( 3 a c - b c - 2 b 2 )> 0 NH NH
rj<Tj*Non-H
n>n* mh
2 . 1“
( 3 a c - b c - 2 b 2 )< 0
r|<i7*  NH
H>n*Non-H Non-H Non-H
( 3 a c - b c - 2 b 2 )> 0 Non-H Non-H Non-H
( a c - b 2 ) < 0
( 3 a c - b c - 2 b 2 )< 0
r?<n* CH 
rj>r)*Non-H Non-H Non-H
( 3 a c - b c - 2 b 2 )> 0 Non-H Non-H Non-H
2 . 2 ( a c - b 2 ) < 0
( 3 a c - b c - 2 b 2 )< 0
r i<rj* CH 
n>n*Non-H Non-H
Non-H
( 3 a c - b c - 2 b 2 )> 0 Non-H Non-H Non-H
2 . 3 ( a c - b 2 ) < 0
( 3 a c - b c - 2 b 2 )< 0
n<n* ch
rj>n*Non-H Non-H Non-H
T a b l e  2 . 1 0 :  C l a s s i f i c a t i o n  o f  System 2 f o r  t h e  c as e  o f  o=0
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2 . 3 . 2  Q = rc/2 17 > 0
Under  t h i s  c o m b i n a t i o n  o f  t h e  two i m p e r f e c t i o n s  
e q u a t i o n s  ( 2 . 3 6 )  become
av 3 + bv v 2 -  Xv = 0  ( 2 . 5 6 a )1 1 2  1 . v '
bv^2v 2 + c v 23 -  ( X - a ) v 2 -  17 = 0 ( 2 . 5 6 b )
v i C ( a - b ) v i 2v z -  ( c - b ) v 23 -  as^  + 17] = 0 ( 2 . 5 6 c )
r e s p e c t i v e l y .  By i n s p e c t i o n  t h e s e  e q u a t i o n s  have two  
p o s s i b l e  s o l u t i o n s :
i )  XjftO v^=0 v 2^0 Uncoup led
i i )  X^O v ^0 v * 0  C o up led1 2
i )  The Uncoupled S o lu tio n
R e a r r a n g i n g  e q u a t i o n  ( 2 . 5 6 b )  y i e l d s
X = cv 2 17 + CT ( 2 . 5 7 )
v _ •2
In  t h i s  s o l u t i o n  t h e  n a t u r a l  p a t h  r i s e s ,  o r  f a l l s ,  w i t h  
r e s p e c t  t o  lo a d  ( d e p e n d in g  on w h e t h e r  t h e  c o e f f i c i e n t  c i s  
p o s i t i v e  o r  n e g a t i v e  r e s p e c t i v e l y )  and becomes a s y m p t o t i c  
t o  t h e  u n c o u p le d  v p a t h  o f  t h e  i d e a l  s y s te m .  The fo rm s  o f  
t h i s  s o l u t i o n  a r e  shown s c h e m a t i c a l l y  i n  F i g u r e  2 . 2 0 .
The l i m i t  p o i n t s  on t h e  u n c o u p le d  e q u i l i b r i u m  p a t h  
a r e  g i v e n  by t h e  s i m u l t a n e o u s  s o l u t i o n  o f  e q u a t i o n  ( 2 . 5 7 )  
and t h e  c o n d i t i o n
3X = 0 ( 2 . 5 8 )
av_
A f t e r  some a l g e b r a  t h e  s o l u t i o n  o f  t h e s e  two e q u a t i o n s  
y i e l d s  t h e  r e l a t i o n s h i p  betw een t h e  c r i t i c a l  v 2
d i s p l a c e m e n t  and t h e  i m p e r f e c t i o n  norm as
\  =  " 2 c ( v 2 i * ) 3  +  0  ( 2 . 5 9 )
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c> 0 c < 0
F i g u r e  2 . 2 0 :  I m p e r f e c t  u n c o u p le d  e q u i l i b r i u m  p a t h s  f o r  t h e
cas e  o f  Q=7t/ 2 p r o j e c t e d  o n t o  t h e  X“ V2 p l a n e
The c r i t i c a l  l o a d - d i s p l a c e m e n t  r e l a t i o n s h i p  i s  t h e n  
o b t a i n e d  as
X *  = 3 c ( v  * ) 2 + a  ( 2 . 6 0 )
As e x p e c t e d  e q u a t i o n  ( 2 . 6 0 )  has t h r e e  t i m e s  t h e  c u r v a t u r e  
o f  t h e  c o r r e s p o n d i n g  i d e a l  u n c o u p le d  e q u i l i b r i u m  p a t h ,  
e q u a t i o n  ( 2 . 9 b ) .  Thus t h e  l i m i t  p o i n t  i m p e r f e c t i o n  
s e n s i t i v i t y  i s
27cnz1 1/3 + a  ( 2 . 6 1 )
i i )  The Coupled S o lu tio n
R e a r r a n g i n g  e q u a t i o n  ( 2 . 5 6 c )  y i e l d s
v 2 = ( c - b ) v  2 -  1 n + a  ( 2 . 6 2 )
1 T i q j y  2 T i F B T v 2
T h i s  c o u p le d  p a t h  i s  s y m m e tr ic  a b o u t  t h e  k“ V2 p l a n e .  To
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i n v e s t i g a t e  t h e  i n t e r s e c t i o n  o f  t h e  c o u p le d  p a t h  w i t h  t h e  
u n c o u p le d  s o l u t i o n  e q u a t i o n  ( 2 . 5 6 c )  i s  r e a r r a n g e d  t o  g i v e
v . 3 + a  v .  -  n = 0  ( 2 . 6 3 )
2 Tcr E7 2 Tc=E7
t h i s  i s  a g a i n  i n  t h e  fo r m  o f  a r e d u c e d  c u b i c  e q u a t i o n *  Thus  
e q u a t i o n  ( 2 . 6 3 )  w i l l  have  t h r e e  r e a l  r o o t s  when
o < 0
Sfc-b)
and
rj2 *  - 4 o 3
27(c-b)
I n e q u a l i t y  ( 2 . 6 4 a )  w i l l  a lw a y s  h o l d  when an i s o l a  e x i s t s  
f o r  t h e  i d e a l  sys te m ;  i n e q u a l i t y  ( 2 . 6 4 b )  y i e l d s  a 
t r a n s i t i o n  v a l u e  o f  i m p e r f e c t i o n  norm as
r f *  = r - 4 a 3 l 1/z ( 2 . 6 5 )
|_27("c'-b ) j
Thus when an i s o l a  does n o t  e x i s t  f o r  t h e  i d e a l  sys tem  o r
uu
when an i s o l a  e x i s t s  and t h e  i m p e r f e c t i o n  norm r)>n , t h e
c o u p le d  p a t h  i n t e r s e c t s  t h e  u n c o u p le d  e q u i l i b r i u m  p a t h  a t  a 
s i n g l e  b i f u r c a t i o n  p o i n t ,  C ,  g i v e n  by
( 2 . 6 6 a )  
( 2 . 6 6 b )
( 2 . 6 6 c )
( 2 . 6 7 )
When t h e  i s o l a  does e x i s t  i n  t h e  i d e a l  sys tem  and t h e
M Mi m p e r f e c t i o n  norm i s  i n  t h e  r a n g e  0 <rj<r) t h e  c o u p le d  p a t h  
i n t e r s e c t s  t h e  u n c o u p le d  p a t h  a t  t h r e e  s e p a r a t e  p o i n t s .  One 
o f  t h e s e  b i f u r c a t i o n  p o i n t s ,  C, a g a i n  l i e s  on t h e  c o u p le d
v = 0
1C
2C
2 7 ( c - b ) M  -  4cr‘
5 4 ( c - b )  M
1 / 3
X *  = b ( v * ) 2
C v 2C  7
where
M = q + rn2 + 4 a 3 1 t / 2
I 27(c-b)J
( 2 . 6 4 a )
( 2 . 6 4 b )
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b r a n c h i n g  p a t h ;  t h e  o t h e r  two p o i n t s ,  and C , c o r r e s p o n d  
t o  t h e  i n t e r s e c t i o n  o f  an i s o l a  w i t h  t h e  u n c o u p le d  p a t h .  
These  t h r e e  b i f u r c a t i o n  p o i n t s  a r e  g i v e n  by
v *  = kcos0 , k c o s r 0 + 2rcl , k c o s r0 4 n l[
v  = b<v2C*>2
w here
k = r  - 4 a  i 1' 2 
[3Tc-byJ
and 0 i s  a s o l u t i o n  t o
cos30 = n f " 2 7 ( c - b ) 1 1/2
[  4 a 3 J
MMHence r} i s  t h e  t r a n s i t i o n  i m p e r f e c t i o n  norm be tw een  t h e  
e x i s t e n c e  and n o n - e x i s t e n c e  o f  t h e  i s o l a  f o r  t h i s  
c o m b i n a t i o n  o f  t h e  i m p e r f e c t i o n s .  Thus t h e  s i n g l e  
b i f u r c a t i o n  p o i n t  C and i t s  a s s o c i a t e d  c o u p le d  b r a n c h i n g  
p a t h  a lw a y s  e x i s t s .
The fo rm  o f  t h e  c o u p le d  p a t h s  f o r  Systems 1 and 2 ,  
p r o j e c t e d  o n t o  t h e  v “ V p l a n e ,  a r e  shown s c h e m a t i c a l l y  i n  
F i g u r e  2 . 2 1 .  For  System 1 t h e  c o u p le d  b r a n c h i n g  p a t h  
c o n s i s t s  o n l y  o f  p o s i t i v e  v z d i s p l a c e m e n t s  t h u s  C l i e s  on 
t h e  n a t u r a l  p o r t i o n  o f  t h e  l o a d i n g  p a t h ;  t h e  i s o l a ,  when i t  
e x i s t s ,  i n t e r s e c t s  t h e  com plem enta ry  l o a d i n g  p a t h .  
C o n v e r s e l y ,  f o r  System 2 t h e  c o u p le d  b r a n c h i n g  p a t h  
c o n s i s t s  o n l y  o f  n e g a t i v e  d i s p l a c e m e n t s  t h u s  C l i e s  on 
t h e  c o m p lem en ta ry  l o a d i n g  p a t h ;  t h e  i s o l a ,  when i t  e x i s t s ,  
i n t e r s e c t s  t h e  n a t u r a l  l o a d i n g  p a t h .  For  b o th  Systems t h e  
c o u p le d  b r a n c h in g  p a t h  becomes a s y m p t o t i c  t o  t h e  u n c o u p le d  
v p a t h  o f  t h e  i d e a l  s y s te m .  A l t h o u g h  b o th  System s
i n i t i a l l y  d e fo rm  i n  t h e  v mode t h e r e  w i l l  be a m arked
2
d i f f e r e n c e  i n  b e h a v i o u r  be tw een  Systems 1 and 2 .  T h i s  w i l l  
n o t  be d i s c u s s e d  in  d e t a i l  h e r e  b u t  w i l l  be d e m o n s t r a t e d  i n  
l a t e r  c h a p t e r s  when l o o k i n g  a t  s p e c i f i c  e x a m p le s .
( 2 . 6 8 a )
( 2 . 6 8 b )
( 2 . 6 8 c )
( 2 . 6 9 a )
( 2 . 6 9 b )
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(a) (c)
(b) (d)
F i g u r e  2 . 2 1 :  I m p e r f e c t  u n c o u p le d  and c o u p le d  e q u i l i b r i u m
p a t h s  f o r  t h e  case  o f  g) = jt/ 2  p r o j e c t e d  o n t o  t h e  v - v  p l a n e
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Com b in ing  t h e  e q u i l i b r i u m  e q u a t i o n s  ( 2 . 5 6 a )  and  
( 2 . 5 6 b )  g i v e s  t h e  X - v z r e l a t i o n s h i p s  o f  t h e  c o u p le d  p a t h  as
X = ( a c - b 2 ) v  2 -  a n + aa  ( 2 . 7 0 )
( a - b ) ( a - b ) v  ( a - b )
and p o s s i b l e  c o u p le d  l i m i t  p o i n t s  a r e  g i v e n  by t h e  
s im u l t a n e o u s  s o l u t i o n  o f  e q u a t i o n  ( 2 . 7 0 )  and t h e  c o n d i t i o n
ax = 0 ( 2 . 7 1 )
6v_
A f t e r  some a l g e b r a  t h e  s o l u t i o n  o f  t h e s e  two e q u a t i o n s  
y i e l d s  t h e  c o o r d i n a t e s  o f  t h e s e  c o u p le d  l i m i t  p o i n t s  as
V1E*  = ± (~ ( 3 a c - a b - 2 b 2 ) J~ an 1 2/ 3 + a  1 1/2 ( 2 . 7 2 a )
[  a ( a - b )  [_2(ac-b2)J (a -b )J
V2E* = r - a n  V'3 ( 2 . 7 2 b )
[2 (a c -b  )J
X *  = 3 ( a c - b 2 ) f  an 1 2/ 3 + aor ( 2 . 7 2 c )c  r?  q
( a - b )  L2(ac-b2)J (a~b)
F or  t h e  i d e a l  sys tem  e q u a t i o n s  ( 2 . 7 2 )  r e d u c e  t o  t h e  
c o o r d i n a t e s  o f  t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  on t h e  v
1
u n c o u p le d  e q u i l i b r i u m  p a t h  o f  t h e  i d e a l  sys tem  g i v e n  by 
e q u a t i o n s  ( 2 . 1 4 ) .
From e q u a t i o n  ( 2 . 7 2 b )  i t  can be seen t h a t  t h e  s i g n  o f  
t h e  v 2 c o o r d i n a t e  o f  t h e s e  c o u p le d  l i m i t  p o i n t s ,  and t h u s  
w h e t h e r  t h e y  o c c u r  on t h e  n a t u r a l  o r  c o m p lem en ta ry  l o a d i n g  
p a t h ,  w i l l  depend on t h e  s i g n s  o f  t h e  q u a n t i t i e s  a and  
( a c - b  ) .  The s i g n s  o f  t h e s e  two q u a n t i t i e s  a l s o  g o v e r n  
w h e th e r  t h e  l i m i t  p o i n t s  o c c u r  on t h e  c o u p le d  b r a n c h i n g  
p a t h  o r  on t h e  i s o l a ;  t h e s e  c o n d i t i o n s  a r e  summarised i n  
T a b l e  2 . 1 1 .
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SYSTEM 1 SYSTEM 2
a >0
( a c - b 2 ) >0
com plem enta ry  
i s o l  a
com p lem en ta ry
b r a n c h in g
( a c - b 2 ) <0
n a t u r a l
b r a n c h in g
n a t u r a l  
i s o l  a
a <0
( a c - b 2 ) >0
n a t u r a l
b r a n c h in g
n a t u r a l
i s o l a
( a c - b 2 ) <0
co m p lem en ta ry
i s o l a
com p lem en ta ry
b r a n c h in g
T a b l e  2 . 1 1 :  P a th  on w h ic h  c o u p le d  l i m i t  p o i n t s  o c c u r  f o r
t h e  case  o f  rj>0 and q=jt/ 2
A n e c e s s a r y  c o n d i t i o n  f o r  t h e  c o u p le d  l i m i t  p o i n t s  t o  
e x i s t  on t h e  c o u p le d  b r a n c h in g  p a t h  i s  t h a t  t h e  c o o r d i n a t e s  
v *  and v *  a r e  o f  t h e  same s i g n .  A second n e c e s s a r y  and
2 C  2 E  . •
s u f f i c i e n t  c o n d i t i o n  t o  c o n f i r m  t h e i r  e x i s t e n c e  on a 
p o r t i o n  o f  t h e  p a t h  t h a t  a c t u a l l y  e x i s t s  i s  o b t a i n e d  f ro m  
e q u a t i o n  ( 2 . 7 2 a )  as
( 3 a c - a b - 2 b 2) j~ art ~] 2/3 > - o  ( 2 . 7 3 )
a ( a - b )  [ 2 (a c -b z )J ( a - b)
T h i s  c o n d i t i o n  y i e l d s  a t r a n s i t i o n  v a l u e  o f  i m p e r f e c t i o n  
norm be tw een  e x i s t e n c e  and n o n - e x i s t e n c e  o f  t h e  c o u p le d  
l i m i t  p o i n t s  as
r f  = r - 4 a ( a c - b 2) 2g3l 1/2 ( 2 . 7 4 )
[_(3ac-ab-2b2) 3J
Thus t h e  c l a s s i f i c a t i o n  o f  t h e s e  s y s te m s ,  f o r  t )= j t /2 ,  
depends on t h e  s i g n s  o f  t h e  q u a n t i t i e s  a ,  ( a c - b 2 ) ,  
( 3 a c - a b - 2 b ) 2 and a  and t h e  v a l u e  o f  t h e  i m p e r f e c t i o n  norm  
compared w i t h  rj# . . .
As f o r  t h e  case o f  (i>=0 t h e r e  a re  t h e  t h r e e  d i s t i n c t
c l a s s e s ,  th e s e  a re
a )  N o n - H y s t e r e s i s  Systems
T h i s  i s  shown s c h e m a t i c a l l y  i n  F i g u r e  2 . 2 2 a )  & b ) .
b )  N a t u r a l  H y s t e r e s i s  Systems
T h i s  i s  shown s c h e m a t i c a l l y  i n  F i g u r e  2 . 2 2 c )  & d ) .
c )  C o m p lem en tary  Systems
T h i s  i s  shown s c h e m a t i c a l l y  in  F i g u r e  2 . 2 2 e )  & f ) .
The f u l l  c l a s s i f i c a t i o n  f o r  Systems 1 and 2 i s  g i v e n  
i n  T a b l e s  2 . 1 2  and 2 . 1 3  r e s p e c t i v e l y  where
Non-H = N o n - H y s t e r e s i s
NH = N a t u r a l  H y s t e r e s i s
CH = Com plem entary  H y s t e r e s i s
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SYSTEM 1 SYSTEM 2
NON-HYSTERESIS
I
l
I
1 c r i t i c a l  p o in t  3 c r i t i c a l  p o in ts  1 c r i t i c a l  p o in t  3 c r i t i c a l  p o in ts
(a) (b)
NATURAL HYSTERESIS
3 c r i t i c a l  p o in ts  5 c r i t i c a l  p o in ts
<0 ! ---------------------------------------------------------------
5 c r i t i c a l  p o in ts
(d)
COMPLEMENTARY HYSTERESIS
5 c r i t i c a l  p o in ts  3 c r i t i c a l  p o in ts  5 c r i t i c a l  p o in ts  
(e) (f)
F i g u r e  2 . 2 2 :  I m p e r f e c t  e q u i l i b r i u m  p a t h s  f o r  t h e  c as e  o f
t h e  v - v  I 1 2
c l a s s i  f i c a t i o n
w=rc/ 2 p r o j e c t e d  o n t o  1” 2 p l a n e  i n d i c a t i n g  t h e
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SYSTEM <r>0
oiio a <0
1 . 1*
( a c - b 2 ) >0
( 3 a c - a b - 2 b 2 )> 0 Non-H Non-H
n<n* on
r)>r)*Non-H
( 3 a c - a b - 2 b 2 )< 0 Non-H Non-H Non-H
( a c - b 2 ) <0
( 3 a c - a b - 2 b 2 )> 0 Non-H Non-H
n<n# nh
Tj>rj#Non-H
( 3 a c - a b - 2 b 2 )< 0
rj<r7# Non-H
n>n# nh
NH NH
1 . 1"
( a c - b 2 ) >0
( 3 a c - a b - 2 b 2 )> 0
rj<r)#Non-H
n > i /  nh
NH NH
( 3 a c - a b - 2 b 2 )< 0 Non-H Non-H
rj<n# NH 
r^r j^Non-H
( a c - b 2 ) <0
( 3 a c - a b - 2 b 2 )> 0 Non-H Non-H Non-H
( 3 a c - a b - 2 b 2 )< 0 Non-H Non-H
rj<n# OH
i7>r|#Non-H
1 . 2 ( a c - b 2 ) <0
( 3 a c - a b - 2 b 2 )> 0 Non-H Non-H
r?<n* CH 
H>T)#Non-H
( 3 a c - a b - 2 b 2 )< 0 Non-H Non-H Non-H
1 . 3 ( a c - b 2 ) <0
( 3 a c - a b - 2 b 2 )> 0 Non-H Non-H
H<T)# CH 
n>n*Non-H
( 3 a c - a b —2b2 )< 0 Non-H Non-H Non-H
T a b l e  2 . 1 2 :  C l a s s i f i c a t i o n  o f  System 1 f o r  t h e  c a s e  o f
w=jr/2
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SYSTEM o> 0
oit0 o< 0
2 . 1+
( a c - b 2 ) >0
( 3 a c - a b - 2 b 2 )> 0 CH CH
rj<n# Non-H  
n>n# CH
( 3 a c - a b - 2 b 2 )< 0
17<r\*  CH 
r|>rj#Non-H Non-H Non-H
( a c - b 2 ) <0
( 3 a c - a b - 2 b 2 )> 0 Non-H Non-H Non-H
( 3 a c - a b - 2 b 2 )< 0
H<17# NH 
r ^ n 'N o n - H Non-H Non-H
2 . 1”
( a c - b 2 ) >0 ( 3 a c - a b - 2 b 2 )> 0
n<n* nh
i7>n*Non-H Non-H Non-H
( 3 a c - a b - 2 b 2 )< 0 Non-H Non-H ' Non-H
( a c - b 2 ) < 0
( 3 a c - a b - 2 b 2 )> 0
n<nf  CH
i7>Tj#Non-H Non-H Non-H
( 3 a c - a b - 2 b 2 ) < 0 CH CH
i7<i7# Non-H  
n > i /  ch
2 . 2 ( a c - b 2 ) <0
( 3 a c - a b - 2 b 2 )> 0 Non-H Non-H Non-H
( 3 a c - a b - 2 b 2 )< 0
rj<r)# NH 
r)>i7*Non-H Non-H Non-H
CO•
CM ( a c - b 2 ) <0
( 3 a c - a b - 2 b 2) > 0 Non-H Non-H Non-H
( 3 a c - a b - 2 b 2 )< 0
n<n* nh
r}>i7#Non-H Non-H Non-Hr
T a b l e  2 . 1 3 :  C l a s s i f i c a t i o n  o f  System 2 f o r  t h e  c a s e  o f
<o=jr/2
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2 . 4  SUMMARY
A c o n s e r v a t i v e ,  d o u b l y - s y m m e t r i c  s t r u c t u r a l  sys te m  
w i t h  two a c t i v e  d e g re e s  o f  f re e d o m  has been s t u d i e d .  I t  i s  
s u b j e c t  t o  two m a j o r  i m p e r f e c t i o n s  and a s p l i t t i n g  
p a r a m e t e r .  O n ly  n o n - e x i s t S n c e  systems have been c o n s i d e r e d .
The fo rm  o f  t h e  e q u i l i b r i u m  p a t h s  f o r  t h e  i d e a l  
sys te m  has been i n v e s t i g a t e d .  I t  has been shown t h a t  when a 
n e g a t i v e  s p l i t t i n g  p a r a m e t e r  i s  a p p l i e d  t o  System 1,  o r  a 
p o s i t i v e  s p l i t t i n g  p a r a m e t e r  t o  System 2 ,  a c l o s e d  loop  
c o u p le d  p a t h  e x i s t s .  T h i s  i s o l a  fo rm s  a t r a n s i t i o n  be tw een  
t h e  u n c o u p le d  p a t h s  and has an e l l i p t i c a l  fo rm  when 
p r o j e c t e d  o n t o  t h e  d i s p l a c e m e n t  p l a n e .  The c o o r d i n a t e s  o f  
t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  i n  ^“ V1”'V space  have been  
d e r i v e d .
F o r  systems w h ich  have a t o t a l  p o t e n t i a l  e n e r g y  
f u n c t i o n  t h a t  i s  l i n e a r  i n  t h e  lo a d  t h e  p r o j e c t i o n  o f  t h e  
u n c o u p le d  p a t h s  and t h e  i s o l a  i n  l o a d - d i s p l a c e m e n t  o f  t h e  
lo a d  space  has been o b t a i n e d .  To t h e  o r d e r  o f  t h e  a n a l y s i s  
used i t  has been shown t h a t  t h e  l o a d - d e f l e c t i o n  o f  t h e  lo a d  
r e l a t i o n s h i p s  o f  t h e  c o u p le d  p a t h s  and t h e  i s o l a  a r e  
l i n e a r .  E x p r e s s i o n s  have been d e r i v e d  f o r  t h e  i n i t i a l  
p o s t - b u c k l i n g  s t i f f n e s s e s .  From t h e s e  i t  has been shown 
t h a t  f o r  t h e  u n c o u p le d  e q u i l i b r i u m  p a t h s  t h e  s i g n s  o f  t h e  
p o s t - b u c k l i n g  s t i f f n e s s  i n  l o a d - d e f l e c t i o n  o f  t h e  lo a d  
space  and t h e  c u r v a t u r e  o f  t h e  p a t h s  i n  l o a d - d i s p l a c e m e n t  
space a r e  t h e  same. The s i g n  o f  t h e  s t i f f n e s s  o f  t h e  i s o l a  
depends on t h e  s i g n  o f  i t s  c u r v a t u r e  and a l s o  a l o n g  w h ic h  
d i s p l a c e m e n t  a x i s  t h e  m a j o r  a x i s  o f  t h e  i s o l a  l i e s .  The  
c o o r d i n a t e s  o f  t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  i n  
l o a d - d e f l e c t i o n  o f  t h e  lo a d  space have been d e r i v e d .
Under c o n d i t i o n s  o f  compound b r a n c h in g  a sys tem  u n d e r  
lo a d  e n c o u n t e r s  t h e  two u n c o u p le d  e q u i l i b r i u m  p a t h s  a t  a 
s i n g l e ,  compound b i f u r c a t i o n  p o i n t .  When a n o n - z e r o  
s p l i t t i n g  p a r a m e te r  i s  a p p l i e d  t h e  sys tem  und er  lo a d  
e n c o u n t e r s  t h e  u n c o u p le d  p a t h s  a t  two d i s t i n c t  b i f u r c a t i o n
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p o i n t s ;  w h ic h  u n c o u p le d  p a t h  i s  e n c o u n t e r e d  f i r s t  depends  
on t h e  s i g n  o f  t h e  s p l i t t i n g  p a r a m e t e r .  W i t h  a p o s i t i v e  
s p l i t t i n g  p a r a m e t e r  i t  i s  t h e  v u n c o u p le d  p a t h  t h a t  
b ra n c h e s  f ro m  t h e  fu n d a m e n ta l  p a t h  f i r s t  and w i t h  a 
n e g a t i v e  s p l i t t i n g  p a r a m e t e r  t h e  v u n c o u p l e d  p a t h  b ran c h es  
f i r s t .
I t  has been shown t h a t  t h e  s t a b i l i t y  o f  t h e  u n c o u p le d  
e q u i l i b r i u m  p a t h s  when no i s o l a  e x i s t s ,  o r  a f t e r  t h e  
s e c o n d a ry  b i f u r c a t i o n  p o i n t s  when an i s o l a  does e x i s t ,  i s  
t h e  same as t h e  r e s p e c t i v e  p a t h s  under  c o n d i t i o n s  o f  
c o i n c i d e n t  b u c k l i n g .  The m o s t - s t i f f  u n c o u p le d  p a t h  lo s e s  
one d e g re e  o f  s t a b i l i t y  and t h e  l e a s t - s t i f f  p a t h  g a i n s  one  
d e g re e  o f  s t a b i l i t y  a t  a s e c o n d a ry  b i f u r c a t i o n  p o i n t .  The  
i s o l a  i s  u n s t a b l e  t o  t h e  f i r s t  d e g re e  when i t  has a 
n e g a t i v e  c u r v a t u r e  when v ie w e d  i n  t h e  l o a d - d i s p l a c e m e n t  
p l a n e  c o r r e s p o n d i n g  t o  t h e  f i r s t  u n c o u p le d  p a t h .  W i t h  a 
p o s i t i v e  c u r v a t u r e  t h e  i s o l a  i s  e i t h e r  s t a b l e  o r  u n s t a b l e  
t o  t h e  second d e g re e  d ep e n d in g  on w h e t h e r  t h e  u n c o u p le d  
p a t h s  b o th  have p o s i t i v e  o r  n e g a t i v e  c u r v a t u r e
r e s p e c t i v e l y .
The s t a b i l i t y  o f  t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  was 
e s t a b l i s h e d  by a c o n s i d e r a t i o n  o f  t h e  f o u r t h  d e r i v a t i v e  o f  
t h e  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n  expanded a b o u t  t h e  
b r a n c h i n g  p o i n t s  t h e m s e l v e s ;  i n  c e r t a i n  c i r c u m s t a n c e s  i t  
was n e c e s s a r y  t o  i n v e s t i g a t e  t h e  i n t r i n s i c  f o u r t h
d e r i v a t i v e .  For  systems w i t h  b o th  u n c o u p le d  p a t h s  f a l l i n g  
w i t h  r e s p e c t  t o  lo a d  t h e  s e c o n d a r y  b i f u r c a t i o n  p o i n t s  a r e  
u n s t a b l e .  W i t h  b o th  u n c o u p le d  p a t h s  r i s i n g  t h e y  a r e  s t a b l e  
i f  t h e  i s o l a  i s  s t a b l e  o r  u n s t a b l e  i f  t h e  i s o l a  i s  u n s t a b l e  
t o  t h e  f i r s t  d e g r e e .  W i t h  one r i s i n g  and one f a l l i n g  
u n c o u p le d  e q u i l i b r i u m  p a t h  t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t  
on t h e  f i r s t  u n c o u p led  p a t h  i s  u n s t a b l e  and on t h e  second  
p a t h  i t  i s  s t a b l e .
The b e h a v i o u r  o f  t h e  i m p e r f e c t  sys tem  has been
i n v e s t i g a t e d  by t h e  i n t r o d u c t i o n  i n t o  t h e  i d e a l  s y s te m  o f
f i r s t  one i m p e r f e c t i o n  a l o n e  and t h e n  t h e  o t h e r
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i m p e r f e c t i o n  a l o n e .  In  each case  t h e r e  i s  an u n c o u p le d  and  
a c o u p le d  s o l u t i o n .  The l i m i t  p o i n t  s e n s i t i v i t y  o f  t h e  
u n c o u p le d  s o l u t i o n s  was found  t o  be a t w o - t h i r d s  power law  
c u s p .
The c o u p le d  s o l u t i o n s  i n t e r s e c t  t h e  u n c o u p le d  
s o l u t i o n  a t  e i t h e r  one o r  t h r e e  r e a l  p o i n t s  d e p e n d in g  on 
t h e  s i g n  o f  t h e  s p l i t t i n g  p a r a m e t e r  and t h e  v a l u e  o f  t h e  
i m p e r f e c t i o n  norm. One p o i n t  c o r r e s p o n d s  t o  a c o u p le d  p a t h  
b r a n c h i n g  f ro m  t h e  u n c o u p le d  p a t h ;  t h i s  p a t h  a lw a y s  e x i s t s .  
The o t h e r  two p o i n t s ,  when t h e y  e x i s t ,  c o r r e s p o n d  t o  t h e  
i n t e r s e c t i o n  o f  an i s o l a  w i t h  t h e  u n c o u p le d  p a t h .  The  
c o n d i t i o n s  und er  w h ich  t h e  i s o l a  e x i s t s  have been o b t a i n e d .  
I t  was fo u n d  t h a t  a d d i t i o n a l  l i m i t  p o i n t s  may e x i s t  on t h e  
c o u p le d  p a t h ,  e i t h e r  on t h e  b r a n c h in g  p a t h  o r  t h e  i s o l a ;  
t h e  c o n d i t i o n s  g o v e r n in g  t h e  e x i s t e n c e  o f  t h e s e  p o i n t s  have  
been e s t a b l i s h e d .  A sys tem  c l a s s i f i c a t i o n  based on t h e  
number o f  c r i t i c a l  p o i n t s  t h a t  o c c u r  on t h e  c o u p le d  p a t h s  
has been p ropo sed  f o r  each c o m b i n a t i o n  o f  t h e  two  
i m p e r f e c t i o n s .
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CHAPTER 3
INITIAL POST-BUCKLING BEHAVIOUR OF A STRUT ON A 
WINKLER-TYPE ELASTIC FOUNDATION
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3 . 0 INTRODUCTION
The purpose  o f  t h i s  p r e s e n t  C h a p t e r  i s  t o  d e v e lo p  t h e  
i m p e r f e c t i o n  s e n s i t i v i t y  o f  a s t r u t  on a W in k le i— t y p e  
e l a s t i c  f o u n d a t i o n .
A t o t a l  p o t e n t i a l  en e rg y  ap p ro ach  i s  ado p ted  
i n v o l v i n g  a two-mode R a y l e i g h - R i t z  t e c h n i q u e .  U s ing  t h e  
e x a c t  c u r v a t u r e  e x p r e s s i o n  f o r  t h e  d e f l e c t e d  c e n t r e - l i n e  o f  
t h e  s t r u t ,  Thompson ( 1 9 7 3 ) ,  t h e  r e s u l t i n g  en e rg y  
e x p r e s s i o n ,  i n c l u d i n g  t h e  e f f e c t s  o f  g e o m e t r i c  
i m p e r f e c t i o n s ,  i s  expanded as a power s e r i e s  and t r u n c a t e d  
t o  g i v e  t h e  r e q u i r e d  n o n - l i n e a r i t y .  T h i s  e n e rg y  
e x p r e s s i o n ,  w h ich  i n c l u d e s  t h e  e f f e c t s  o f  t h e  s p l i t t i n g  
p a r a m e t e r ,  i s  t h e n  t r a n s f o r m e d  i n t o  t h e  more compact  fo rm  
d is c u s s e d  in  C h a p t e r  2 .  A l i n e a r  r e l a t i o n s h i p  i s  found  
between t h e  s p l i t t i n g  p a r a m e te r  and t h e  f o u n d a t i o n  
s t i f f n e s s .
The c o n d i t i o n s  on t h e  f o u n d a t i o n  s t i f f n e s s  f o r  t h e  
e x i s t e n c e  o f  i d e a l  c o u p le d  e q u i l i b r i u m  p a t h s  o f  t h e  s t r u t  
a r e  i n v e s t i g a t e d .  The c u r v a t u r e s  and s t a b i l i t i e s  o f  t h e  
unc o u p led  p a t h s  and t h e  i s o l a ,  when i t  e x i s t s ,  a r e  
c o n s id e r e d  f o r  a l l  v a l u e s  o f  t h e  s p l i t t i n g  p a r a m e t e r .
T h r e e  d i f f e r e n t  f o u n d a t i o n  s t i f f n e s s e s  a r e  t h e n  
i n v e s t i g a t e d ;  t h e s e  p r o v i d e  an exam ple  o f  a sys tem  under  
c o n d i t i o n s  o f  compound b r a n c h i n g ,  and systems when a 
p o s i t i v e  and a n e g a t i v e  s p l i t t i n g  p a r a m e te r  a r e  a p p l i e d .  
The s t r u t  under  c o n d i t i o n s  ^ o f  compound b r a n c h in g  has  
p r e v i o u s l y  been s t u d i e d  by Wicks  ( 1 9 8 6 ,  1987 and 1 9 8 8 a ) ,
b u t  i t  i s  i n c l u d e d  h e r e  as a co m par ison  f o r  t h e  exam ples  
w i t h  a n o n - z e r o  s p l i t t i n g  p a r a m e t e r .
U s ing  t h e  n u m e r ic a l  t e c h n i q u e  o f  W icks  ( 1 9 8 6 ) ,  
m o d i f i e d  t o  i n c l u d e  t h e  e f f e c t s  o f  t h e  s p l i t t i n g  p a r a m e t e r  
(A p p e n d ix  A ) ,  t h e  e q u i l i b r i u m  p a th s  o f  t h e  i d e a l  and  
i m p e r f e c t  s y s te m s ,  f o r  each e x a m p le ,  a r e  p l o t t e d  in  b o th  
l o a d - d i s p l a c e m e n t  and l o a d - d e f l e c t i o n  o f  t h e  lo a d  s p a c e .
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The b e h a v i o u r  o f  t h e  i m p e r f e c t  system  i s  t h e n  c o n s id e r e d  
and t h e  c o m p le te  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  o f  t h e  
n a t u r a l  e q u i l i b r i u m  p a th s  o f  t h e s e  systems i s  g e n e r a t e d  
u s in g  t h e  m o d i f i e d  n u m e r i c a l  t e c h n i q u e .
3 . 1  GENERAL CONSIDERATIONS
3 . 1 . 1  PROBLEM FORMULATION AND TOTAL POTENTIAL ENERGY
The b e h a v i o u r  o f  a f i n i t e  l e n g t h  p i n - e n d e d  s t r u t  
s u p p o r te d  l a t e r a l l y  by an e l a s t i c  f o u n d a t i o n ,  as shown in  
F i g u r e  3 . 1 ,  i s  c o n s i d e r e d .  The s t r u t  o f  l e n g t h  L ,  b en d in g  
s t i f f n e s s  El and s u r ro u n d e d  by an e l a s t i c  f o u n d a t i o n  o f  
s t i f f n e s s  0 p e r  u n i t  l e n g t h ,  i s  shown in  F i g u r e  3 . 1 a )  in  
t h e  i d e a l  u n b u c k le d  mode. The s t r u t  i s  assumed t o  be 
i n e x t e n s i b l e .
elastic medium ..;jp
§ i | p W ^
I
E
F i g u r e  3 . 1 :  G e n e ra l  a r ra n g e m e n t  o f  t h e  s t r u t  on a
W i n k l e r - t y p e  f o u n d a t i o n
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The p o i n t  A a t  a d i s t a n c e  x ,  measured a lo n g  t h e
c e n t r e l i n e  o f  t h e  s t r u t ,  f rom  t h e  l e f t  hand end i s
c o n s i d e r e d .  B e f o r e  t h e  a p p l i c a t i o n  o f  t h e  a x i a l  lo a d s  t h e
s t r u t  i s  assumed t o  have an i n i t i a l  c u r v a t u r e  as shown in
F i g u r e  3 . 1 b ) .  Hence t h e  p o i n t  A i s  i n i t i a l l y  a t  A a t  a
1
v e r t i c a l  d i s t a n c e  w ( x )  f ro m  t h e  c e n t r e l i n e  o f  t h e  i d e a lo
u n b u c k le d  s t r u t ;  w here  w i s  a f u n c t i o n  o f  x .o
An a x i a l  l o a d ,  P, i s  a p p l i e d  t o  t h e  ends o f  t h e  s t r u t
and t h e  p o i n t  A d i s p l a c e s  t o  A a t  a v e r t i c a l  d i s t a n c e1 2
w ( x )  f ro m  t h e  c e n t r e l i n e  o f  t h e  i d e a l  u n b u c k le d  s t r u t ;
where  w i s  a f u n c t i o n  o f  x ,  F i g u r e  3 . 1 c ) .
A s m a l l  e le m e n t  o f  t h e  i d e a l  s t r u t ,  CD, w h ich  has a 
l e n g t h  dx i n  t h e  i m p e r f e c t  s t r u t ,  C D , and d e f l e c t s  underl  l
a x i a l  lo ad  t o  i t s  f i n a l  p o s i t i o n  C2D2 > as shown in  F i g u r e  
3 . 2 ,  i s  c o n s i d e r e d .  The change o f  c u r v a t u r e  o f  t h e  e le m e n t  
as i t  changes p o s i t i o n  f ro m  C D  t o  i s  g i v e n  by
X  = d ( 0 - 0  ) ( 3 . 1 )
Hx 0
E q u a t io n  ( 3 . 1 )  may be r e w r i t t e n  as
X  = d [ s i n ' 1( w ' )  -  s i n “1(w ' ) ]  ( 3 . 2 )
cfx 0
Thompson ( 1 9 7 3 ) ,  where  a p r im e  d e n o te s  d i f f e r e n t i a t i o n  w i t h  
r e s p e c t  t o  x .  D i f f e r e n t i a t i n g  e q u a t i o n  ( 3 . 2 )  w i t h  r e s p e c t  
t o  x y i e l d s
w* 1 w "
X = ----------------------T- -  -----------° -------------  ( 3 . 3 )
[ 1 - ( w ' ) 2 ] t /2  [ 1 - ( w o’ ) 2] lV2
The e l a s t i c  s t r a i n  e n e r g y ,  U , s t o r e d  in  b e n d in gb
under  t h e  a x i a l  lo a d  i s  g i v e n  by
L
El
U = —  
b 2
w ”  0
, [ 1 - ( w ' ) 2 ] 1/2 [ 1 - ( w 0 ' ) 2 ] l /2
2
dx ( 3 . 4 )
10 0
w+dw
F i g u r e  3 . 2 :  D e f o r m a t i o n  o f  a s m a l l  e le m e n t  o f  t h e  s t r u t
d u r i n g  b en d in g
The e l a s t i c  s t r a i n  e n e rg y  s t o r e d  in  t h e  f o u n d a t i o n ,  Uf , i s
g i v e n  by
(w -  w ) dx '  0 ( 3 . 5 )
and t h e  movement,  E, o f  t h e  a x i a l  load  P is  
E = L J [ { 1 - ( w o ' ) 2 > 1 / 2  -  { 1 - ( w ' ) 2 > l / 2 ] d x ( 3 . 6 )
Hence t h e  t o t a l  p o t e n t i a l  e n e r g y ,  T ,  o f  t h e  sys tem  i n  t h e  
d i s p l a c e d  c o n f i g u r a t i o n  i s
T = U + U -  P .E
b f
( 3 . 7 )
S u b s t i t u t i n g  e q u a t i o n s  ( 3 . 4 ) ,  ( 3 . 5 )  and ( 3 . 6 )  i n t o
e q u a t i o n  ( 3 . 7 )  y i e l d s
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El
2
w w0
0
dx +
8 f (w -w  ) 2dx -  
?  J o 0
P " J < C 1- ( W0 ' ) 2 ] 1/2 " [ 1 - ( W ) 2 ] l / 2 } d x  ( 3 . 8 )
E q u a t io n  ( 3 . 8 )  may be expanded by means o f  t h e  b i n o m ia l  
t h e o r e m .  I t  i s  assumed t h a t  wq i s  s m a l l  i n  com par ison  w i t h  
w, w q = 0 ( w 2 ) ,  th u s  o n l y  f o u r t h  o r d e r  te rm s  and low er  a r e  
r e t a i n e d  a f t e r  t h e  e x p a n s i o n .  A d d i t i o n a l l y  te rm s  i n v o l v i n g
w wo o and wQ’ ' a l o n e  a r e  i g n o r e d  as t h e s e  fo rm  a datum
l e v e l  f o r  t h e  t o t a l  p o t e n t i a l  e n e rg y  b u t  make no 
c o n t r i b u t i o n  t o  t h e  e q u i l i b r i u m .  Thus t h e  a p p r o p r i a t e  fo rm  
o f  e q u a t i o n  ( 3 . 8 )  i s
T = E_l_ j w '  ' [w* * {1  + (w '  ) 2}  -  2wQ" ] d x  +
+ 0 fw(w-2w )d x  -  P f ( w ' ) 2 [ 1 + f w ’ l 2 ]d x  ( 3 . 9 )
0 l *J
The two-mode d i s p l a c e m e n t  f u n c t i o n s  o f  t h e  b u c k le d  and 
i m p e r f e c t  forms a r e  t a k e n  as
w = 2Lu s in m rx  + 2Lu sinmjrx1 —i—  2 —!—
w = 2Le s inn jrx  + 2Le sinmjrx 0 1 —;  2 —;---
( 3 . 10a )  
( 3 . 10b)
r e s p e c t i v e l y ,  where e q u a t i o n  ( 3 . 1 0 )  i s  t h e  sum o f  t h e  two  
e i g e n v e c t o r s  o f  t h e  l i n e a r i s e d  b u c k l i n g  p r o b le m ,  u^ and u2 
a r e  t h e  a m p l i t u d e s  o f  t h e s e  modes and s e r v e  as g e n e r a l i s e d  
d i s p l a c e m e n t  c o o r d i n a t e s  in  t h e  t o t a l  p o t e n t i a l  e n e r g y ,  e
1
and e2 a r e  t h e  p r i n c i p a l  i m p e r f e c t i o n s  a s s o c i a t e d  w i t h  t h e
u and u d e f l e c t i o n s  r e s p e c t i v e l y .1 2
S u b s t i t u t i n g  e q u a t i o n s  ( 3 . 1 0 ) ,  a f t e r  t h e  a p p r o p r i a t e  
d i f f e r e n t i a t i o n s ,  i n t o  e q u a t i o n  ( 3 . 9 )  and t a k i n g  t h e
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f o l l o w i n g  no n-d im e ns io na l q u a n t i t i e s
W = TL y = PL4 A = PL2 ( 3 . 1 1 )
Jt4E ! jt4E I jt2E I
y i e l d s ,  a f t e r  i n t e g r a t i n g  w i t h  r e s p e c t  t o  x ,  t h e  new t o t a l  
p o t e n t i a l  e n e rg y  f u n c t i o n  as
W = (y + n 4) u i ( u i - 2 e i ) + (y+m4) u 2 ( u 2“ 2£2 ) +
2  r  4 6  . „  2  2 /  2 t 2 \  2  2  , 4 4 ntc [u  n + 2n m (n  +m ) u u  + u m J -  
1 1 2  2
A[u 2n2 + u 2m2 + 3ji2 ( u 4n4 + 4n2m2u 2u 2 + u 4m4) ]  ( 3 . 1 2 )
L 1 2 l  1 2  2
3 . 1 . 2  BRANCHING LOADS OF THE IDEAL SYSTEM AND TRANSFORMED 
TOTAL POTENTIAL ENERGY
The t o t a l  p o t e n t i a l  e n e rg y  o f  t h e  i d e a l  sys tem  i s  
o b t a i n e d  by s e t t i n g  e1=e2=^ e q u a t i o n  ( 3 . 1 2 ) .  The
b r a n c h in g  lo a d s  o f  t h e  i d e a l  sys tem  a r e  t h e n  o b t a i n e d  by 
s o l v i n g  t h e  two s i m u l t a n e o u s  e q u a t i o n s
W = 0  ( 3 . 13a )n
W = 0  ( 3 . 1 3 b )
22
w here  a s u b s c r i p t  i n d i c a t e s  p a r t i a l  d i f f e r e n t i a t i o n  o f  W 
w i t h  r e s p e c t  t o  t h e  s u b s c r i p t e d  d i s p l a c e m e n t  v a r i a b l e .  
C a r r y i n g  out '  t h e s e  d i f f e r e n t i a t i o n s  y i e l d s  t h e  two  
b r a n c h in g  lo ad s  o f  t h e  i d e a l  system  as
\  ~ 1  + h 2 ( 3 . 14a )
A = y + m2 ( 3 . 14b)
2 2 m
These r e l a t i o n s h i p s  a r e  p l o t t e d  i n  F i g u r e  3 . 3  f o r  
d i f f e r e n t  v a l u e s  o f  wave number.  From t h i s  i t  can be seen  
t h a t  f o r  c e r t a i n  v a l u e s  o f  f o u n d a t i o n  s t i f f n e s s  compound 
b r a n c h in g  p o i n t s  o c c u r .
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F i g u r e  3 . 3 :  P l o t  o f  c r i t i c a l  a x i a l  load  v e r s u s  f o u n d a t i o n  
s t i f f n e s s  f o r  v a r i o u s  v a l u e s  o f  h a l f w a v e  number
The v a l u e s  o f  f o u n d a t i o n  s t i f f n e s s ,  ?* ,  a t  w h ic h  t h e s e  
o c c u r  a r e  o b t a i n e d  by e q u a t i n g  t h e  two b r a n c h in g  l o a d s ,  
e q u a t i o n s  ( 3 . 1 4 ) .  T h i s  g i v e s
y* = n2m2 ( 3 . 1 5 )
The c o r r e s p o n d i n g  c r i t i c a l  l o a d ,  A , i s  found  f ro m  e i t h e r
c
o f  e q u a t i o n s  ( 3 . 1 4 )  as
A = n2 + m2 ( 3 . 1 6 )
C
S u b s t i t u t i n g  t h e s e  c r i t i c a l  lo ad s  i n t o  e q u a t i o n  
( 3 . 1 2 )  y i e l d s  t h e  new t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n  as
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v = " 2 p l2t n4-3»3u/  " m2[n 4-2 n 2m2+3Y]ui zu2Z + 
m"[4m2- 3 |'1  +n2j ] u z4j  -  n ^ A - A ^ u ^  -  m2 (A-A2) u 22 -
2 ( 7 + n 4) e i  -  2 ( * * m 4) e 2 ( 3 . 1 7 )
C o n s i d e r i n g  e q u a t i o n s  ( 2 . 1 )  and ( 3 . 1 7 )  t h e  en e rg y  
c o e f f i c i e n t s  f o r  t h i s  sys tem  a r e  summarised i n  T a b l e  3 .1  
b e lo w .
C o e f f  i c i  e n t V a lu e
V
m i
6 jr2n 2 ( n 4 -  3-y)
V 2222 6 i r 2 m 4 j 4^m 2 ”  ^ ^ 7  +
V 1122 - 4 j r 2m2 (3?  + n 4 -  2n2m2 )
V A 
l  l A
- 2 n 2
V A 
2 2 A
- 2m2
V
1 £ i
- 2 ( y  + n 4 )
V 2 C2
- 2 ( 7  + m4 )
T a b l e  3 . 1 :  T o t a l  p o t e n t i a l  e n e rg y  c o e f f i c i e n t s  f o r  a
s t r u t  on a W i n k l e r - t y p e  f o u n d a t i o n
The t r a n s f o r m e d  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n ,  
e q u a t i o n  ( 2 . 3 ) ,  i s  t h e n  fo u n d  by i n t r o d u c i n g  t h e
i n c r e m e n t a l  l o a d i n g  p a r a m e t e r ,  X, g i v e n  by
X = A -  A ( 3 . 1 8 )l
A
c
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t h e  s p l i t t i n g  p a r a m e t e r ,  a ,  g i v e n  by
a = A -  A ( 3 . 1 9 )2 1  v '
A
r.
and t h e  f o l l o w i n g  t r a n s f o r m a t  ion  o f  c o o r d i n a t e s
v = nu / 2  ( 3 . 2 0 a )
i  i
V2 = mU2^  ( 3 .  20b )
0 . = 2 ( v + n 4 ) e i ( 3 . 2 0 c )
1 A n / 2  1
C
n_ = 2(y+id4 )e_ ( 3 . 20d)
2 A m / i  2
C
From e q u a t i o n s  ( 2 . 4 )  and T a b l e  ( 3 . 1 )  t h e  c o e f f i c i e n t s  o f  
t h e  t r a n s f o r m e d  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n ,  n o r m a l i s e d  
w i t h  r e s p e c t  t o  A , a r e
c
a = it2 ( n 4 - 3 y)  ( 3 . 2 1 a )
4A n 2
C
b = - i t2 ( 3 y + n4 -  2n2m2 ) ( 3 . 2 1 b )
2A n2
C
c = it2 ( 4 n 2m2 -  3y -  3n4 ) ( 3 . 2 1 c )
4A n2
C
w here  y may be g i v e n  as
y = n2m2 r (n 2+m2)cr + 1] ( 3 . 2 2 )  f   g
|_(n2-m2) J
From e q u a t i o n s  ( 3 . 2 1 )  t h e  c o e f f i c i e n t s  o f  t h e  t r a n s f o r m e d  
e n e rg y  f u n c t i o n  v a r y  l i n e a r l y  w i t h  t h e  f o u n d a t i o n  
s t i f f n e s s ,  y ,  and th u s  t h e  s p l i t t i n g  p a r a m e t e r ,  a .
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3 . 1 . 3  CENTRAL POLYNOMIAL FORM AND EXISTENCE 
CONSIDERATIONS
W ic k s ,  ( 1 9 8 6 ) ,  showed t h a t  und er  t h e  c o n d i t i o n s  o f  
compound b u c k l i n g  n o n - e x i s t e n c e  systems o n l y  e x i s t  f o r  t h i s  
model f o r  t h e  case  o f  n= 1 .  Thus t o  e n a b l e  a com par ison  t o  
be made betw een t h e  b e h a v i o u r  o f  a sys tem  when a z e r o ,  
p o s i t i v e  and n e g a t i v e  s p l i t t i n g  p a r a m e t e r  a r e  a p p l i e d  in  
t u r n  i t  i s  n e c e s s a r y  t o  a p p ly  t h e  f o l l o w i n g  r e s t r i c t i o n s
n = 1 m = 2
t h i s  c o r r e s p o n d s  t o  a o n e - h a l f w a v e  and a t w o - h a l f w a v e  
d e f l e c t e d  fo rm  r e s p e c t i v e l y .  Under t h e  above c o n s t r a i n t s ,  
f ro m  e q u a t i o n  ( 3 . 1 6 )
A = 5 . 0
c
and
a = n z (1 -  3y ) ( 3 . 2 3 a )
I S
b = ji2(7  -  3y)  ( 3 . 2 3 b )
T 5
c = jt2 ( 13 -  3?) ( 3 . 2 3 c )
I S
w h e r e ,  f ro m  e q u a t i o n s  ( 3 . 1 4 ) ,  ( 3 . 1 6 )  ( 3 . 1 8 )  and ( 3 . 1 9 )
Y = 4 p  5aJ
As o n l y  n o n - e x i s t e n c e  systems a r e  t o  be c o n s i d e r e d  i t  
i s  n e c e s s a r y  t o  f i n d  t h e  r a n g e  o f  v a l u e s  o f  f o u n d a t i o n  
s t i f f n e s s ,  7 , f o r  which
( a - b )  < 0 and ( c - b )  > 0
V a lu e s  o f  t h e  c o e f f i c i e n t s  a ,  b and c have been c a l c u l a t e d  
f o r  7 in  t h e  r a n g e  0^7<:5 . 0  and a r e  p l o t t e d  i n  F i g u r e  3 . 4 .
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F ig u r e  3 . 4 :  P l o t  o f  th e  t ra n s fo rm e d  energy f u n c t i o n
c o e f f i c i e n t s  a ,  b and c versus  fo u n d a t io n  s t i f f n e s s
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T h is  shows t h a t
( a - b )  = 0 when 7 = 43
( c - b )  = 0 when 7 = 3
From t h i s  F i g u r e  i t  can a l s o  be seen t h a t  in  t h e  r e g i o n
3<7<43
c > b > a
th u s  t h e  r a n g e  o f  v a l u e s  o f  f o u n d a t i o n  s t i f f n e s s  f o r  
N o n - E x i s t e n c e  i s
3 < 7 < 43
In a d d i t i o n  i t  i s  seen f ro m  F i g u r e  3 . 4  t h a t  f o r
3 £ 7 < 23 b > 0
23 < 7 £ 43 b < 0
T h e r e f o r e  in  t h e  r a n g e  3 < 7 < 23
a < 0 < b < c 
and f ro m  T a b l e  2 . 1  t h e s e  systems a r e  c l a s s i f i e d  as  
SYSTEM 1 . 2  
In  t h e  r a n g e  23 < 7 < 43 
a < b < 0 < c 
t h u s  t h e s e  systems a r e  c l a s s i f i e d  as  
SYSTEM 1 . 3
In  each case  an i s o l a  o n l y  e x i s t s  f o r  a n e g a t i v e  s p l i t t i n g  
p a r a m e t e r ,  ( s u b s e c t i o n  2 . 2 . 1 ) .
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V a lu e s  o f  t h e  s p l i t t i n g  p a r a m e t e r ,  or, have been  
c a l c u l a t e d  f o r  t h e  r a n g e  o f  f o u n d a t i o n  s t i f f n e s s  0£y£5 .0  
and a r e  p l o t t e d  i n  F i g u r e  3 . 5 .  T h i s  shows t h a t  compound 
b u c k l i n g  o c c u r s  f o r  a f o u n d a t i o n  s t i f f n e s s  y*  = 4 . 0 .  To t h e  
o r d e r  o f  t h e  a n a l y s i s  used t h e  s p l i t t i n g  p a r a m e te r  i s  
assumed t o  be s m a l l ,  t h u s  o n l y  System 1 . 3  w i l l  be 
c o n s i d e r e d  h e r e .
3 . 1 . 4  FORM AND S T A B IL ITY  OF THE EQUILIBRIUM PATHS
The s i g n  o f  t h e  c u r v a t u r e  o f  t h e  two u n c o u p le d  p a th s  
in  t h e  l o a d - d i s p l a c e m e n t  p l a n e s  i s  g i v e n  by t h e  s i g n  o f  t h e  
c o e f f i c i e n t s  a and c ( s u b s e c t i o n  2 . 2 . 1 ) .  The s i g n  o f  t h e  
c u r v a t u r e  o f  t h e  i s o l a  i n  t h e  l o a d - d i s p l a c e m e n t  p l a n e s  i s  
g ov erned  by t h e  s i g n  o f  t h e  q u a n t i t y  ( a c - b  ) and t h e  s i g n  
o f  t h e  q u a n t i t y  ( a - 2 b + c )  d e t e r m in e s  a lo n g  which  
d i s p l a c e m e n t  a x i s  t h e  m a jo r  a x i s  o f  t h e  e l l i p s e  l i e s .
From F i g u r e  3 . 4  i t  i s  seen t h a t  i n  t h e  n o n - e x i s t e n c e
r a n g e
a < 0 c > 0 
t h u s  t h e  p a t h  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  i n  t h e  v model
f a l l s  w i t h  r e s p e c t  t o  l o a d ,  b u t  t h e  p a t h  c o r r e s p o n d i n g  t o  
d e f o r m a t i o n s  i n  t h e  v m o d e  r i s e s  w i t h  r e s p e c t  t o  l o a d .
V a lu e s  o f  t h e  q u a n t i t i e s  ( a c - b  ) and ( a - 2 b + c )  have  
been c a l c u l a t e d  f o r  f o u n d a t i o n  s t i f f n e s s e s  i n  t h e  r a n g e  
0£y£5 .0  and a r e  p l o t t e d  i n  F i g u r e  3 . 6 .  From t h i s  i t  i s  seen  
t h a t  f o r  System 1 . 3
( a c - b 2 ) < 0 and ( a - 2 b+ c )  > 0
Thus f ro m  s u b s e c t i o n  2 . 2 . 1  t h e  i s o l a ,  when i t  e x i s t s ,  f a l l s  
f ro m  t h e  u n c o u p led  p a th  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  i n  
t h e  v 2 mode t o  t h e  u n c o u p led  v mode p a t h  and f ro m  T a b l e
2 . 2  t h e  i s o l a  has a n e g a t i v e  s t i f f n e s s .  The m a j o r  a x i s  o f  
t h e  e l l i p s e  l i e s  a lo n g  t h e  v a x i s .
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F ig u r e  3 . 5 :  P l o t  o f  th e  s p l i t t i n g  param eter  o ve rsus
fo u n d a t io n  s t i f f n e s s
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F ig u r e  3 . 6 :  P l o t  o f  th e  q u a n t i t i e s  ( a c - b  ) and ( a - 2 b + c )
versus  f o u n d a t io n  s t i f f n e s s
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From T a b l e s  2 . 3  and 2 . 4  i t  i s  found  t h a t  when 0 t h e  
v and v 2 u n c o u p le d  p a th s  a r e  u n s t a b l e  t o  t h e  f i r s t  d eg re e  
i n  t h e  v d i r e c t i o n .  W i t h  a n e g a t i v e  s p l i t t i n g  p a r a m e te r  anl
i s o l a  e x i s t s  w h ich  i s  u n s t a b l e  t o  t h e  f i r s t  d e g r e e ,  T a b l e  
2 . 5 .  From T a b l e s  2 . 3  and 2 . 4 ,  w i t h  a<0 t h e  v u nc oup led  
p a t h  i s  s t a b l e  becoming u n s t a b l e  t o  t h e  second d e g re e  a t  an 
u n s t a b l e  s e c o n d a ry  b i f u r c a t i o n  p o i n t ,  T a b l e  2 . 7 .  The v 
un c o u p le d  p a t h  i s  u n s t a b l e  t o  t h e  second d e g r e e  i n  t h e  v 
and v z d i r e c t i o n s  becoming u n s t a b l e  t o  t h e  f i r s t  d e g re e  in  
t h e  v d i r e c t i o n  a t  a s t a b l e  sec o n d a ry  b i f u r c a t i o n  p o i n t ,  
T a b l e  2 . 6 .
3 .1 .5  CLASSIFICATION OF THE SYSTEM
In  C h a p t e r  2 a sys tem  c l a s s i f i c a t i o n  was p roposed
based on t h e  number o f  c r i t i c a l  p o i n t s  t h a t  o c c u r  on t h e
c o u p le d  p a t h s  when each o f  t h e  two i m p e r f e c t i o n s  i s  a p p l i e d
t o  t h e  i d e a l  sys tem  a l o n e .  In  a d d i t i o n  t o  t h e  m a g n i tu d e  o f
t h e  i m p e r f e c t i o n  norm i t  was found  t h a t  t h i s  c l a s s i f i c a t i o n
i s  g o v e rn e d  by t h e  s i g n s  o f  t h e  q u a n t i t i e s  ( a c - b 2) and
( 3 a c - b c - 2 b  ) f o r  t h e  case  o f  17 gfiO and tj2=0  and by t h e  s i g n s
o f  t h e  q u a n t i t i e s  ( a c - b 2 ) and ( 3 a c - a b - 2 b 2) f o r  t h e  cas e  o f
tj =0 and 17 * 0 .*i 2
V a lu e s  o f  t h e  q u a n t i t i e s  ( a c - b 2 ) ,  ( 3 a c - b c - 2 b 2 ) and
( 3 a c - a b - 2 b  ) have  been c a l c u l a t e d  f o r  f o u n d a t i o n  
s t i f f n e s s e s  i n  t h e  r a n g e  0^y^5.0  and a r e  p l o t t e d  i n  F i g u r e  
3 . 7 .  From t h i s  i t  i s  seen t h a t  f o r  System 1 . 3
( a c - b 2 ) < 0 
( 3 a c - b c - 2 b 2 ) < 0
( 3 a c - a b - 2 b 2) < 0
Thus from T a b le  2 .9  f o r  th e  case o f  <o=0 t h i s  is  a
N o n - H y s t e r e s i s  sys tem
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F i g u r e  3 . 7 :  P l o t  o f  t h e  q u a n t i t i e s  ( a c - b  ) ,  ( 3 a c - b c - 2 b  )
and ( 3 a c - a b - 2 b 2) versus  fo u n d a t io n  s t i f f n e s s
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and f ro m  T a b l e  2 . 1 2  f o r  t h e  c as e  o f  Q=jr/2 t h i s  i s  a
N o n - H y s t e r e s i s  sys tem
T h r e e  exam ples  a r e  now t a k e n  w h ich  a r e  r e p r e s e n t a t i v e  
o f  t h e  g e n e r a l  b e h a v i o u r  o f  t h e s e  s ys te m s .  The exam ples  a r e
y = 4 . 0 0  o -  0 . 0
y = 3 . 5 0  a  = + 0 . 0 7 5 0
y = 4 . 2 5  or = - 0 . 0 3 7 5
In each cas e  o n l y  t h e  n a t u r a l  l o a d i n g  p a t h s  a r e  c o n s i d e r e d  
as t h e s e  a r e  o f  t h e  most p r a c t i c a l  i m p o r t a n c e .
3 . 2  y = 4 . 0 0  EXAMPLE
T h i s  exam ple  r e p r e s e n t s  a c o i n c i d e n t  sys tem  f o r  w h ich  
t h e  s p l i t t i n g  p a r a m e t e r ,  a ,  i s  eq u a l  t o  z e r o .  T h i s  c as e  has  
a l r e a d y  been s t u d i e d ,  W icks  (1 9 8 6  and 1 9 8 7 a ) ,  b u t  i t  i s
r e p e a t e d  h e r e  t o  a c t  as a c o m p a r iso n  f o r  t h e  exam ples  w i t h  
a n o n - z e r o  s p l i t t i n g  p a r a m e t e r .
From e q u a t i o n s  ( 3 . 2 1 )  t h e  c o e f f i c i e n t s  o f  t h e  t o t a l  
p o t e n t i a l  e n e rg y  f u n c t i o n  a r e
a = - 5 . 4 2 8  b = - 4 . 9 3 5  c = 0 . 4 9 3
3 . 2 . 1  EQUILIBRIUM PATHS
The e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  sys tem  i n  ^“ v 1" v 2 
space a r e  shown i n  F i g u r e  3 . 8 .  The u n c o u p le d  v p a t h  f a l l s  
and t h e  v unc o u p led  p a t h  r i s e s  w i t h  r e s p e c t  t o  l o a d .  F o r  a 
c o i n c i d e n t  system  no i s o l a  e x i s t s .  U s in g  t h e  c o l o u r  
c o n v e n t i o n  d e f i n e d  i n  C h a p t e r  2 i t  can be seen t h a t  t h e  
u n c o u p le d  p a t h s  a r e  b o th  u n s t a b l e  t o  t h e  f i r s t  d e g r e e .
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F i g u r e  3 . 8 :  E q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  sys tem  p l o t t e d
in  X-v -v  space f o r  t h e  case o f  7=4 .0
1 2
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In  F i g u r e  3 . 9  t h e  e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  
sys tem  a r e  p l o t t e d  i n  l o a d - d e f l e c t i o n  o f  t h e  load  s p a c e .  
T h i s  shows t h a t  t h e  u n c o u p led  v p a t h  has n e g a t i v e  
s t i f f n e s s  and t h e  u n c o u p le d  v p a t h  has p o s i t i v e  s t i f f n e s s .
F i g u r e  3 . 1 0  shows t h e  n a t u r a l  e q u i l i b r i u m  p a t h s  o f  
t h e  i m p e r f e c t  sys tem  f o r  an i m p e r f e c t i o n  norm 17=0 . 0 2  and 
v a l u e s  o f  w=0° ,  1 5 ° ,  3 0 ° ,  4 5 ° ,  6 0 ° ,  75°  and 9 0 ° ,  p l o t t e d  in  
X - v ^ - v 2 s p a c e .  From t h i s  i t  i s  seen t h a t  i r r e s p e c t i v e  o f  
t h e  v a l u e  o f  0  t h e  c o u p le d  e q u i l i b r i u m  p a t h s  a r e  a lw a y s  
a s y m p t o t i c  t o  t h e  u n c o u p le d  v mode o f  d e f o r m a t i o n  o f  t h e  
i d e a l  sys te m ;  t h u s  t h e  sys tem  d i s p l a y s  p r e f e r e n t i a l  
b u c k l i n g  i n  t h e  v mode o f  d e f o r m a t i o n .  For  a l l  v a l u e s  o f  o 
t h e r e  i s  one l i m i t  p o i n t  on t h e  n a t u r a l  p a t h .  As o 
i n c r e a s e s  f ro m  0° t o  90°  t h i s  l i m i t  p o i n t  a p p ro a c h e s  t h e  
b i f u r c a t i o n  p o i n t  on t h e  v 2 u n c o u p le d  p a t h .
F i g u r e  3 . 1 0  a l s o  shows t h a t  a l l  t h e  c r i t i c a l  lo ad s  
a r e  n e g a t i v e  i n d i c a t i n g  t h a t  t h e y  o c c u r  a t  v a l u e s  w h ic h  a r e  
l e s s  t h a n  t h e  b r a n c h in g  lo a d  o f  t h e  v u n c o u p le d  p a t h  o f  
t h e  i d e a l  s y s te m .  For  0 =0 ° t h e  s t r u t  d e fo rm s  c o n t i n u o u s l y  
i n  a o n e - h a l f w a v e  f o r m ;  t h e  p a t h  i s  i n i t i a l l y  s t a b l e  and 
r i s i n g  w i t h  r e s p e c t  t o  lo a d  becoming u n s t a b l e  t o  t h e  f i r s t  
d e g re e  and f a l l i n g  f ro m  t h e  l i m i t  p o i n t .  F o r  o=90°  t h e  
s t r u t  i n i t i a l l y  de form s i n  a t w o - h a l f w a v e  fo rm  u n t i l  a t  t h e  
b i f u r c a t i o n  p o i n t  d e f o r m a t i o n  i n  a p r e d o m i n a n t l y  
o n e - h a l f w a v e  fo rm  i s  t r i g g e r e d .
P l o t t i n g  t h e s e  i m p e r f e c t  e q u i l i b r i u m  p a t h s  i n  X-A 
s p a c e ,  F i g u r e  3 . 1 1 ,  i t  i s  seen t h a t  t h e  p a t h s  i n i t i a l l y  
have a p o s i t i v e  s t i f f n e s s ,  t h i s  g r a d u a l l y  d e c r e a s e s  as t h e  
p a t h s  app ro ach  t h e  l i m i t  p o i n t .  A t  t h e  l i m i t  p o i n t  
s t i f f n e s s  i s  l o s t  and t h e  p a t h s  become a s y m p t o t i c  t o  t h e  
s t i f f n e s s  o f  t h e  i d e a l  u n c o u p le d  v p a t h .
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F i g u r e  3 . 1 0 :  N a t u r a l  e q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t
s y s t e m  f o r  t h e  c a s e  o f  17=0 . 0 2  and <o=0? 1 5 “ 30? 45? 60? 75°  
& 90° p l o t t e d  i n  ^ “ v 1~ v 2 s p a c e  f o r  t h e  c a s e  o f  y = 4 . 0
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3 . 2 . 2  IMPERFECTION S E N S IT IV IT Y
D a ta  f o r  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  has  
been o b t a i n e d  u s in g  t h e  n u m e r ic a l  t e c h n i q u e  o f  W icks  
( 1 9 8 6 ) ,  w i t h  m o d i f i c a t i o n s  t o  i n c l u d e  t h e  s p l i t t i n g  
p a r a m e te r  (A p p e n d ix  A ) .  Due t o  t h e  d o u b le -s y m m e t r y  i n h e r e n t  
i n  t h e  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n  i t  i s  o n l y  n e c e s s a r y  
t o  g e n e r a t e  t h e  s u r f a c e  f o r  rj>0 and 0^0^90°.  Thus v a l u e s  o f  
i m p e r f e c t i o n  norm w ere  t a k e n  i n  t h e  ra n g e  0£r)£0.05 w i t h  w 
t a k i n g  v a l u e s  o f  0 ° ,  1 0 ° ,  2 0 ° ,  3 0 ° ,  4 0 ° ,  5 0 ° ,  6 0 ° ,  7 0 ° ,
80°and  9 0 ° ;  t h e  r e s u l t s  a r e  p l o t t e d  i n  F i g u r e  3 . 1 2  in  
X -n i -r j2 s p a c e .  The r a y  OL r e p r e s e n t s  t h e  locus  o f  l i m i t  
p o i n t s  f o r  o)=0° and t h e  r a y  OB r e p r e s e n t s  t h e  lo c u s  o f  
b i f u r c a t i o n  p o i n t s  f o r  w=jr/2 .  From t h i s  F i g u r e  i t  can be  
seen t h a t  r a y s  t h r o u g h  t h e  s u r f a c e  c l o s e l y  a p p r o x im a t e  
t w o - t h i r d s  power law cusps h a v in g  a v a r y i n g ,  b u t  a lw a ys  
n e g a t i v e ,  s c a l a r  c o e f f i c i e n t .  The s i n g l e  l a y e r  o f  t h i s  
s u r f a c e  c o n t a i n s  t h e  l i m i t  p o i n t s  on t h e  n a t u r a l  l o a d i n g  
p a t h ;  t h e s e  a l l  o c c u r  a t  c r i t i c a l  lo a d s  w h ich  a r e  n e g a t i v e .
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0F i g u r e  3 . 1 2 :  I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  case
o f  y = 4 . 0
3 . 3  7 = 3 . 5 0  EXAMPLE
T h i s  exam ple  r e p r e s e n t s  a sys tem  f o r  w h ic h  t h e  
s p l i t t i n g  p a r a m e t e r  i s  n o n - z e r o  and p o s i t i v e .  From 
e q u a t i o n s  ( 3 . 2 1 )  t h e  c o e f f i c i e n t s  o f  t h e  t r a n s f o r m e d  t o t a l  
p o t e n t i a l  e n e rg y  f u n c t i o n  a r e
a = - 4 . 6 4 4  b = - 3 . 4 5 4  c = + 1 . 2 3 4  
a  = + 0 . 0 7 5 0
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3 . 3 . 1  EQUILIBRIUM PATHS
The e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  sys tem  in  ^“ v 1~v 2
space a r e  shown i n  F i g u r e  3 . 1 3 .  The u n c o u p led  v p a t h  f a l l s
w i t h  r e s p e c t  t o  l o a d ;  t h e  v 2 u nc oup led  p a t h  r i s e s  w i t h  
r e s p e c t  t o  lo a d  i n t e r s e c t i n g  t h e  lo ad  a x i s  a t  a v a l u e  o f  o .  
From t h i s  F i g u r e  i t  i s  seen t h a t  t h e  f i r s t  u n c o u p le d  p a t h  
t h e  sys tem  e n c o u n t e r s  under  lo ad  i s  t h e  p a t h  a s s o c i a t e d  
w i t h  d e f o r m a t i o n s  i n  t h e  v mode, hence t h e  v u n c o u p le d  
p a t h  p l a y s  no p a r t  i n  t h e  i n i t i a l  p o s t - b u c k l i n g  b e h a v i o u r  
o f  t h i s  e x a m p le .  W i t h  a p o s i t i v e  s p l i t t i n g  p a r a m e t e r  no 
i s o l a  e x i s t s ,  ( s u b s e c t i o n  2 . 2 . 1 ) .  U s in g  t h e  c o l o u r
c o n v e n t i o n  d e f i n e d  i n  C h a p t e r  2 i t  can be seen t h a t  t h e  
u n c o u p le d  p a t h s  a r e  b o th  u n s t a b l e  t o  t h e  f i r s t  d e g r e e ,  as  
f o r  t h e  c o i n c i d e n t  e x a m p le ,  F i g u r e  3 . 8 .
In  F i g u r e  3 . 1 4  t h e  e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  
sys tem  a r e  p l o t t e d  i n  l o a d - d e f l e c t i o n  o f  t h e  lo a d  s p a c e .  
T h i s  shows t h a t  t h e  u n c o u p le d  v p a t h  has n e g a t i v e  
s t i f f n e s s ,  t h e  u n c o u p led  v g p a t h  has p o s i t i v e  s t i f f n e s s  and  
i n t e r s e c t s  t h e  lo ad  a x i s  a t  a v a l u e  o f  o .
F i g u r e  3 . 1 5  shows t h e  n a t u r a l  e q u i l i b r i u m  p a t h s  o f
t h e  i m p e r f e c t  sys tem  f o r  an i m p e r f e c t i o n  norm 17=0 . 0 2  and
v a l u e s  o f  w=0° ,  1 5 ° ,  3 0 ° ,  4 5 ° ,  6 0 ° ,  7 5 ° ,  and 9 0 ° ,  p l o t t e d
i n  X—v ^_ v 2 s p a c e .  From t h i s  i t  i s  seen t h a t  i r r e s p e c t i v e  o f
t h e  v a l u e  o f  &> t h i s  sys tem  d i s p l a y s  p r e f e r e n t i a l  b u c k l i n g
i n  t h e  v mode o f  d e f o r m a t i o n .  For  a l l  v a l u e s  o f  q t h e r e  i s  1
one l i m i t  p o i n t  on t h e  n a t u r a l  p a t h ,  as q  i n c r e a s e s  f ro m  0 ° 
t o  90° t h i s  l i m i t  p o i n t  ap p ro a c h e s  t h e  b i f u r c a t i o n  p o i n t  on 
t h e  v 2 u n c o u p le d  p a t h .
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F i g u r e  3 . 1 3 :  E q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  s y s t e m  p l o t t e d
i n  X-v - v  space f o r  t h e  case  o f  y = 3 . 51 2  #
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F i g u r e  3 . 1 5 :  N a t u r a l  e q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t
s y s t e m  f o r  t h e  c as e  o f  r j =0 . 02  and o)=0? 15? 30? 45? 6 0 ° ,  75°  
& 90°  p l o t t e d  i n  ^ ” v 1~ v 2 s p a c e  f o r  t h e  c a s e  o f  y = 3 . 5
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F i g u r e  3 . 1 5  a l s o  shows t h a t  a l l  t h e  c r i t i c a l  p o i n t s  
o c c u r  a t  lo a d  v a l u e s  l e s s  t h a n  t h e  b r a n c h in g  lo a d  o f  t h e  v 
u n c o u p le d  p a t h  o f  t h e  i d e a l  s ys te m .  T h i s  c r i t i c a l  lo ad  
i n c r e a s e s  m o n o t o n ic a l  l y  as w i n c r e a s e s  f ro m  0 t o  9 0 ° .  For  
(0=0 ° t h e  s t r u t  de form s c o n t i n u o u s l y  i n  a o n e - h a l f w a v e  fo rm ;  
t h e  p a t h  i s  i n i t i a l l y  s t a b l e  and r i s i n g  w i t h  r e s p e c t  t o  
lo a d  becoming u n s t a b l e  t o  t h e  f i r s t  d e g re e  and f a l l i n g  f ro m  
t h e  l i m i t  p o i n t .  F o r  o=90°  t h e  s t r u t  i n i t i a l l y  de fo rm s  i n  a 
t w o - h a l f w a v e  fo rm  u n t i l  a t  t h e  b i f u r c a t i o n  p o i n t  
d e f o r m a t i o n  i n  a p r e d o m i n a n t l y  o n e - h a l f w a v e  fo rm  i s  
t r i g g e r e d .
P l o t t i n g  t h e s e  i m p e r f e c t  e q u i l i b r i u m  p a t h s  i n  X-A 
s p a c e ,  F i g u r e  3 . 1 6 ,  i t  i s  seen t h a t  t h e  p a t h s  i n i t i a l l y  
have p o s i t i v e  s t i f f n e s s .  A t  t h e  l i m i t  p o i n t  t h e  s t i f f n e s s  
o f  t h e  p a t h s  i s  l o s t  and i t  becomes a s y m p t o t i c  t o  t h e  i d e a l  
u n c o u p led  v p a t h .
3 . 3 . 2  IMPERFECTION S E N S IT IV IT Y
D a ta  f o r  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  has a g a i n  been  
o b t a i n e d  u s i n g  t h e  m o d i f i e d  n u m e r i c a l  t e c h n i q u e .  V a lu e s  o f  
i m p e r f e c t i o n  norm w ere  t a k e n  i n  t h e  r a n g e  0£r?£0.05 w i t h  o 
t a k i n g  v a l u e s  o f  0 ° ,  1 0 ° ,  2 0 ° ,  3 0 ° ,  4 0 ° ,  5 0 ° ,  6 0 ° ,  7 0 ° ,  80°  
and 9 0 ° ;  t h e  r e s u l t s  a r e  p l o t t e d  i n  F i g u r e  3 . 1 7  i n  ^” v 1" v 2 
sp a c e .  The r a y s  OL and OB r e p r e s e n t  t h e  l o c i  o f  l i m i t  
p o i n t s  f o r  o=0 and b i f u r c a t i o n  p o i n t s  f o r  <i>=7r/ 2  
r e s p e c t i v e l y .  The s i n g l e  l a y e r  o f  t h i s  s u r f a c e  c o n t a i n s  
t h e  l i m i t  p o i n t s  on t h e  n a t u r a l  l o a d i n g  p a t h ;  t h e s e  a l l  
o c c u r  a t  c r i t i c a l  loads  w h ic h  a r e  l e s s  t h a n  t h e  b u c k l i n g  
lo ad  o f  t h e  v u n c o u p led  p a t h  o f  t h e  i d e a l  sys te m .
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F i g u r e  3 . 1 7 :  I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  case
o f  y = 3 . 5
3 . 4  y = 4 . 2 5  EXAMPLE
T h i s  exam ple  r e p r e s e n t s  a sys tem  f o r  w h ic h  t h e  
s p l i t t i n g  p a r a m e te r  i s  n o n - z e r o  and n e g a t i v e .  From  
e q u a t i o n s  ( 3 . 2 1 )  t h e  c o e f f i c i e n t s  o f  t h e  t r a n s f o r m e d  t o t a l  
p o t e n t i a l  e n e rg y  f u n c t i o n  a r e
a = - 5 . 7 9 8  b = - 5 . 6 7 5  c = + 0 . 1 2 3  
a  = - 0 . 0 3 7 5
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3 . 4 . 1  EQUILIBRIUM PATHS
The e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  sys tem  i n  X -v  - v
space  a r e  shown i n  F i g u r e  3 . 1 8 .  The u n c o u p le d  v p a t h  f a l l s
1
and t h e  u n c o u p le d  v 2 p a t h  r i s e s ,  w i t h  r e s p e c t  t o  l o a d ,  and 
i n t e r s e c t s  t h e  lo a d  a x i s  a t  a v a l u e  o f  a .  Thus i t  can be 
seen t h a t  t h e  f i r s t  p a t h  t h a t  t h i s  sys tem  e n c o u n t e r s  und er  
lo a d  i s  t h e  u n c o u p le d  p a t h .  An i s o l a  e x i s t s  w h ic h  f a l l s  
f ro m  t h e  t o  t h e  v u n c o u p le d  p a t h  f o r m i n g  a t r a n s i t i o n  
betw een  t h e  two u n c o u p le d  p a t h s ;  t h e  c u r v a t u r e  o f  t h e  i s o l a  
i s  v e r y  c l o s e  t o  t h a t  o f  t h e  u n c o u p le d  v p a t h .  The i s o l a  
and t h e  two u n c o u p le d  p a t h s  o u t s i d e  o f  t h e  i s o l a  a r e  
u n s t a b l e  t o  t h e  f i r s t  d e g r e e .  I n s i d e  t h e  i s o l a  t h e  v 
u n c o u p le d  p a t h  i s  u n s t a b l e  t o  t h e  second d e g re e  w h i l e  t h e  
u n c o u p le d  v 2 p a t h  i s  s t a b l e .
In  F i g u r e  3 . 1 9  t h e  e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  
sys tem  a r e  p l o t t e d  i n  l o a d - d e f l e c t i o n  o f  t h e  lo a d  s p a c e .  
T h i s  shows t h a t  t h e  u n c o u p le d  v p a t h  and t h e  i s o l a  have  a 
n e g a t i v e  s t i f f n e s s  and t h e  v 2 u n c o u p le d  p a t h  has a p o s i t i v e  
s t i f f n e s s  i n t e r s e c t i n g  t h e  lo a d  a x i s  a t  a v a l u e  o f  X=cr.
F i g u r e  3 . 2 0  shows t h e  n a t u r a l  e q u i l i b r i u m  p a t h s  o f  
i m p e r f e c t  sys tem s f o r  t h e  cas e  o f  o=0 .  From t h i s  F i g u r e  i t  
can be seen t h a t  when an i s o l a  e x i s t s  on t h e  n a t u r a l
u n c o u p le d  p a t h ,  f o r  s m a l l  i m p e r f e c t i o n s  t h e  sys tem  f i r s t  
e x p e r i e n c e s  a b i f u r c a t i o n  p o i n t ,  t h e  l i m i t  p o i n t  l y i n g
w i t h i n  t h e  l i m i t s  o f  t h e  i s o l a .  As t h e  i m p e r f e c t i o n  norm 
i n c r e a s e s  t h i s  f i r s t  b i f u r c a t i o n  p o i n t  and t h e  l i m i t  p o i n t  
a pp ro ach  each o t h e r  u n t i l  a t  a s p e c i f i c  v a l u e  o f
i m p e r f e c t i o n  t h e y  c o i n c i d e .  As t h e  i m p e r f e c t i o n  norm
i n c r e a s e s  f u r t h e r  t h e  i s o l a  r e d u c e s  as i t  moves away f ro m  
t h e  l i m i t  p o i n t  u n t i l  a t  a v a l u e  o f  r j * * = 0 . 00797  t h e  i s o l a  
c o l l a p s e s  o n t o  an i s o l a  c e n t r e  and t h e n  v a n i s h e s .
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F i g u r e  3 . 1 8 :  E q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  s y s t e m  p l o t t e d
i n  X-v - v  space f o r  t h e  case  o f  y = 4 . 2 51 2  *
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0F i g u r e  3 . 2 0 s  E q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t  s y s t e m  f o r  
t h e  c a s e  o f  w = Q  p l o t t e d  i n  s p a c e  f o r  t h e  c a s e  o f
■ y = 4 . 2 5
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F i g u r e  3 . 2 1  shows t h e  n a t u r a l  e q u i l i b r i u m  p a t h s  o f  
t h e  i m p e r f e c t  sys tem  f o r  an i m p e r f e c t i o n  norm q = 0 . 0 2  and 
v a l u e s  o f  <a=0°, 1 5 ° ,  3 0 ° ,  4 5 ° ,  6 0 ° ,  75°  and 9 0 ° ,  p l o t t e d  in  
X - v i ~ v2 s p a c e .  From t h i s  i t  i s  seen t h a t  i r r e s p e c t i v e  o f  
t h e  v mode o f  d e f o r m a t i o n .  For  a l l  v a l u e s  o f  u t h e r e  i sl
one l i m i t  p o i n t  on t h e  n a t u r a l  p a t h s ,  as w i n c r e a s e s  t o  90°  
t h i s  l i m i t  p o i n t  t e n d s  t o  t h e  b i f u r c a t i o n  p o i n t  on t h e  v 
u n c o u p le d  p a t h .
F i g u r e  3 . 2 1  a l s o  shows t h a t  a l l  t h e  c r i t i c a l  lo ad s  
a r e  n e g a t i v e .  As o i n c r e a s e s  f ro m  z e r o  t h i s  c r i t i c a l  load  
v a l u e  i n i t i a l l y  f a l l s  u n t i l  a t  a s p e c i f i c  v a l u e  o f  o i t  
r i s e s  a g a i n  t o  t h e  v z b i f u r c a t i o n  p o i n t .  F o r  q - 0 °  t h e  s t r u t  
de fo rm s  c o n t i n u o u s l y  i n  a o n e - h a l f w a v e  fo r m ;  t h e  p a t h  i s  
i n i t i a l l y  s t a b l e  and r i s i n g  w i t h  r e s p e c t  t o  lo a d  becoming  
u n s t a b l e  t o  t h e  f i r s t  d e g re e  and f a l l i n g  f ro m  t h e  l i m i t  
p o i n t .  Fo r  u=90° t h e  s t r u t  i n i t i a l l y  d e fo rm s  i n  a 
t w o - h a l f w a v e  fo rm  u n t i l  a t  t h e  b i f u r c a t i o n  p o i n t  
d e f o r m a t i o n  i n  a p r e d o m i n a n t l y  o n e - h a l f w a v e  i s  t r i g g e r e d .
F i g u r e  3 . 2 2  shows t h e s e  e q u i l i b r i u m  p a t h s  p l o t t e d  in  
l o a d - d e f l e c t i o n  o f  t h e  lo a d  s p a c e .  From t h i s  i t  i s  seen  
t h a t  t h e  s t i f f n e s s  o f  t h e  p a t h s  changes f ro m  p o s i t i v e  t o  
n e g a t i v e  a t  t h e  l i m i t  p o i n t ,  t h e  s t i f f n e s s  o f  t h e  p a t h s  
t h e n  becoming a s y m p t o t i c  t o  t h a t  o f  t h e  i d e a l  u n c o u p le d  v 
p a t h .
3 . 4 . 2  IMPERFECTION S E N S IT IV IT Y
D a t a  f o r  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  has  
a g a in  been g e n e r a t e d  by t h e  m o d i f i e d  n u m e r i c a l  t e c h n i q u e .  
V a lu e s  o f  t h e  i m p e r f e c t i o n  norm w ere  t a k e n  i n  t h e  r a n g e  
0^r)^0.05 w i t h  Q t a k i n g  v a l u e s  o f  0 ° ,  1 0 ° ,  2 0 ° ,  3 0 ° ,  4 0 ° ,
5 0 ° ,  6 0 ° ,  7 0 ° ,  80°  and 9 0 ° ;  t h e  r e s u l t s  a r e  p l o t t e d  i n
F i g u r e  3 . 2 3  i n  ^"ni ~n2 s p a c e .  The r a y s  OL and OB r e p r e s e n t  
t h e  l o c i  o f  l i m i t  p o i n t s  f o r  e=0 and b i f u r c a t i o n  p o i n t s  f o r  
<d - i t / 2  r e s p e c t i v e l y .  From t h i s  F i g u r e  i t  i s  seen t h a t  r a y s  
t h r o u g h  t h i s  s u r f a c e  have a v a r y i n g ,  b u t  a lw a y s  n e g a t i v e ,  
s c a l a r  c o e f f i c i e n t .  The s i n g l e  l a y e r  o f  t h i s  s u r f a c e  
c o n t a i n s  t h e  l i m i t  p o i n t s  on t h e  n a t u r a l  l o a d i n g  p a t h s  f o r
134
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F i g u r e  3 . 2 1 ?  N a t u r a l  e q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t  
s y s t e m  f o r  t h e  c a s e  o f  r j = 0 . Q 2  and 1 5 °  3 0 °  4 5 °  6 0 °  7 5 °
&  9 0 °  p l o t t e d  i n  X v ^ - v ^  s p a c e  f o r  t h e  c a s e  o f  7 = 4 . 2 5
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w hich a l 1 t h e  c r i t i c a l lo a d s  a r e  n e g a t i v e .
80
F i g u r e  3 . 2 3 :  I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  c as e
o f  7 = 4 . 2 5
3 . 5  DISCUSSION
A s t r u t  s u p p o r te d  l a t e r a l l y  by a  W i n k l e r - t y p e  e l a s t i c  
f o u n d a t i o n  has been c o n s i d e r e d  as a two d e g r e e - o f - f r e e d o m  
sys tem  by t h e  use o f  a R a y l e i g h - R i t z  p r o c e d u r e .  The t o t a l  
p o t e n t i a l  e n e rg y  o f  t h i s  sys tem  was d e r i v e d  i n c o r p o r a t i n g  a  
l a r g e  d e f l e c t i o n  c u r v a t u r e  e x p r e s s i o n  f o r  t h e  l a t e r a l l y
137
d e f l e c t e d  c e n t r e l i n e  o f  t h e  s t r u t .  The two-mode d e f l e c t i o n  
f u n c t i o n  t a k e n  was a sum o f  t h e  two s i n u s o i d a l  d e f l e c t e d  
shapes c h a r a c t e r i s e d  by n and m - h a l f w a v e s .  Two m a j o r  
i m p e r f e c t i o n s  in  t h e  fo rm  o f  t h e  two-mode d e f l e c t i o n  
f u n c t i o n  w ere  a l s o  i n t r o d u c e d  i n t o  t h e  e n e rg y  e x p r e s s i o n .  
An i n c r e m e n t a l  l o a d i n g  p a r a m e t e r  was t h e n  i n t r o d u c e d  w h ic h  
measured  f ro m  t h e  c r i t i c a l  lo ad  o f  t h e  compound b u c k l i n g  
s y s te m ,  and a l i n e a r  r e l a t i o n s h i p  was fo u n d  be tw een  t h e  
s p l i t t i n g  p a r a m e t e r  and t h e  s t i f f n e s s  o f  t h e  f o u n d a t i o n .
A t r a n s f o r m a t i o n  o f  c o o r d i n a t e s  was t h e n  a p p l i e d  t o  
t h e  t o t a l  p o t e n t i a l  e n e rg y  e x p r e s s i o n  t o  o b t a i n  t h e  
compacted fo rm  d is c u s s e d  i n  C h a p t e r  2 .  In  o r d e r  t o  a c h i e v e  
t h e  lo w e s t  b u c k l i n g  lo ad s  o f  t h e  i d e a l  sys tem  t h e  w aveform s  
w ere  r e s t r i c t e d  by t h e  c o n s t r a i n t  t h a t  m=n+1. F u r t h e r  i t  
has been shown by W icks  t h a t  f o r  sys tem s und er  t h e  
c o n d i t i o n s  o f  compound b r a n c h in g  o n l y  e x i s t e n c e  sys tem s  
o c c u r  f o r  n>1;  as t h e s e  a r e  o u t s i d e  o f  t h e  scope o f  t h i s  
p r e s e n t  s t u d y  t h e  waveform s w ere  r e s t r i c t e d  f u r t h e r  by t h e  
c o n d i t i o n  t h a t  n = 1 ,  m=2.
F or  t h e  i d e a l  sys tem  i t  was found  t h a t  t h e  u n c o u p le d  
p a th  c o r r e s p o n d i n g  t o  d e f o r m a t i o n s  i n  a o n e - h a l f w a v e  fo rm  
has n e g a t i v e  c u r v a t u r e  w h i l e  t h e  u n c o u p le d  p a t h  
c o r r e s p o n d i n g  t o  a t w o - h a l f w a v e  d e f l e c t e d  fo r m  has p o s i t i v e  
c u r v a t u r e .  An i s o l a  e x i t s  o n l y  w i t h  a n e g a t i v e  s p l i t t i n g  
p a r a m e t e r ;  when i t  does e x i s t  i t  fo rm s  a t r a n s i t i o n  be tw een  
t h e  two u n c o u p le d  p a th s  f a l l i n g  f ro m  t h e  t w o - h a l f w a v e  fo r m  
t o  t h e  o n e - h a l f w a v e  f o r m .  When no i s o l a  e x i s t s  t h e  
u n c o u p led  p a t h s  a r e  b o th  u n s t a b l e  t o  t h e  f i r s t  d e g r e e .  When 
an i s o l a  does e x i s t  t h e  i s o l a  and t h e  c o u p le d  p a t h s  o u t s i d e  
t h e  i s o l a  a r e  u n s t a b l e  t o  t h e  f i r s t  d e g r e e ;  i n s i d e  t h e  
i s o l a  t h e  one h a l f - w a v e  p a t h  i s  u n s t a b l e  t o  t h e  second  
d e g re e  and t h e  two h a l f - w a v e  p a t h  i s  s t a b l e .
U s in g  t h e  c l a s s i f i c a t i o n  p roposed  i n  C h a p t e r  2 t h e s e  
systems a r e  n o n - h y s t e r e s i s  b o th  f o r  t h e  c as e  o f  0=0 and  
w=jr /2 .
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T h r e e  exam ples  w ere  t h e n  t a k e n  w h ic h  a r e
r e p r e s e n t a t i v e  o f  t h e  g e n e r a l  b e h a v i o u r  o f  t h e s e  systems  
w i t h  a z e r o ,  p o s i t i v e  and n e g a t i v e  s p l i t t i n g
p a r a m e t e r .  In  a l l  cas es  t h e  i m p e r f e c t  sys tems d i s p l a y
p r e f e r e n t i a l  b u c k l i n g  i n  t h e  o n e - h a l f w a v e  mode o f  
d e f o r m a t i o n  i r r e s p e c t i v e  o f  t h e  r a t i o  o f  t h e  two
i m p e r f e c t i o n s  and have one l i m i t  p o i n t  on t h e  n a t u r a l  
e q u i l i b r i u m  p a t h s .  The lo ad  v a l u e  o f  t h i s  c r i t i c a l  p o i n t  i s  
a lw a y s  n e g a t i v e  i n d i c a t i n g  t h a t  i t  o c c u r s  a t  lo a d s  l e s s  
t h a n  t h e  b r a n c h in g  lo ad  o f  t h e  v p a t h  o f  t h e  i d e a l  s y s te m .  
F or  t h e  case  o f  a z e r o  o r  p o s i t i v e  s p l i t t i n g  p a r a m e t e r  t h i s  
c r i t i c a l  lo a d  r i s e s  m o n o t o n i c a l l y  f ro m  t h e  u n c o u p le d  v
1
p a t h  t o  t h e  b i f u r c a t i o n  p o i n t  on t h e  u n c o u p le d  v 2 p a t h ,  
F i g u r e s  3 . 1 0  and 3 . 1 5 ,  r i s i n g  a t  a g r e a t e r  r a t e  w i t h  a 
p o s i t i v e  s p l i t t i n g  p a r a m e t e r .  However ,  w i t h  a n e g a t i v e
s p l i t t i n g  p a r a m e t e r ,  F i g u r e  3 . 2 1 ,  t h e  c r i t i c a l  lo a d
i n i t i a l l y  f a l l s  f ro m  t h e  u n c o u p le d  v p a t h  t o  a minimum 
v a l u e  b e f o r e  r i s i n g  t o  t h e  b i f u r c a t i o n  p o i n t  on t h e  v z 
u n c o u p le d  p a t h .
The v a r i a t i o n  o f  t h e  l o c i  o f  t h e  c r i t i c a l  lo a d  o f  t h e  
l i m i t  p o i n t s  on t h e  v u n c o u p le d  p a t h  and t h e  b i f u r c a t i o nl
p o i n t s  on t h e  v g u n c o u p le d  p a t h  w i t h  i m p e r f e c t i o n  norm and
s p l i t t i n g  p a r a m e t e r  i s  shown i n  F i g u r e  3 . 2 4 .  W i t h  a
n o n - z e r o  s p l i t t i n g  p a r a m e t e r  as t h e  i m p e r f e c t i o n  norm 
i n c r e a s e s  t h e s e  l o c i  become p a r a l l e l  t o  t h e  l o c i  f o r  t h e  
c ase  o f  compound b u c k l i n g .  The l o c i  f o r  t h e  case  o f  a 
n o n - z e r o  s p l i t t i n g  p a r a m e t e r  and o>=0 a r e  c l o s e  t o  t h e  lo c u s  
f o r  t h e  cas e  o f  compound b u c k l i n g  b u t  f o r  t h e  c as e  o f  q=jt/ 2 
t h e  l o c i  a r e  f u r t h e r  a p a r t ;  t h i s  i n d i c a t e s  t h a t  t h e  l i m i t  
p o i n t  i s  l e s s  s e n s i t i v e  t o  v a r i a t i o n s  o f  t h e  s p l i t t i n g  
p a r a m e t e r  t h a n  t h e  b i f u r c a t i o n  p o i n t .  These  l o c i ,  f o r  o=0  
and q=jt/ 2 ,  fo rm  t h e  two e x t e r n a l  r a y s  o f  t h e  i m p e r f e c t i o n  
s e n s i t i v i t y  s u r f a c e s  shown i n  F i g u r e s  3 . 1 2 ,  3 . 1 7  and 3 . 2 3 .
The c o m p le te  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  
t h e  n a t u r a l  e q u i l i b r i u m  p a t h s  o f  each o f  t h e s e  exam ples  was 
o b t a i n e d  by use o f  t h e  n u m e r i c a l  t e c h n i q u e .  Due t o  t h e  
i n h e r e n t  d o u b le -s y m m e t r y  o f  t h e s e  sys tem s i t  was o n l y
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n e c e s s a r y  t o  g e n e r a t e  t h e  s u r f a c e s  f o r  p o s i t i v e
i m p e r f e c t i o n s .  In  each case  t h e  s u r f a c e  c o n s i s t s  o f  a
s i n g l e  l a y e r ;  t h i s  l a y e r  c o n t a i n s  a l l  t h e  l i m i t  p o i n t s  on
t h e  n a t u r a l  l o a d i n g  p a t h s  f o r  a l l  r a t i o s  o f  t h e  two
i m p e r f e c t i o n s .  For  each exam ple  a l l  t h e  c r i t i c a l  lo a d s  on
t h i s  s u r f a c e  a r e  n e g a t i v e  i n d i c a t i n g  a r e d u c t i o n  in
c r i t i c a l  lo a d  f ro m  t h e  v u n c o u p led  b r a n c h i n g  lo a d  o f  t h e1
i d e a l  sys te m .
0-4 0-2 0-4
CT> 0
cr= 0
- 0- 2 -
(7< 0
- 0-3 -
(7>0
(7=0
a<0
- 0 5 -
F ig u r e  3 . 2 4 :  Locus o f  l i m i t  p o in t s  f o r  t h e  case o f  o=0 and
b i f u r c a t i o n  p o in t s  f o r  t h e  case o f  w=rc/2
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INITIAL POST-BUCKLING BEHAVIOUR 
OF A MODIFIED STEIN MODEL
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4 . 0 INTRODUCTION
The pu rp o se  o f  t h i s  p r e s e n t  C h a p t e r  i s  t o  s t u d y  t h e  
b e h a v i o u r  o f  a m o d i f i e d  S t e i n  model and t o  d e v e lo p  i t s  
i m p e r f e c t i o n  s e n s i t i v i t y .  T h i s  model was f i r s t  p roposed  by 
S t e i n ,  ( 1 9 5 9 ) ,  i n  o r d e r  t b  e x p l a i n  t h e  phenomenon o f  b u c k l e  
p a t t e r n  change i n  e l a s t i c  s t r u c t u r e s .  I t  has been m o d i f i e d  
h e r e  by t h e  a d d i t i o n  o f  an e n e rg y  p a r a m e te r  0 t h r o u g h  w h ich  
t h e  s t i f f n e s s  o f  t h e  c e n t r a l  s p r i n g  may be v a r i e d  and t h e  
i n c l u s i o n  o f  t h e  e f f e c t s  o f  two m a jo r  i m p e r f e c t i o n s  i n  t h e  
fo rm  o f  l a t e r a l  loads  a p p l i e d  t o  t h e  m o d e l .
T h i s  r i g i d  l i n k - s p r i n g  model i s  d i r e c t l y  a n a lo g o u s  t o  
t h e  b e h a v i o u r  o f  f l a t  p l a t e s ,  g ov erned  by t h e  von K&rm&n 
l a r g e  d e f l e c t i o n  t h e o r y  o f  p l a t e s ,  i n  t h e  p o s t - b u c k l e d  
r a n g e .  H e re  t h e  r e s t r a i n t  o f  t h e  e x t e n s i o n a l  s p r i n g s  on t h e  
l i n k s  i s  s i m i l a r  t o  t h e  n o n - l i n e a r  r e s t r a i n t  o f f e r e d  by t h e  
s t r e t c h i n g  o f  t h e  p l a t e  m i d d l e - s u r f a c e  d u r i n g  l a r g e  
d e f l e c t i o n s .
A summary o f  t h i s  i n v e s t i g a t i o n  was p r e s e n t e d  i n  a 
pa p e r  a t  t h e  A p p l i e d  S o l i d  M e c h a n ic s - 3  c o n f e r e n c e  i n  1989  
(A p p e n d ix  B ) .  H e re  t h e s e  s t u d i e s  a r e  g i v e n  i n  a more  
d e t a i l e d  f o r m .
A t o t a l  p o t e n t i a l  e n e rg y  ap p ro ach  i s  a d o p te d  
i n v o l v i n g  t h e  c a l c u l a t i o n  o f  t h e  s t r a i n  e n e rg y  s t o r e d  i n  
each o f  t h e  s p r i n g s  d u r i n g  d e f o r m a t i o n  and t h e  change o f  
p o t e n t i a l  o f  t h e  a x i a l  lo ad  on t h e  model and t h e  two  
i m p e r f e c t i o n s .  T h i s  e n e rg y  e x p r e s s i o n ,  w h ic h  i n c l u d e s  t h e  
e f f e c t s  o f  t h e  s p l i t t i n g  p a r a m e t e r ,  i s  t h e n  t r a n s f o r m e d  
i n t o  t h e  more compact  fo rm  d is c u s s e d  i n  C h a p t e r  2 .
The c o n d i t i o n s  on t h e  e n e rg y  p a r a m e t e r  f o r  t h e  
e x i s t e n c e  o f  i d e a l  c o u p le d  e q u i l i b r i u m  p a t h s  o f  t h e  model  
a r e  i n v e s t i g a t e d .  The c u r v a t u r e  and s t a b i l i t i e s  o f  t h e  
i d e a l  u n c o u p led  p a t h s  and t h e  i s o l a ,  when i t  e x i s t s ,  a r e  
c o n s id e r e d  f o r  a l l  v a l u e s  o f  t h e  s p l i t t i n g  p a r a m e t e r  and  
e n e rg y  p a r a m e te r  0 .  The model i s  t h e n  c l a s s i f i e d  a c c o r d i n g
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t o  th e  scheme proposed in  C hapter  2.
The i m p e r f e c t  sys tem  i s  i n v e s t i g a t e d  f i r s t  by 
s t u d y i n g  t h e  b e h a v i o u r  o f  t h e  sys tem  when t h e  two  
i m p e r f e c t i o n s  a r e  a p p l i e d  a l o n e  t o  t h e  i d e a l  sys tem  and  
t h e n  f o r  a l l  r a t i o s  o f  t h e  i m p e r f e c t i o n s .  From a 
c o n s i d e r a t i o n  o f  t h e  fo rm s  o f  t h e  s t a b i l i t y  b o u n d a r ie s  i t  
i s  d e t e r m in e d  w h e t h e r  t h e  sys tem  w i l l  behave  s t a t i c a l l y ,  
p a r t i a l l y  d y n a m i c a l l y  o r  d y n a m i c a l l y  f o r  a l l  c o m b i n a t i o n s  
o f  t h e  two i m p e r f e c t i o n s .
Two s p e c i f i c  exam ples  a r e  t h e n  t a k e n  w h ic h  a r e  
r e p r e s e n t a t i v e  o f  t h e  d i f f e r e n t  r e g i o n s  o f  b e h a v i o u r  o f  
t h e s e  s y s te m s .  U s in g  t h e  n u m e r i c a l  t e c h n i q u e  o f  W icks  
( 1 9 8 6 ) ,  m o d i f i e d  t o  i n c l u d e  t h e  e f f e c t s  o f  t h e  s p l i t t i n g  
p a r a m e t e r  ( A p p e n d ix  A ) ,  t h e  h y s t e r e s i s  l o c i  o f  each exam ple  
a r e  o b t a i n e d  when z e r o ,  n e g a t i v e  and p o s i t i v e  s p l i t t i n g  
p a r a m e t e r s  a r e  a p p l i e d .  The c o m p le te  i m p e r f e c t i o n  
s e n s i t i v i t y  s u r f a c e s  f o r  t h e  n a t u r a l  p a t h s  o f  t h e s e  sys tem s  
a r e  t h e n  g e n e r a t e d  u s in g  t h e  m o d i f i e d  n u m e r i c a l  t e c h n i q u e .
4 . 1  GENERAL CONSIDERATIONS
4 . 1 . 1  PROBLEM FORMULATION AND TOTAL POTENTIAL ENERGY
The m o d e l ,  shown i n  F i g u r e  4 . 1  i n  t h e  undefo rm ed  
c o n f i g u r a t i o n ,  c o n s i s t s  o f  t h r e e  r i g i d  l i n k s ,  AB, BC and 
CD, each o f  l e n g t h  L.  The l i n k s  a r e  j o i n e d  a t  B and C by 
means o f  f r i c t i o n l e s s  p i n s  w i t h  t o r s i o n a l  s p r i n g s  p r o v i d i n g  
a n g u l a r  r e s t r a i n t .  The sys tem  i s  r e s t r a i n e d  l a t e r a l l y  by 
t h e  e x t e n s i o n a l  s p r i n g s  BG, CJ and EH.
When an a x i a l  l o a d ,  A, i s  a p p l i e d  t o  t h e  t h e  model i t
d e f l e c t s  t o  t h e  g e n e r a l  de form ed  c o n f i g u r a t i o n  shown i n
F i g u r e  4 . 2 a ) .  The d e f l e c t e d  mode i s  c o m p l e t e l y  d e f i n e d  by
t h e  two d e f l e c t i o n  c o o r d i n a t e s  u and u , n o r m a l i s e d  w i t h1 2
r e s p e c t  t o  t h e  l i n k  l e n g t h  L .  These c o o r d i n a t e s  a r e  shown 
i n  F i g u r e  4 . 2 b )  and may be d e s c r i b e d  as f o l l o w s :
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t h e  d e f l e c t i o n  u measures  t h e  l a t e r a l  movement o f
1
t h e  l i n k  BC and may be c o n s id e r e d  t o  be t h e  a m p l i t u d e  
o f  a s y m m e tr ic  mode o f  d e f o r m a t i o n .
t h e  d e f l e c t i o n  u m easures  t h e  c l o c k w i s e  r o t a t i o n  o f
2
t h e  l i n k  BC and may be c o n s id e r e d  as t h e  a m p l i t u d e  o f  
an a n t i - s y m m e t r i c  mode o f  d e f o r m a t i o n .
 r=
BI
F i g u r e  4 . 1 :  The m o d i f i e d  S t e i n  model i n  t h e  u n b u c k le d  mode
The p a r a m e t e r  A, a l s o  n o r m a l i s e d  w i t h  r e s p e c t  t o  L ,  
measures  t h e  e n d - s h o r t e n i n g  o f  t h e  model and t h u s  t h e  
d e f l e c t i o n  o f  t h e  a x i a l  lo ad  A. In  t e r m s  o f  t h e  a n g le s  
shown i n  F i g u r e  4 . 2 a )  A may be w r i t t e n  as
A = 3 -  [cos0  + cos0 + c o s (0  -  0 ) ]  ( 4 . 1 )
1 2  3  1
F o l l o w i n g  S t e i n  ( 1 9 5 9 )  i t  i s  assumed t h a t  t h e  l a t e r a l  
d e f l e c t i o n s  a r e  s m a l l  compared w i t h  t h e  l i n k  l e n g t h  L ,  t h u s
0 = u + u
1 1 2
0 = u + 3u
3  1 2
0 = u -  u
2 1 2
0 = u -  3u
4 1 2
( 4 . 2 )
Hence A becomes
A = u 2 + 3u 2 1 2 ( 4 . 3 )
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AKL‘AKL;
AL
b)
s y m m e tr ic  mode
a n t i - s y m m e t r i c  mode
F i g u r e  4 . 2 :  The m o d i f i e d  S t e i n  model in  t h e  b u c k le d  mode 
The t o r s i o n a l  s p r i n g s  a t  B and C model t h e  b e n d in g
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s t i f f n e s s  o f  t h e  p l a t e ;  as t h i s  o n l y  i n f l u e n c e s  t h e  
m a g n i tu d e s  o f  t h e  b u c k l i n g  loads  o f  t h e  i d e a l  p l a t e  t h e  
f o l l o w i n g  l i n e a r  r e l a t i o n s h i p  betw een moment and a n g l e  o f  
r o t a t i o n  i s  t a k e n  f o r  t h e s e  two s p r i n g s
The e x t e n s i o n a l  s p r i n g s  model t h e  m i d d l e - s u r f a c e  
s t r e t c h i n g  o f  t h e  p l a t e  w h ich  o c c u r s  d u r i n g  l a r g e  
d e f l e c t i o n s ;  th u s  i t  i s  n e c e s s a r y  t o  have  a n o n - l i n e a r  
r e l a t i o n s h i p  betw een lo ad  and e x t e n s i o n  f o r  t h e s e  s p r i n g s .  
For  s p r i n g s  BG and CJ t h e  f o r c e - e x t e n s i o n  r e l a t i o n s h i p  i s  
t a k e n  as
In t h e  above e q u a t i o n s  K i s  t h e  s p r i n g  s t i f f n e s s
where  o i s  t h e  s p l i t t i n g  p a r a m e t e r .  0 i s  a d i m e n s i o n l e s s  
e n e rg y  p a r a m e t e r  which  a c t s  on t h e  q u a r t i c  d i s p l a c e m e n t  
t e r m  i n  t h e  s t r a i n  e n e rg y  f u n c t i o n  o f  t h e  m o d e l .
The e l a s t i c  s t r a i n  e n e rg y  s t o r e d  i n  t h e  two t o r s i o n a l  
s p r i n g s  a t  B and C, U and U , under  t h e  a x i a l  lo a d  i s
B C
g i v e n  by
The e l a s t i c  s t r a i n  e n e rg y  s t o r e d  i n  t h e  two n o n - l i n e a r
M = KL4e ( 4 . 4 )
F = KS3 ( 4 . 5 )
and f o r  t h e  c e n t r a l  s p r i n g ,  EH, i t  i s  t a k e n  as
F = («+ 4 )K L 26 + 0KS3 ( 4 . 6 )
c o e f f i c i e n t  measured i n  u n i t s  o f  f o r c e / l e n g t h  . a i s  a 
d i m e n s i o n l e s s  p a r a m e te r  g i v e n  by
a = - 2 a ( 4 . 7 )
( 4 . 8 a )
( 4 . 8 b )
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e x t e n s i o n a l  s p r i n g s  BQ and CJ ,  U and U , i s  g i v e n  byG J
U = 1KL4( u + u ) 4 ( 4 . 9 a )
g *  i 2'
U = 1KL4( u -  u ) 4 ( 4 . 9 b )
J ?  1 2
The e l a s t i c  s t r a i n  e n e rg y  s t o r e d  i n  t h e  n o n - l i n e a r  
e x t e n s i o n a l  s p r i n g  EH, U , i s  g i v e n  byH
U = 1KL4[(oc+4)u 2 + Bu 4] ( 4 . 1 0 )
The lo a d s  a p p l i e d  t o  t h e  sys tem  a t  E and B & C,
n o r m a l i s e d  w i t h  r e s p e c t  t o  KL4 , a r e  shown i n  F i g u r e  4 . 2 a .
These l o a d s ,  and e , a r e  used as m a j o r  i m p e r f e c t i o n s
a s s o c i a t e d  w i t h  t h e  u and u d e f l e c t i o n s  r e s p e c t i v e l y .
1 2
Hence t h e  t o t a l  p o t e n t i a l  e n e rg y  o f  t h e  s y s te m ,  
n o r m a l i s e d  w i t h  r e s p e c t  t o  KL4 , i n  t h e  d i s p l a c e d  
c o n f i g u r a t i o n  i s  g i v e n  by
W = 1 ( a + 6 ) u  2 + 9u 2 + 1 (B + 2 )u  4 + 3u 2u 2 + 1u 4 -
7jr 1 2  J 1 1 2 - 2 * 2
A (u i 2+3u22) -  ui ei  -  2uzez ( 4 . 1 1 )
4 . 1 . 2  BRANCHING LOADS OF THE IDEAL SYSTEM AND TRANSFORMED 
TOTAL POTENTIAL ENERGY 
The t o t a l  p o t e n t i a l  e n e rg y  f o r  t h e  i d e a l  sys tem  i s  
o b t a i n e d  by s e t t i n g  e ^ e ^ O  i n  e q u a t i o n  ( 4 . 1 1 ) .  The  
b r a n c h in g  lo ad s  o f  t h e  i d e a l  sys tem  may t h e n  be o b t a i n e d  by 
s o l v i n g  t h e  two l i n e a r i s e d  s i m u l t a n e o u s  e q u a t i o n s
W = 0 ( 4 . 12a )
11
W = 0  ( 4 . 12b)
22
w here  a  s u b s c r i p t  on W i n d i c a t e s  p a r t i a l  d i f f e r e n t i a t i o n  
w i t h  r e s p e c t  t o  t h e  s u b s c r i p t e d  d i s p l a c e m e n t  
v a r i a b l e .  C a r r y i n g  o u t  t h e  d i f f e r e n t i a t i o n  y i e l d s  t h e  two
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b ra nc h in g  loads o f  t h e  id e a l  system as
( 4 . 13a)
( 4 . 13b)
These  r e l a t i o n s h i p s  a r e  p l o t t e d  i n  F i g u r e  4 . 3  f o r  
d i f f e r e n t  v a l u e s  o f  a .  From t h i s  i t  can be seen t h a t  t h e  
c r i t i c a l  lo a d  a t  w h ich  t h e  s y m m e t r ic  d e f l e c t e d  mode i s  
i n s t i g a t e d  v a r i e s  l i n e a r l y  w i t h  r e s p e c t  t o  a ,  w h i l s t  A2 , a t  
w hich  t h e  sys tem  b ra n c h e s  i n t o  t h e  a n t i - s y m m e t r i c  mode, i s  
c o n s t a n t .  The v a l u e  o f  a a t  w h ich  compound b r a n c h in g  o c c u r s  
i s  o b t a i n e d  by e q u a t i n g  t h e  two b r a n c h in g  l o a d s ,  e q u a t i o n s
( 4 . 1 3 ) .  T h i s  y i e l d s
and t h e  c o r r e s p o n d i n g  c r i t i c a l  l o a d ,  A i s  o b t a i n e d  as
c
S u b s t i t u t i n g  t h e  two b r a n c h in g  l o a d s ,  e q u a t i o n s  
( 4 . 1 3 ) ,  i n t o  e q u a t i o n  ( 4 . 1 1 )  y i e l d s  t h e  new t o t a l  p o t e n t i a l  
e n e rg y  f u n c t i o n  as
<x =  0 ( 4 . 1 4 )
A = 3 ( 4 . 1 5 )
c
V = ( f t + 2 ) u 4 + 3u 2u 2 + 1u 4 (A-Al ) u t 2 +
( 4 . 1 6 )
C o n s i d e r i n g  e q u a t i o n s  ( 2 . 1 )  and ( 4 . 1 6 )  t h e  e n e r g y  
c o e f f i c i e n t s  f o r  t h i s  sys tem  a r e  summarised i n  T a b l e  4 . 1 .
-O'
+  0*
anti-symmetric mode
symmetric mode
F i g u r e  4 . 3 :  P l o t  o f  t h e  two b r a n c h in g  l o a d s ,  A and A , o f1 2
t h e  i d e a l  sys tem  v e r s u s  t h e  p a r a m e t e r  oc
C o e f f i c i e n t V a lu e
V t i n 6 ( 0  + 2 )
V 122222
V 121122
V 4 - 21 l A
V - 62 2 A
V -1i e
l
V - 226 2
T a b l e  4 . 1 :  T o t a l  p o t e n t i a l  e n e rg y  c o e f f i c i e n t s  f o r  a
m o d i f i e d  S t e i n  model
The t r a n s f o r m e d  t o t a l  p o t e n t i a l  e n e r g y  f u n c t i o n ,  
e q u a t i o n  ( 2 . 3 ) ,  i s  found  by i n t r o d u c i n g  t h e  i n c r e m e n t a l
14 9
lo a d in g  p a r a m e te r ,  X, g iv e n  by
X = A -  A ( 4 . 1 7 )1
A
c
t h e  s p l i t t i n g  p a r a m e t e r  d e f i n e d  by e q u a t i o n s  ( 4 . 7 )  and
<j = A2 “ Ai  ( 4 . 1 8 )
A
o
and t h e  f o l l o w i n g  t r a n s f o r m a t i o n  o f  c o o r d i n a t e s
v = u ^ /2  ( 4 . 1 9 a )
v = u / 6  ( 4 . 1 9 b )2 2
T| = e i  ( 4 . 1 9 c )
1 3 7 2
n = e 2 ( 4 . 19d )
2 3 7 5
From e q u a t i o n s  ( 2 . 4 )  and T a b l e  4 . 1  t h e  c o e f f i c i e n t s  o f  t h e  
t r a n s f o r m e d  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n ,  n o r m a l i s e d
w i t h  r e s p e c t  t o  A , a r e
c
a = (0  + 2 )  ( 4 . 2 0 a )
T 5 ------
b = 1 ( 4 . 2 0 b )
5
c = 1 ( 4 . 2 0 c )
3 ?
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4 . 1 . 3  CENTRAL POLYNOMIAL FORM AND EXISTENCE 
CONSIDERATIONS
The f i r s t  s t a g e  i n  t h e  c l a s s i f i c a t i o n  i s  t o  d e t e r m i n e  
w h e t h e r  t h e  sys tem  i s  a N o n - E x i s t e n c e  o r  an E x i s t e n c e  c a s e .  
As o n l y  n o n - e x i s t e n c e  systems a r e  t o  be c o n s i d e r e d  h e r e  i t  
i s  n e c e s s a r y  t o  f i n d  t h e  r a n g e  o f  v a l u e s  o f  t h e  p a r a m e t e r  0 
f o r  w h ic h  t h e  q u a n t i t i e s  ( a - b )  and ( c - b )  a r e  o f  o p p o s i t e  
s i g n .
V a lu e s  o f  t h e  c o e f f i c i e n t s  a ,  b and c have  been  
c a l c u l a t e d  f o r  0 i n  t h e  r a n g e  -2^0^18 and a r e  p l o t t e d  in  
F i g u r e  4 . 4 .  T h i s  shows t h a t  in  t h e  r a n g e  0>O
a > b > c > 0
t h u s ,  f o r  0>O
( a - b )  > 0 
( c - b )  < 0
T h e r e f o r e  t h e  n o n - e x i s t e n c e  r a n g e  i s  g i v e n  by 
0 > 0
and f ro m  T a b l e  2 . 1  t h e s e  sys tem s a r e  c l a s s i f i e d  as  
SYSTEM 2 . 1 +
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2 .00.
a^c
0.80__
0.60.
0 .20.
P
F i g u r e  4 . 4 :  P l o t  o f  t h e  t r a n s f o r m e d  e n e rg y  f u n c t i o n  
c o e f f i c i e n t s  a ,  b and c v e r s u s  t h e  p a r a m e t e r  0
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4 . 1 . 4  FORM AND S T A B IL IT Y  OF THE EQUILIBRIUM PATHS
The s i g n s  o f  t h e  i n i t i a l  c u r v a t u r e s  o f  t h e  two
u n c o u p le d  p a t h s  i n  t h e  l o a d - d i s p l a c e m e n t  p l a n e s  a r e  g i v e n  
by t h e  s i g n s  o f  t h e  c o e f f i c i e n t s  a and c ( s u b s e c t i o n  
2 . 2 . 1 ) .  From F i g u r e  4 . 4  i t  i s  seen t h a t  i n  t h e
n o n - e x i s t e n c e  r a n g e
a > 0 c > 0 .
Thus b o th  u n c o u p led  e q u i l i b r i u m  p a th s  r i s e  w i t h  r e s p e c t  t o  
l o a d .
The s i g n  o f  t h e  c u r v a t u r e  o f  t h e  i s o l a  i n  t h e
l o a d - d i s p l a c e m e n t  p l a n e s  i s  g ov erned  by t h e  s i g n  o f  t h e  
q u a n t i t y  ( a c - b  ) and t h e  s i g n  o f  t h e  q u a n t i t y  ( a - 2 b + c )  
d e t e r m i n e s  a l o n g  w h ich  d i s p l a c e m e n t  a x i s  t h e  m a j o r  a x i s  o f  
t h e  e l l i p s e  l i e s .  S u b s t i t u t i n g  i n  t h e  v a l u e s  o f  t h e
c o e f f i c i e n t s  g i v e n  i n  e q u a t i o n s  ( 4 . 2 0 )  t h e s e  two q u a n t i t i e s  
ap p ear  e x p l i c i t l y  as
( a c - b 2) = 0 - 1 6 )
(a -2 b + c )  = (9 6 -1 6 )
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V a lu e s  o f  t h e s e  q u a n t i t i e s  have been c a l c u l a t e d  f o r  v a l u e s  
o f  0 i n  t h e  r a n g e  0^0^20 and a r e  p l o t t e d  i n  F i g u r e  4 . 5 .  I t  
can be seen t h a t  ( a c - b  ) = 0 when 0 = 16 and ( a - 2 b + c )  = 0 
when 0 = 1 6 / 9 .  F i g u r e  4 . 5  shows t h a t  t h e r e  a r e  t h r e e  
r e g i o n s  o f  b e h a v i o u r ;  f o r  systems i n  t h e  r a n g e
a )  O£0<1 6 / 9
( a c - b 2 ) < 0 and ( a - 2 b + c )  < 0
b )  16 / 9 < 0 < 16
( a c - b 2) < 0 and ( a - 2 b + c )  > 0
c )  0 > 16
( a c - b 2 ) > 0 and ( a - 2 b + c )  > 0
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( a c - b  ) 
( a - 2 b + c )  
1.70..
1.50._ ( a - 2 b + c )
1 . 10. .
0.70..
0.30..
0 .10..
( a c - b 2 )
F ig u r e  4 . 5 :  P l o t  o f  t h e  q u a n t i t i e s  ( a c - b 2) and ( a - 2 b + c )
versus  t h e  param eter  0
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The g e n e r a l  fo rm  o f  t h e  e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  
sys tem  f o r  each o f  t h e s e  r e g i o n s  i s  shown i n  F i g u r e  4 . 6 .
16/9
F i g u r e  4 . 6 :  G e n e r a l  fo rm  o f  t h e  e q u i l i b r i u m  p a t h s  o f  t h e
i d e a l  sys tem
From T a b l e s  2 . 3  and 2 . 4  i t  i s  seen t h a t  when no i s o l a  
e x i s t s ,  <7^0, t h e  v u n c o u p le d  e q u i l i b r i u m  p a t h  i s  u n s t a b l e  
t o  t h e  f i r s t  d e g re e  b u t  t h e  v 2 u n c o u p le d  p a t h  i s  s t a b l e .  
W it h  a p o s i t i v e  s p l i t t i n g  p a r a m e t e r  an i s o l a  e x i s t s  and  
t h e r e  a r e  two fo rm s  o f  b e h a v i o u r :
o
a )  I f  ( a c - b  ) < 0  t h e  i s o l a  i s  u n s t a b l e  t o  t h e  f i r s t
d e g r e e ,  T a b l e  2 . 5 .  From T a b l e s  2 . 3  and 2 . 6  t h e  v 
un c o u p le d  p a t h  i s  s t a b l e  becoming u n s t a b l e  t o  t h e  
f i r s t  d e g re e  a t  an u n s t a b l e  s e c o n d a ry  b i f u r c a t i o n  
p o i n t ,  w h i l e  t h e  v 2 u n c o u p le d  p a t h  i s  u n s t a b l e  t o  t h e  
f i r s t  d e g re e  becoming s t a b l e  a t  a s e c o n d a r y
b i f u r c a t i o n  p o i n t ,  T a b l e s  2 . 4  and 2 . 7 .
b )  I f  ( a c - b 2) > 0  t h e  i s o l a  i s  s t a b l e ,  T a b l e  2 . 5 .  From
T a b l e s  2 . 3  and 2 . 6  t h e  v^uncoup led  p a t h  i s  s t a b l e
becoming u n s t a b l e  t o  t h e  f i r s t  d e g re e  a t  a s t a b l e  
b i f u r c a t i o n  p o i n t ,  w h i l e  t h e  v g u n c o u p le d  p a t h  i s
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u n s t a b l e  t o  t h e  f i r s t  d e g re e  becoming s t a b l e  a t  a 
s t a b l e  b i f u r c a t i o n  p o i n t ,  T a b le s  2 . 4  and 2 . 7 .
4 . 1 . 5  CLASSIF ICATION OF THE SYSTEM
In  C h a p t e r  2 a sys tem  c l a s s i f i c a t i o n  was p roposed  
based on t h e  number o f  c r i t i c a l  p o i n t s  t h a t  o c c u r  on t h e  
c o u p le d  p a t h s  when each i m p e r f e c t i o n  i s  a p p l i e d  a l o n e .  In  
a d d i t i o n  t o  t h e  m a g n i tu d e  o f  t h e  i m p e r f e c t i o n  norm t h i s  
c l a s s i f i c a t i o n  i s  a l s o  g o v ern ed  by t h e  s i g n  o f  t h e  
q u a n t i t i e s  ( a c - b 2 ) ,  ( 3 a c - b c - 2 b 2 ) and ( 3 a c - a b - 2 b 2 ) .
S u b s t i t u t i n g  i n  t h e  v a l u e s  o f  t h e  c o e f f i c i e n t s  g i v e n  by 
e q u a t i o n s  ( 4 . 2 0 )  t h e s e  q u a n t i t i e s  ap p e a r  as
( a c - b 2 ) = ( 0 - 1 6 )  
idS” "
( 3 a c - b c - 2 b 2) = ( 3 0 - 3 2 )
— C T T “ '
( 3 a c - a b - 2 b 2) = - ( 0 + 8 )
T ff5 “
V a lu e s  o f  t h e s e  q u a n t i t i e s  have been c a l c u l a t e d  f o r  0 i n  
t h e  r a n g e  O£0£2O and a r e  p l o t t e d  i n  F i g u r e  4 . 7 .  I t  can be 
seen t h a t  ( 3 a c - b c - 2 b 2 ) = 0 when 0 = 3 2 / 3  and i n  t h e  r e g i o n  
o f  i n t e r e s t  ( 3 a c - a b - 2 b 2) < 0 ; ( f r o m  t h e  above e q u a t i o n s  i t  
can be seen t h a t  ( 3 a c - a b - 2 b 2) = 0 when 0 = - 8 ) .  Thus f ro m  
F i g u r e  4 . 7  i n  t h e  ra n g e
a )  O *0 <3 2 /3
( a c - b 2) < 0  ( 3 a c - b c - 2 b 2 )< 0  ( 3 a c - a b - 2 b 2 )<0
b )  3 2 / 3 < 0 < 16
( a c - b 2 )< 0  ( 3 a c - b c - 2 b 2 )> 0  ( 3 a c - a b - 2 b 2)< 0
c )  0 > 16
( a c - b 2)> 0  ( 3 a c - b c - 2 b 2 )> 0  ( 3 a c - a b - 2 b 2 )< 0
Thus ,  f ro m  T a b le s  2 . 1 0  and 2 . 1 3 ,  t h e  c l a s s i f i c a t i o n  o f  
t h e s e  systems i s  g i v e n  i n  T a b l e  4 . 2 .
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X10"1
( 3 a c - b c - 2 b 2 )
( a c - b 2)
-0 .00.
-0.50.
-2 .00.
( 3 a c - a b - 2 b 2 )
P
2 2F i g u r e  4 . 7 :  P l o t  o f  t h e  q u a n t i t i e s  ( a c - b  ) ,  ( 3 a c - b c - 2 b  )
and ( 3 a c - a b - 2 b 2) versus  th e  param eter  0
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<7> 0
011b <7<0
O £ 0 £ 3 2 /3
0113 NH NH
i7<r|*Non-H  
17>17* NH
(0=7t /  2 ;
T]<T7* NH 
i7>77*Non-H Non-H Non-H
3 2 / 3 < 0 < 1 6
O113
rj<rj* NH 
77>n*Non-H Non-H Non-H
(0=jf/2
77<n# nh 
n>rj*Non-H Non-H Non-H
0 > 16
0113 n<n* CH 
T)>i7*Non-H Non-H Non-H
<i)=jr/2
17<I7* CH 
q>n*Non-H Non-H Non-H
T a b l e  4 . 2 :  C l a s s i f i c a t i o n  o f  t h e  m o d i f i e d  S t e i n  model
These r e g i o n s  o f  b e h a v i o u r ,  f o r  t h e  n a t u r a l  e q u i l i b r i u m  
p a t h s  o n l y ,  a r e  shown i n  F i g u r e  4 . 8  f o r  t h e  case  o f  o=0 and  
i n  F i g u r e  4 . 9  f o r  «=rc/2.  In  F i g u r e  4 . 8  t h e  c u r v e s  f o r  o > 0 ,  
<7=0 and a<0 r e s p e c t i v e l y  r e p r e s e n t  rj=rj*,  e q u a t i o n  ( 2 . 5 5 ) ,  
w hich  d e f i n e s  t h e  boundary  betw een h y s t e r e s i s  and  
n o n - h y s t e r e s i s  b e h a v i o u r  f o r  t h e  c as e  o f  (o = 0 . ln  F i g u r e  
4 . 9 ( a )  t h e  two c u r v e s  r e p r e s e n t  17=1/  and 17=77* *  ( e q u a t i o n s  
( 2 . 7 4 )  and ( 2 . 6 5 )  r e s p e c t i v e l y ) .  The c u r v e  17*  r e p r e s e n t s  
t h e  boundary  between h y s t e r e s i s  and n o n - h y s t e r e s i s  
b e h a v i o u r  f o r  t h e  c as e  o f  «=7t / 2 ; t h e  c u r v e  17* * ,  w h ic h  f o r  
t h i s  exam ple  i s  a s t r a i g h t  l i n e ,  r e p r e s e n t s  t h e  t r a n s i t i o n  
f ro m  t h e  e x i s t e n c e  t o  t h e  n o n - e x i s t e n c e  o f  an i s o l a  f o r  t h e  
case o f  <i)=jt/2.
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13
n o n -h y s te re s is
h y s te re s is
13
n o n -h y s te re s is16
h y s te re s is
|3
n o n -h y s te re s is
h y s te re s is
F i g u r e  4 . 8 :  B e h a v i o u r a l  c l a s s i f i c a t i o n  o f  t h e  S t e i n  model
f o r  t h e  c as e  o f  <0=0
(3
16
2 c r i t i c a l  
p o in ts
4 c r i t i c a l  
"“ p o in ts
0012
0 c r i t i c a l  p o in ts
F i g u r e  4 . 9 :  B e h a v i o u r a l  c l a s s i f i c a t i o n  o f  t h e  S t e i n  model
f o r  t h e  case  o f  <i)=jr/2
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4 . 2  BEHAVIOUR OF THE IMPERFECT SYSTEM
4 . 2 . 1  EQUILIBRIUM AND CR IT ICAL EQUILIBRIUM FOR THE CASE OF 
T) > 0 w = 0
Under  t h i s  c o m b i n a t i o n  o f  t h e  two i m p e r f e c t i o n s  ( s e e  
F i g u r e  4 . 1 0 )  t h e r e  a r e  two e q u i l i b r i u m  p a t h s  o f  i n t e r e s t  
( s u b s e c t i o n  2 . 3 . 1 ) .  The f i r s t  i s  t h e  v u n c o u p le d  p a t hl
w h ich  r i s e s  w i t h  r e s p e c t  t o  lo a d ;  t h e  second i s  a c o u p le d  
p a t h  t h a t  b ra n c h e s  s y m m e t r i c a l l y  f ro m  t h e  u n c o u p le d  p a t h  a t  
a b i f u r c a t i o n  p o i n t  B. The s t a b i l i t y  o f  t h e  b i f u r c a t i o n  
p o i n t  and t h u s  t h e  i n i t i a l  s t a b i l i t y  o f  t h e  b r a n c h i n g  p a t h  
(Thompson 1970b )  depends on w h e th e r  t h i s  i s  a N a t u r a l  
H y s t e r e s i s  o r  a N o n - H y s t e r e s i s  s ys te m .
(b)(a)
F i g u r e  4 . 1 0 :  Coup led  e q u i l i b r i u m  p a t h s  f o r  <o=0 f o r  a
n o n - h y s t e r e s i s  and n a t u r a l - h y s t e r e s i s  sys tem
160
When t h e  sys tem  i s  a n o n - h y s t e r e s i s  case  t h e
b r a n c h i n g  p a t h  r i s e s ,  w i t h  r e s p e c t  t o  l o a d ,  f ro m  B and i s
c o m p l e t e l y  s t a b l e ,  F i g u r e  4 . 1 0 a ) .  Th u s ,  und er  lo a d  a
n o n - h y s t e r e s i s  sys tem  changes s m o o th ly  f ro m  a v unc o u p led1
mode t o  a p r e d o m i n a n t l y  unc o u p led  mode.
F o r  a n a t u r a l  h y s t e r e s i s  sys tem  t h e  b r a n c h in g  p a th  
i n i t i a l l y  f a l l s ,  w i t h  r e s p e c t  t o  l o a d ,  f ro m  B and i s
u n s t a b l e .  However ,  a t  t h e  c o u p le d  l i m i t  p o i n t s  t h e  p a t h  
r e s t a b i l i s e s  and r i s e s  w i t h  l o a d ,  F i g u r e  4 . 1 0 b ) .  Hence mode 
changes und er  lo ad  o c c u r  d y n a m i c a l l y .
4 . 2 . 2  EQUILIBRIUM AND CR IT ICAL EQUILIBRIUM FOR THE CASE OF 
rj > 0 to = n / 2
Under t h i s  c o m b i n a t i o n  o f  t h e  i m p e r f e c t i o n s  ( s e e  
F i g u r e  4 . 1 1 )  one e q u i l i b r i u m  p a t h  o f  i n t e r e s t  a lw a y s  e x i s t s  
( s u b s e c t i o n  2 . 3 . 2 ) ;  t h i s  i s  t h e  v u n c o u p le d  p a t h  t h a t
 ^ MM
r i s e s  w i t h  r e s p e c t  t o  l o a d .  I f  0 ,  o r  i f  cr>0 and rj>rj ,
e q u a t i o n  ( 2 . 6 5 ) ,  t h e n  t h i s  i s  t h e  o n l y  p a t h  o f  i n t e r e s t ,  
F i g u r e  4 . 1 1 c ) ,  and d e f o r m a t i o n  und er  lo a d  t a k e s  p l a c e  
s m o o th ly  and c o n t i n u o u s l y  i n  a p u r e l y  v 2 mode.
MMI f  <7>0 and 0<rj<n t h e n  a c o u p le d  e q u i l i b r i u m  p a t h  
e x i s t s  w h ic h  fo rm s  an i s o l a  be tw een t h e  two b i f u r c a t i o n  
p o i n t s  C^ and C2 . The lo w e r  b r a n c h in g  p o i n t  C^ i s  a lw a y s  
s t a b l e  b u t  t h e  s t a b i l i t y  o f  C2 depends on w h e t h e r  t h i s  i s  a 
N a t u r a l  H y s t e r e s i s  o r  a N o n - H y s t e r e s i s  s y s te m .
For  a n o n - h y s t e r e s i s  c a s e ,  F i g u r e  4 . 1 1 b ) ,  t h e  i s o l a  
r i s e s ,  w i t h  r e s p e c t  t o  l o a d ,  f ro m  t h e  lo w e r  b i f u r c a t i o n  
p o i n t  t o  t h e  upper  and i s  c o m p l e t e l y  s t a b l e .  T hu s ,  u n d er  
lo ad  t h e  sys tem  i n i t i a l l y  de form s  i n  a p u r e l y  v 2 mode u n t i l  
t h e  low e r  c r i t i c a l  p o i n t  a t  w h ic h  b r a n c h in g  i n t o  a c o u p le d  
mode i s  t r i g g e r e d .  F u r t h e r  l o a d i n g  r e s u l t s  i n  a smooth  
r e v e r s i o n  t o  t h e  u nc oup led  mode.
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X(
X
V2
< ■s
Q
V1
(a) (b) (c)
F i g u r e  4 . 1 1 s  The i s o l a  on t h e  n a t u r a l  l o a d i n g  p a t h  f o r  t h e
cas e  o f  o)=jr/2
For  a n a t u r a l  h y s t e r e s i s  c a s e ,  F i g u r e  4 . 1 1 a ) ,  t h e
i s o l a  i n i t i a l l y  r i s e s  w i t h  lo a d  f ro m  C and i s  s t a b l e .  A t1
t h e  c o u p le d  l i m i t  p o i n t s  & E t h e  p a t h  d e s t a b i l i s e s  and 
f a l l s  t o  t h e  upper  b i f u r c a t i o n  p o i n t  C ; t h u s  f o r  t h e s e  
systems r e v e r s i o n  t o  t h e  u n c o u p le d  mode t a k e s  p l a c e  
d y n a m i c a l l y .
F i g u r e  4 . 1 1  a l s o  shows t h a t  t h e  lo w e r  b i f u r c a t i o n  
p o i n t ,  C , i s  a lw a y s  s t a b l e .  The upp er  b i f u r c a t i o n  p o i n t ,l
C2 , i s  s t a b l e  f o r  a n o n - h y s t e r e s i s  case  ( F i g u r e  4 . 1 1 b ) )  b u t  
u n s t a b l e  f o r  a n a t u r a l  h y s t e r e s i s  case  ( F i g u r e  4 . 1 1 c ) ) .
4 . 2 . 3  EQUIL IBRIUM,  CR IT ICAL EQUILIBRIUM AND S T A B IL ITY  
BOUNDARIES FOR THE CASE OF n > 0 0 < o <  i r /2
I t  i s  found  f o r  n o n - h y s t e r e s i s  systems f o r  t h e  c as e  
o f  co=0, t h a t  w i t h  a f i x e d  i m p e r f e c t i o n  norm as t h e  r a t i o  o f  
t h e  two i m p e r f e c t i o n s  i s  v a r i e d  f ro m  <o=0 t o  jc/2 no c r i t i c a l  
p o i n t s  o c c u r  on t h e  n a t u r a l  l o a d i n g  p a t h s .
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As t h e  r a t i o  o f  t h e  i m p e r f e c t i o n s  i s  v a r i e d  f ro m  0=0
f o r  n a t u r a l  h y s t e r e s i s  systems t h e r e  a r e  i n i t i a l l y  two
c r i t i c a l  p o i n t s  on t h e  n a t u r a l  c o u p le d  e q u i l i b r i u m  p a t h ;
f o r  s m a l l  v a l u e s  o f  0 one c r i t i c a l  p o i n t  i s  g e n e r a t e d  f ro m
t h e  b i f u r c a t i o n  p o i n t  B and t h e  o t h e r  f ro m  t h e  c o u p le d
l i m i t  p o i n t  D . The b e h a v i o u r  o f  t h e s e  systems t h e n  depends
on t h e  v a l u e  o f  t h e  s p l i t t i n g  p a r a m e t e r  and t h e
i m p e r f e c t i o n  norm. For  n a t u r a l  h y s t e r e s i s  systems w i t h  a
p o s i t i v e  s p l i t t i n g  p a r a m e t e r  and an i m p e r f e c t i o n  norm i n
t h e  r a n g e  0 <r)<r7* # (w h e re  r f *  i s  d e f i n e d  b e l o w ) , as 0
i n c r e a s e s  f ro m  z e r o  t o  n / 2  t h e  two c r i t i c a l  p o i n t s  on t h e
c o u p le d  e q u i l i b r i u m  p a t h  move; one t e n d s  f ro m  B t o  t h e
upp er  b i f u r c a t i o n  p o i n t  C t h e  o t h e r  t e n d s  f ro m  t o  t h e
c o u p le d  l i m i t  p o i n t  E .1
For  n a t u r a l  h y s t e r e s i s  systems w i t h  an i m p e r f e c t i o n
norm anc* a p o s i t i v e  s p l i t t i n g  p a r a m e t e r ,  as 0
i n c r e a s e s  f ro m  z e r o  t h e  two c r i t i c a l  p o i n t s  a p p ro ach  each
o t h e r  and f i n a l l y  a t  a s p e c i f i c  r a t i o  0=0 c o a l e s c e  a t  aHI
h y s t e r e s i s  p o i n t  and t h e n  a n n i h i l a t e  each o t h e r .  The  
b e h a v i o u r  o f  t h e  sys tem  as 0  i s  i n c r e a s e d  beyond cj
H I
depends on w h e th e r  t h e s e  systems a r e  n a t u r a l  h y s t e r e s i s  f o r
b o th  0=0 and n / 2  o r  o n l y  f o r  0 =0 . I f  t h e y  a r e  n a t u r a l
h y s t e r e s i s  o n l y  f o r  0=0 t h e n  no f u r t h e r  c r i t i c a l  p o i n t s
o c c u r  on t h e  c o u p le d  p a t h s .  However i f  t h e y  a r e  n a t u r a l
h y s t e r e s i s  f o r  b o th  0=0 and n / 2  t h e n  a t  a s p e c i f i c  r a t i o
0=0 a second h y s t e r e s i s  p o i n t  o c c u r s .  As 0  i s  i n c r e a s e d  
H 2
f u r t h e r  t o w a rd s  n / 2  two c r i t i c a l  p o i n t s  emerge f ro m  t h e
second h y s t e r e s i s  p o i n t  and s e p a r a t e ;  one t e n d s  t o  t h e  
upper  b i f u r c a t i o n  p o i n t  C w h i l e  t h e  o t h e r  t e n d s  t o  t h e  
c o u p le d  l i m i t  p o i n t  E . Fo r  t h e  p a r t i c u l a r  v a l u e  o f  
i m p e r f e c t i o n  norm equ a l  t o  17* # t h e  two h y s t e r e s i s  ‘ a n g l e s  
a r e  e q u a l .
The l o c i  o f  t h e  c r i t i c a l  p o i n t s  as t h e  r a t i o  o f  t h e
two i m p e r f e c t i o n s  i s  v a r i e d  i n  t h e  r a n g e  O^0^jr /2 , f o r  a
f i x e d  v a l u e  o f  i m p e r f e c t i o n  norm and s p l i t t i n g  p a r a m e t e r ,  
d e f i n e s  r e g i o n s  o f  s t a b l e  and u n s t a b l e  b e h a v i o u r  o f  t h e
sys tem  and a r e  r e f e r r e d  t o  as s t a b i l i t y  b o u n d a r i e s .  The
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p r e v i o u s  d i s c u s s i o n  g e n e r a t e s  t h e  f o u r  p o s s i b l e  g e n e r a l  
fo rm s o f  t h e  s t a b i l i t y  b o u n d a r ie s  shown s c h e m a t i c a l l y  in  
F i g u r e  4 . 1 2 a )  t o  d ) ,  p l o t t e d  i n  t h e  v - v  p l a n e .
I t  has been shown t h a t  f o r  t h e s e  sys tem s r e g a r d l e s s  
o f  t h e  i n i t i a l  mode o f  d e f o r m a t i o n  c o n v e r g e n c e  t o  a 
p r e d o m i n a n t l y  v g mode o f  d e f o r m a t i o n  w i l l  a lw a y s  o c c u r  
under  i n c r e a s i n g  l o a d .  I f  t h e  fo rm s  o f  t h e  s t a b i l i t y  
b o u n d a r ie s  a r e  now c o n s i d e r e d  i t  can be seen w h e t h e r  t h i s  
c o n v e rg e n c e  t o  t h e  p r e f e r r e n t  mode w i l l  o c c u r  i n  a s t a b l e ,  
s t a t i c  way,  o r  an u n s t a b l e ,  dynamic m anner .  The f o l l o w i n g  
c o n c l u s i o n s  can be drawn f o r  each o f  t h e  s t a b i l i t y  
b o u n d a r ie s  i n  F i g u r e  4 . 1 2 .  F o r ;
( a )  T h e r e  a r e  no h y s t e r e s i s  a n g le s  and i r r e s p e c t i v e  o f  
t h e  r a t i o  o f  t h e  two i m p e r f e c t i o n s  t h e r e  a r e  two  
c r i t i c a l  p o i n t s  on t h e  n a t u r a l  e q u i l i b r i u m  p a t h s .  
Thus in  t h e  r a n g e  O^gjsjc/ 2 such sys tem s e x h i b i t  a 
dynamic c o n v e rg e n c e  t o  t h e  p r e f e r r e n t  mode.
( b )  T h e r e  a r e  two h y s t e r e s i s  a n g le s  <o and o w here
H I. H 2
o) <o . In  t h e  r a n g e  and o <q£k / 2  t h e s e
H I  H 2  H I  H 2
sys tems d i s p l a y  a dynamic  c o n v e r g e n c e  t o  t h e
p r e f e r r e n t  mode, b u t  i n  t h e  r a n g e  o a s t a t i c
H I  H 2
c o n v e rg e n c e  o c c u r s .
( c )  T h e r e  i s  o n l y  one h y s t e r e s i s  a n g l e  q . T h e r e f o r e  i nH1
t h e  r a n g e  Oj&K o t h e  c o n v e rg e n c e  i s  dynam ic  and i n
H I
t h e  r a n g e  <oHi£to£tt/2 i t  i s  s t a t i c .
( d )  T h e r e  a r e  no h y s t e r e s i s  a n g le s  and i r r e s p e c t i v e  o f  
t h e  r a t i o  o f  t h e  two i m p e r f e c t i o n s  t h e r e  a r e  no 
c r i t i c a l  p o i n t s  on t h e  n a t u r a l  c o u p le d  p a t h s .  Thus in  
t h e  r a n g e  0^o)^jt/2 t h e s e  systems e x h i b i t  a s t a t i c  
co n v e rg e n c e  t o  t h e  p r e f e r r e n t  mode.
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CO,
(b)
F i g u r e  4 . 1 2 :  S c h e m a t ic  r e p r e s e n t a t i o n s  o f  t h e  s t a b i l i t y
b o u n d a r ie s  p r o j e c t e d  o n t o  t h e  v - v  p l a n e
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The t r a n s i t i o n  betw een t h e  fo rm s  o f  ( a )  and ( b )  i s  t h a t  f o r
ic/fa p a r t i c u l a r  v a l u e  o f  i m p e r f e c t i o n  norm, rj , t h e  two  
h y s t e r e s i s  a n g l e s ,  o>Hi and <dh2, a r e  e q u a l  and t h u s  t h e  two  
s t a b i l i t y  b o u n d a r ie s  t o u c h ,  F i g u r e  4 . 1 1 e ) .  A t  t h e  
t r a n s i t i o n  o f  form s ( b )  and ( c )  t h e  c o u p le d  l i m i t  p o i n t s  a t  
<o=jr/2 c o a l e s c e  w i t h  t h e  upper  b i f u r c a t i o n  p o i n t  f o r  an 
i m p e r f e c t i o n  norm g i v e n  by e q u a t i o n  ( 2 . 7 4 ) .  The t r a n s i t i o n  
o f  fo rm s ( c )  and ( d )  i s  g i v e n  by e q u a t i o n  ( 2 . 5 5 ) ,  t h e  
l i m i t i n g  v a l u e  o f  i m p e r f e c t i o n  norm f o r  t h e  e x i s t e n c e  o f  
c o u p le d  l i m i t  p o i n t s  a t  <o=0 .
Examples a r e  now t a k e n  w h ich  a r e  r e p r e s e n t a t i v e  o f  
t h e  d i f f e r e n t  r e g i o n s  o f  b e h a v i o u r  o f  t h e s e  s y s te m s .  These  
exam ples  a r e
0 = 1 4 . 0  
0 =  1.0
In  each cas e  t h e  b e h a v i o u r  o f  t h e  sys tem  i s  i n v e s t i g a t e d  
when z e r o ,  n e g a t i v e  and p o s i t i v e  s p l i t t i n g  p a r a m e t e r s  a r e  
a p p l i e d .  O n ly  t h e  n a t u r a l  l o a d i n g  p a th s  a r e  c o n s i d e r e d  as  
t h e s e  a r e  o f  t h e  most  p r a c t i c a l  i m p o r t a n c e .
4 . 3  0 = 1 4 . 0  EXAMPLE
( a c - b 2 ) < 0 ( 3 a c - b c - 2 b 2 ) > 0 ( 3 a c - a b - 2 b 2 ) < 0
4 . 3 . 1  HYSTERESIS LOCI
U s in g  t h e  m o d i f i e d  n u m e r i c a l  t e c h n i q u e ,  A p p e n d ix  A,  
t h e  l o c i  o f  h y s t e r e s i s  c r i t i c a l  p o i n t s  may be fo u n d  f o r  
d i f f e r e n t  v a l u e s  o f  t h e  s p l i t t i n g  p a r a m e t e r .  The r e s u l t s  o f  
a s e r i e s  o f  such c a l c u l a t i o n s  f o r  t h i s  exam ple  a r e  p l o t t e d  
i n  F i g u r e  4 . 1 3  f o r  t h e  c as e  o f  a = + 1 / 2 4 .  The l o c i  i n t e r s e c t  
t h e  17 a x i s  a t  17* ,  have a v a l u e  o f  x] a t  o)=90° and h av e  a 
minimum v a l u e  o f  rj*# a t  a p p r o x i m a t e l y  o)=56°. When o£0 no 
h y s t e r e s i s  p o i n t s  e x i s t .
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n o n -h y s te re s is
1-0x10 •
h y s te re s is
CD
(c)
F i g u r e  4 . 1 3 :  H y s t e r e s i s  locus  f o r  t h e  c as e  o f  0 = 1 4 . 0
T hu s ,  r e f e r r i n g  t o  F i g u r e  4 . 1 2  t h e  s t a b i l i t y  
b o u n d a r ie s  f o r  t h i s  exam ple  a r e  g i v e  i n  T a b l e  4 . 3 .
O£0 17>0 d
<7>0
0<rj<rj* * a
b
17 % < n * c
r \>r\* d
T a b le  4 . 3 :  S t a b i l i t y  bo undar ies  f o r  t h e  case o f  0 = 1 4 .0
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4 . 3 . 2  IMPERFECTION S E N S IT IV IT Y
D a t a  f o r  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  have
been o b t a i n e d  u s in g  t h e  n u m e r ic a l  t e c h n i q u e .  For  a n e g a t i v e
s p l i t t i n g  p a r a m e t e r  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e
does n o t  e x i s t  a t  a l l  and o n l y  e x i s t s  as a s i n g l e  p o i n t
w i t h  a z e r o  s p l i t t i n g  p a r a m e t e r .  W i t h  a p o s i t i v e  s p l i t t i n g
p a r a m e t e r  a " c l o s e d "  s u r f a c e  e x i s t s  as shown i n  F i g u r e
4 . 1 4 .  V a lu e s  o f  i m p e r f e c t i o n  norm w ere  t a k e n  i n  t h e  r a n g e
0 ^ ^ 0 . 0 0 4  w i t h  o t a k i n g  v a l u e s  o f  0 ° ,  1 0 ° ,  2 0 ° ,  3 0 ° ,  4 0 ° ,
5 0 ° ,  6 0 ° ,  7 0 ° ,  80°  and 9 0 ° .  T h i s  s u r f a c e  i n t e r s e c t s  b o th
c r i t i c a l  l o a d - i m p e r f e c t i o n  p l a n e s .  The l i m i t s  o f  t h e
i n t e r s e c t i o n  c u r v e s  on t h e  X* -n  and X * -n  p l a n e s  b e i n g1 2 -  U
0&]£rj , e q u a t i o n  ( 2 . 5 5 ) ,  and Ozrfirj , e q u a t i o n  ( 2 . 7 4 ) ,  
r e s p e c t i v e l y .
0-002
0
F ig u r e  4 . 1 4 :  Im p e r fe c t io n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  case
o f  0 = 1 4 .0
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The r i d g e  QH, F i g u r e  4 . 1 4 ,  r e p r e s e n t s  t h e  lo c u s  <pf 
h y s t e r e s i s  p o i n t s  a lo n g  w h ich  t h e  s u r f a c e  f o l d s  back upon 
i t s e l f  t o  become d o u b le  v a l u e d .  The upp er  l a y e r  o f  t h i s  
s u r f a c e ,  BGH, i s  t h e  most i m p o r t a n t  i n  p r a c t i c e  as i t  
c o n t a i n s  t h e  c r i t i c a l  p o i n t s  f i r s t  e x p e r i e n c e d  by t h e  model  
und er  l o a d i n g .
4 . 4  0 = 1 . 0  EXAMPLE
( a c - b 2) < 0 ( 3 a c - b c - 2 b 2 ) < 0 ( 3 a c - a b - 2 b 2 ) < 0
T h i s  e x a m p le ,  under  c o n d i t i o n s  o f  compound b u c k l i n g ,  
has p r e v i o u s l y  been i n v e s t i g a t e d  by W ic k s ,  ( 1 9 8 6  and 1 9 8 7 ) .  
The case  o f  a z e r o  s p l i t t i n g  p a r a m e te r  has been i n c l u d e d  
h e r e  as a com par ison  f o r  t h e  sys tem  when a n e g a t i v e  and 
p o s i t i v e  s p l i t t i n g  p a r a m e t e r  i s  a p p l i e d .
4 . 4 . 1  HYSTERESIS LOCI
U s in g  t h e  n u m e r ic a l  t e c h n i q u e  t h e  l o c i  o f  h y s t e r e s i s  
c r i t i c a l  p o i n t s  has been fo u n d  f o r  d i f f e r e n t  v a l u e s  o f  t h e  
s p l i t t i n g  p a r a m e t e r .  These r e s u l t s  a r e  p l o t t e d  i n  F i g u r e  
4 . 1 5  f o r  t h e  case  o f  < j= -1 /2 4  and a = + 1 / 2 4 .  For  t h e  c as e  o f  a 
z e r o  s p l i t t i n g  p a r a m e te r  t h e  h y s t e r e s i s  p o i n t s  o c c u r  a t  a 
c o n s t a n t  v a l u e  o f  o o f  2 2 . 8 5 1 ° .  F i g u r e  4 . 1 5 a )  shows t h e  
h y s t e r e s i s  l o c i  f o r  a n e g a t i v e  s p l i t t i n g  p a r a m e t e r ;  t h i s  
c u r v e  o n l y  e x i s t s  f o r  0 ^ o < 2 2 .8 5 1 °  r i s i n g  m o n o t o n i c a l l y  f ro m  
17*  a t  o=0 t o  become a s y m p t o t i c ,  f ro m  b e lo w ,  t o  0 = 2 2 . 8 5 1 ° .  
The h y s t e r e s i s  l o c i  f o r  a p o s i t i v e  s p l i t t i n g  p a r a m e t e r  a r e  
shown i n  F i g u r e  4 . 1 5 b ) ;  t h i s  c u r v e  o n l y  e x i s t s  f o r  
2 2 . 8 5 1 ° <o^90°,  i s  a s y m p t o t i c  f ro m  above t o  0 = 2 2 . 8 5 1 ° ,  has a 
v a l u e  o f  17 a t  o=90 and has a minimum v a l u e  o f  17 a t  
a p p r o x i m a t e l y  o = 89° .  Thus r e f e r r i n g  t o  F i g u r e  4 . 1 2  t h e  
s t a b i l i t y  b o u n d a r ie s  f o r  t h i s  exam ple  a r e  g i v e n  i n  T a b l e  
4 . 4 .
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0-3
h y s te re s is
h y s te re s is
7-88x10'
n o n -h y s te re s is
n o n -h y s te res is
22-851° 63
(a)
22-851'
(b)
F i g u r e  4 . 1 5 :  H y s t e r e s i s  l o c i  f o r  t h e  c as e  o f  0 = 1 . 0
<7<0
0*17 <17* d
n>n* c
Q II O 17> 0 c
Osrj <17* * a
<7> 0
r i * *< n z n * b
17*  <17* 17* c
r j >n * d
T a b l e  4 . 4 :  S t a b i l i t y  b o u n d a r ie s  f o r  t h e  c a s e  o f  0 = 1 . 0
4 . 4 . 2  IMPERFECTION S E N S IT IV IT Y
The i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  f o r  t h i s  
exam ple  a r e  p l o t t e d  in  F i g u r e  4 . 1 6 .  For  t h e  c a s e  o f  a z e r o  
and n e g a t i v e  s p l i t t i n g  p a r a m e t e r  v a l u e s  o f  i m p e r f e c t i o n  
norm w ere  t a k e n  in  t h e  r a n g e  O^rj^O.15 and i n  t h e  r a n g e
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0£r]£0.01 f o r  a p o s i t i v e  s p l i t t i n g  p a r a m e t e r .  In  each case  a 
two s h e e t  s u r f a c e  w h ic h  j o i n s  a lo n g  t h e  h y s t e r e s i s  l o c u s ,  
GH, r e s u l t s .  Of  t h e s e  two s h e e t s  t h e  upp er  s h e e t  i s  o f  most  
p r a c t i c a l  i m p o r ta n c e  as t h i s  c o n t a i n s  t h e  c r i t i c a l  p o i n t s  
f i r s t  e n c o u n t e r e d  by t h e  sys tem  under  l o a d i n g .
22-851
(a) <b) (c)
F i g u r e  4 . 1 6 :  I m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  f o r  t h e  c as e
o f  0 = 1 . 0
F i g u r e  4 . 1 6 a )  shows t h e  s u r f a c e  f o r  a z e r o  s p l i t t i n g  
p a r a m e te r  and F i g u r e s  4 . 1 6 b )  and c )  show how t h i s  s u r f a c e  
i s  d i s t o r t e d  w i t h  a n e g a t i v e  and p o s i t i v e  s p l i t t i n g  
p a r a m e te r  r e s p e c t i v e l y .  I r r e s p e c t i v e  o f  t h e  v a l u e  o f  a  an 
"open" s u r f a c e  i s  g e n e r a t e d  f o r  t h i s  e x a m p le .  The s u r f a c e
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f o r  a n e g a t i v e  s p l i t t i n g  p a r a m e te r  i s  o f  a s i m i l a r  fo rm  as 
t h e  s u r f a c e  c o r r e s p o n d i n g  t o  c o n d i t i o n s  o f  compound 
b r a n c h i n g ,  t h e  p r i n c i p a l  e f f e c t  o f  t h e  s p l i t t i n g  p a r a m e te r  
b e in g  t o  d i s t o r t  t h e  lo cu s  o f  h y s t e r e s i s  p o i n t s  and move 
t h e  p o i n t  G f ro m  t h e  o r i g i n  t o  a p o s i t i o n  on t h e  
p l a n e  w here  rj=I7* • W i t h  a p o s i t i v e  s p l i t t i n g  p a r a m e t e r ,  
F i g u r e  4 . 1 6 c )  more s i g n i f i c a n t  d i s t o r t i o n s  o c c u r .  The p o i n t  
G i s  moved f ro m  t h e  o r i g i n  t o  a p o i n t  on t h e  X * - v  p l a n e
n ^
where  17=17 ; t h i s  causes  t h e  s u r f a c e  t o  i n t e r s e c t  b o th  
c r i t i c a l  l o a d - d i s p l a c e m e n t  p l a n e s ,  t h e  i n t e r s e c t i o n  on t h e  
X*~v p l a n e  o n l y  o c c u r r i n g  f o r  r)<r)*.
4 . 5  DISCUSSION
A m o d i f i e d  S t e i n  model has been c o n s i d e r e d .  The t o t a l  
p o t e n t i a l  e n e rg y  o f  t h i s  model has been d e r i v e d  i n c l u d i n g  
t h e  e f f e c t s  o f  two m a j o r  i m p e r f e c t i o n s  and a s p l i t t i n g  
p a r a m e t e r .  An i n c r e m e n t a l  l o a d i n g  p a r a m e t e r  has t h e n  been  
i n t r o d u c e d  w h ich  measured f ro m  t h e  compound b u c k l i n g  lo ad  
o f  t h e  i d e a l  sys te m .
A t r a n s f o r m a t i o n  o f  c o o r d i n a t e s  has t h e n  been a p p l i e d  
t o  t h e  t o t a l  p o t e n t i a l  e n e rg y  e x p r e s s i o n  t o  o b t a i n  t h e  
compacted fo rm  d i s c u s s e d  i n  C h a p t e r  2 .  F o r  t h e  i d e a l  sys tem  
i t  was found  t h a t  b o th  u n c o u p le d  p a t h s  have p o s i t i v e  
c u r v a t u r e  w i t h  t h e  p a t h  c o r r e s p o n d i n g  t o  a t w o - h a l f w a v e  
d e f l e c t e d  fo rm  b e in g  t h e  l e a s t  s t i f f .  An i s o l a  o n l y  e x i s t s  
w i t h  a p o s i t i v e  s p l i t t i n g  p a r a m e t e r ;  when i t  does e x i s t  i t s  
s t a b i l i t y  depends on t h e  v a l u e  o f  t h e  e n e rg y  p a r a m e t e r  0 . 
For  j3<16 t h e  i s o l a  i s  u n s t a b l e  t o  t h e  f i r s t  d e g re e  b u t  when 
/3>16 i t  i s  s t a b l e .  When no i s o l a  e x i s t s ,  o r  o u t s i d e  o f  t h e  
i s o l a  when i t  does e x i s t ,  t h e  v u n c o u p le d  p a t h  i s  u n s t a b l e  
t o  t h e  f i r s t  d e g re e  and t h e  v u n c o u p le d  p a t h  i s  s t a b l e .  
W i t h i n  t h e  i s o l a  t h e  v p a t h  i s  s t a b l e  and t h e  v z p a t h  i s  
u n s t a b l e  t o  t h e  f i r s t  d e g r e e .  These sys tem s a r e  c l a s s i f i e d  
as System 2 . 1 + .
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From an e x a m i n a t i o n  o f  t h e  i m p e r f e c t  sys tem  i t  was 
found  t h a t  t h e s e  systems a lw a y s  d i s p l a y  p r e f e r e n t i a l  
c o n v e r g e n c e  t o  t h e  t w o - h a l f w a v e  f o r m .  W hether  t h i s  
c o n v e r g e n c e  t a k e s  p l a c e  s t a t i c a l l y ,  d y n a m i c a l l y  o r  
p a r t i a l l y  d y n a m i c a l l y  depends on t h e  v a l u e  o f  £ and 
i m p e r f e c t i o n  norm and a l s o  t h e  s i g n  o f  t h e  s p l i t t i n g  
p a r a m e t e r .  Thus f ro m  a c o n s i d e r a t i o n  o f  t h e  fo rm s  o f  t h e  
s t a b i l i t y  b o u n d a r ie s  t h e  b e h a v i o u r  o f  a sys tem  may be 
d e t e r m i n e d .
U s in g  t h e  c l a s s i f i c a t i o n  p roposed  i n  C h a p t e r  2 i t  was 
found  t h a t  t h e  c l a s s i f i c a t i o n  o f  t h e s e  systems i s  g ov erned  
by t h e  v a l u e  o f  £ .  For  £>16 t h i s  model i s  e i t h e r  
com p lem en ta ry  h y s t e r e s i s  o r  n o n - h y s t e r e s i s ,  t h u s  t h i s  r a n g e  
was n o t  i n v e s t i g a t e d  f u r t h e r .  However ,  f o r  £<16 t h e r e  w ere  
found  t o  be two r e g i o n s  o f  b e h a v i o u r  b o th  e x h i b i t i n g  ra n g e s  
o f  n a t u r a l  h y s t e r e s i s  and n o n - h y s t e r e s i s  b e h a v i o u r ;  t h u s  an 
exam ple  was t a k e n  f ro m  each r e g i o n .
For  each o f  t h e  two exam ples  t a k e n  t h e  h y s t e r e s i s  
l o c i  and i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  w e re  g e n e r a t e d  
u s in g  t h e  m o d i f i e d  n u m e r i c a l  t e c h n i q u e  (A p p e n d ix  A ) .  F o r  
t h e  f i r s t  e x a m p le ,  £ = 1 4 . 0 ,  under  c o n d i t i o n s  o f  compound 
b r a n c h in g  o r  w i t h  a n e g a t i v e  s p l i t t i n g  p a r a m e t e r  o n l y  
n o n - h y s t e r e s i s  b e h a v i o u r  o c c u r s .  However a p o s i t i v e  
s p l i t t i n g  p a r a m e t e r  l e a d s  t o  a c l o s e d  r e g i o n  o f  n a t u r a l  
h y s t e r e s i s  b e h a v i o u r .  As t h e  v a l u e  o f  t h e  s p l i t t i n g  
p a r a m e te r  i s  v a r i e d  t h e  fo rm  o f  t h e  h y s t e r e s i s  lo c u s  
re m a in s  t h e  same w i t h  o n l y  t h e  i n t e r c e p t s  and minimum v a l u e  
o f  i m p e r f e c t i o n  c h a n g in g ;  t h e  v a l u e  o f  o a t  w h ic h  t h i s  
minimum o c c u r s  re m a in s  c o n s t a n t .
For  t h e  second e x a m p le ,  £ = 1 . 0 ,  r e g i o n s  o f  n a t u r a l  
h y s t e r e s i s  b e h a v i o u r  o c c u r  f o r  a l l  v a l u e s  o f  t h e  s p l i t t i n g  
p a r a m e t e r .  W i t h  a n o n - z e r o  s p l i t t i n g  p a r a m e t e r  t h e  
h y s t e r e s i s  l o c i  become a s y m p t o t i c  t o  t h a t  und er  c o n d i t i o n s  
o f  compound b u c k l i n g .  A g a in ,  w i t h  a p o s i t i v e  s p l i t t i n g  
p a r a m e te r  a minimum v a l u e  o f  i m p e r f e c t i o n  norm o c c u r s .  As o 
i s  a l t e r e d  t h e  v a l u e  o f  t h i s  minimum v a r i e s  b u t  t h e  v a l u e
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o f  o) a t  w h ic h  i t  o c c u rs  re m a in s  c o n s t a n t .  W i t h  a n o n - z e r o  
s p l i t t i n g  p a r a m e t e r  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  i s  
deform ed  t o  g i v e  open s u r f a c e s  t h a t  become a s y m p t o t i c  t o  
t h e  s u r f a c e  t h a t  stems f ro m  c o n d i t i o n s  o f  compound 
b u c k ! i n g .
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CHAPTER 5
INITIAL POST-BUCKLING BEHAVIOUR OF 
LATERALLY RESTRAINED PLATES
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5 . 0  INTRODUCTION
The pu rp o se  o f  t h i s  p r e s e n t  C h a p t e r  i s  t o  s tu d y  t h e  
b e h a v i o u r  o f  t h i n ,  s i m p l y - s u p p o r t e d  l a t e r a l l y  r e s t r a i n e d  
p l a t e s  und er  u n i a x i a l  com pres s io n  and a l i n e a r l y  
d i s t r i b u t e d  l a t e r a l  p r e s s u r e .  An e x p e r i m e n t a l  and 
t h e o r e t i c a l  i n v e s t i g a t i o n  o f  t h i s  system  has been c a r r i e d  
o u t  by Sharman & Humpherson ( 1 9 6 8 ) .  S t a r t i n g  f ro m  t h e  von  
K&rm&n l a r g e  d e f l e c t i o n  e q u a t i o n s  f o r  t h i n  p l a t e s  t h e y  
o b t a i n e d  two n o n - l i n e a r  s im u l t a n e o u s  a l g e b r a i c  e q u i l i b r i u m  
e q u a t i o n s  u s i n g  t h e  Q a l e r k i n  i n t e g r a l  t e c h n i q u e .  A 
g r a p h i c a l  method was th e n  used f o r  t h e i r  s o l u t i o n  and  
t h e o r e t i c a l  l o a d - s h o r t e n i n g  c u r v e s  w ere  o b t a i n e d .  The  
e f f e c t  o f  t h e  a p p l i e d  com pres s io n  on t h e  maximum p l a t e  
d e f l e c t i o n  was a l s o  d e t e r m i n e d .
In  t h i s  p r e s e n t  s t u d y  t h e  t h e o r e t i c a l  i n v e s t i g a t i o n  
o f  Sharman & Humpherson i s  e x te n d e d  by p r o p o s in g  t h a t  t h e r e  
i s  an e q u i v a l e n t  e n e rg y  e x p r e s s i o n  f ro m  w hich  t h e  two  
s i m u l t a n e o u s  e q u a t i o n s  can be d e r i v e d  u s i n g  t h e  p r i n c i p l e  
o f  s t a t i o n a r y  t o t a l  p o t e n t i a l  e n e r g y .  T h i s  e n e rg y  
e x p r e s s i o n  i s  t h e n  t r a n s f o r m e d  i n t o  t h e  more compact  fo rm  
d is c u s s e d  i n  C h a p t e r  2 .  The a p p l i e d  l a t e r a l  l o a d i n g  i s  
e x p re s s e d  i n  p o l a r  c o o r d i n a t e  fo rm  w hich  e n a b le s  i t  t o  be 
v a r i e d  f ro m  a u n i f o r m l y  d i s t r i b u t e d  p r e s s u r e  ( s y m m e t r i c )  
d i s t r i b u t i o n  t o  a b e n d in g  p r e s s u r e  ( a n t i - s y m m e t r i c )  
d i s t r i b u t i o n .  T h i s  fo rm  o f  l a t e r a l  l o a d i n g  may be used t o  
r e p r e s e n t  t h e  i n i t i a l  g e o m e t r i c  i m p e r f e c t i o n s  i n  t h e  p l a t e  
and i s  used h e r e  t o  g e n e r a t e  t h e  i m p e r f e c t  p l a t e  b e h a v i o u r  
f ro m  t h e  g e n e r a l  t h e o r y .
In  C h a p t e r  4 a m o d i f i e d  S t e i n  m o d e l ,  w h ich  i s  
d i r e c t l y  a n a lo g o u s  t o  t h e  b e h a v i o u r  o f  f l a t  p l a t e s  i n  t h e  
p o s t - b u c k l e d  r a n g e ,  was i n v e s t i g a t e d .  I t  was found  t h a t  t h e  
b e h a v i o u r  o f  t h e  i d e a l  model was d ep en d en t  on a s i n g l e  
e n e rg y  p a r a m e t e r ,  p;  v a r i a t i o n s  o f  t h e  s p l i t t i n g  p a r a m e t e r ,  
a ,  c o u ld  be a p p l i e d  d i r e c t l y .  U s ing  t h i s  s i m p l e  model t h e  
b e h a v i o u r  o f  t h e  i m p e r f e c t  system  was s t u d i e d  and t h e  
g e n e r a l  t h e o r y  o f  C h a p t e r  2 e x te n d e d  by t h e  d e f i n i t i o n  o f
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f o u r  fo rm s o f  s t a b i l i t y  b o u n d a r i e s .
F o l l o w i n g  on f ro m  t h i s  s i m p le  model i t  was p o s s i b l e  
t o  c a r r y  o u t  a s i m i l a r  f u l l  s t u d y  o f  t h e  n a t u r a l  l o a d i n g  
b e h a v i o u r  f o r  t h e  p r e s e n t  p ro b le m .  In  t h i s  case  t h e  
b e h a v i o u r  o f  t h e  i d e a l  sys tem  depends on t h e  v a l u e  o f
P o is s o n s  r a t i o ,  i>, and t h e  p l a t e  a s p e c t  r a t i o ,  y;  
v a r i a t i o n s  o f  e i t h e r  o f  t h e s e  two q u a n t i t i e s  a u t o m a t i c a l l y  
a l t e r s  t h e  m a g n i tu d e  o f  t h e  s p l i t t i n g  p a r a m e t e r ,  o . The  
r e l a t i o n s h i p  between p l a t e  a s p e c t  r a t i o  and P o is s o n s  r a t i o  
n e c e s s a r y  f o r  compound b u c k l i n g  t o  o c c u r  i s  d e r i v e d .
The c o n d i t i o n s  on P o iss o n s  r a t i o  and p l a t e  a s p e c t
r a t i o  f o r  t h e  e x i s t e n c e  o f  i d e a l  c o u p le d  e q u i l i b r i u m  p a th s
a r e  i n v e s t i g a t e d .  The c u r v a t u r e  and s t a b i l i t i e s  o f  t h e  
i d e a l  u n c o u p led  p a t h s  and t h e  i s o l a ,  when i t  e x i s t s ,  a r e  
c o n s i d e r e d  and t h e  p l a t e  c l a s s i f i e d  a c c o r d i n g  t o  t h e  scheme  
proposed  in  C h a p t e r  2 .
In  a p r a c t i c a l  e n g i n e e r i n g  p ro b le m  i t  i s  u s u a l  t o  
have a p l a t e  o f  a p a r t i c u l a r  m a t e r i a l  and t h e n  choose t h e  
d im e n s io n s  o f  t h e  p l a t e  t o  s u i t  t h e  p a r t i c u l a r  p ro b le m  and 
t h e  t y p e  o f  b e h a v i o u r  r e q u i r e d .  T h e r e f o r e  t h r e e  s p e c i f i c  
exam ples  a r e  t a k e n  ( w h ic h  a r e  r e p r e s e n t a t i v e  o f  p l a t e s  w i t h  
a z e r o ,  n e g a t i v e  and p o s i t i v e  s p l i t t i n g  p a r a m e t e r )  by 
t a k i n g  a v a l u e  o f  P o is s o n s  r a t i o  and v a r y i n g  t h e  p l a t e  
a s p e c t  r a t i o  t o  a l t e r  t h e  s i g n  o f  t h e  s p l i t t i n g  p a r a m e t e r .  
The v a l u e  o f  P o iss o n s  r a t i o  t a k e n  i s  u = 0 . 2 7 .  T h i s  i s  q u o te d  
i n  v a r i o u s  t e x t s  as a lo w e r  bound f o r  m i l d  s t e e l .
From a c o n s i d e r a t i o n  o f  t h e  form s o f  t h e  s t a b i l i t y
b o u n d a r i e s ,  d e f i n e d  in  C h a p t e r  4 ,  i t  i s  d e t e r m in e d  w h e t h e r  
t h e  sys tem  w i l l  behave s t a t i c a l l y ,  p a r t i a l l y  d y n a m i c a l l y  o r  
d y n a m i c a l l y  f o r  a l l  c o m b i n a t i o n s  o f  t h e  two i m p e r f e c t i o n s .
Us in g  t h e  m o d i f i e d  n u m e r i c a l  t e c h n i q u e  ( A p p e n d ix  A)  
t h e  h y s t e r e s i s  locus  f o r  each exam ple  i s  o b t a i n e d  and t h e  
c o m p le te  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s ,  o f  t h e  n a t u r a l  
e q u i l i b r i u m  p a t h s ,  a r e  g e n e r a t e d .
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For  s i g n i f i c a n t  i m p e r f e c t i o n  a n g le s  i n  each exam ple  
t h e  b u c k le d  fo rm  o f  t h e  p l a t e ,  a lo n g  t h e  l o n g i t u d i n a l  
c e n t r e l i n e ,  i s  t h e n  p l o t t e d .
5 .1  GENERAL CONSIDERATIONS
5 . 1 . 1  PROBLEM FORMULATION AND TOTAL POTENTIAL ENERGY
The b e h a v i o u r  o f  a t h i n  s h o r t  r e c t a n g u l a r  p l a t e ,  
loaded  by a u n i a x i a l  i n - p l a n e  co m press io n  and a l i n e a r l y  
d i s t r i b u t e d  l a t e r a l  p r e s s u r e ,  as shown i n  F i g u r e s  5 . 1  and 
5 . 2 ,  i s  c o n s i d e r e d .  The p l a t e  has a b en d in g  r i g i d i t y  D and 
i s  made o f  an i s o t r o p i c  and homogeneous m a t e r i a l  o f  Youngs  
modulus E and P o is s o n s  r a t i o  u.  The s i m p ly  s u p p o r te d  
boundary  c o n d i t i o n s  around  t h e  edges o f  t h e  p l a t e  a r e  such  
t h a t  t h e  o u t  o f  p l a n e  d i s p l a c e m e n t ,  w, i s  z e r o ,  as a r e  t h e  
t a n g e n t i a l  moment v e c t o r s .  The load ed  edges o f  t h e  p l a t e  
a r e  f r e e  t o  t r a n s l a t e  i n  t h e  x - d i r e c t i o n  b u t  a r e  
c o n s t r a i n e d  t o  re m a in  s t r a i g h t  and p a r a l l e l .  The u n lo a d e d  
edges a r e  c o n s t r a i n e d  t o  r e m a in  s t r a i g h t  and p a r a l l e l  and  
a r e  a l s o  h e l d  r i g i d l y  a p a r t .  The s h e a r  s t r e s s e s  a t  t h e  
edges o f  t h e  p l a t e  a r e  a l s o  z e r o .  These boundary  c o n d i t i o n s  
may be e x p re s s e d  m a t h e m a t i c a l l y  as
X II o a t x = 0 X = a
X ii o a t y = 0 y = b
oII* a t X = 0 X a
X X
w, = 0 a t y = 0 y r byy
u = c o n s t a n t 14. O a t X = 0
c ii o a t X = 0 X a
y
c * ii o a t y = 0 y by
v =  0 a t y = 0 y = b
< * i
i o a t y = 0 y b
X oII> a t X = 0 X — a
X
w here  a comma f o l l o w e d  by a s u b s c r i p t  w r i t t e n  a f t e r  a 
v a r i a b l e  d en o te s  p a r t i a l  d i f f e r e n t i a t i o n  o f  t h e  v a r i a b l e  
w i t h  r e s p e c t  t o  t h e  s u b s c r i p t ,  th u s
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w, = 0 2W 
xy axay
( 5 . 2 )
F i g u r e  5 . 1 :  P l a t e  g e o m e try  i n  t h e  u n b u c k le d  mode
The a p p l i e d  l a t e r a l  l o a d i n g  on t h e  p l a t e  i s  used t o  
g e n e r a t e  t h e  i n i t i a l  g e o m e t r i c  i m p e r f e c t i o n s .  A t r a p e z o i d a l  
d i s t r i b u t i o n  o f  p r e s s u r e  g i v e n  by
1 - 2 x j  s inO ]  ( 5 . 3 )
i s  used where e i s  a d i m e n s i o n ! e s s  p r e s s u r e  norm and 0  i s  a
p = 1 fD 1 e [co s0  -
m
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p a r a m e t e r  w h ich  e n a b le s  t h e  l a t e r a l  p r e s s u r e  t o  be v a r i e d  
f ro m  a u n i f o r m l y  d i s t r i b u t e d  component ( s y m m e t r i c )  when 
0 =0 , t o  a b e n d in g  component ( a n t i  s y m m e t r ic )  when 0 = jr /2 ; 
see  F i g u r e  5 . 2 .  T h i s  t y p e  o f  l o a d i n g  has been a p p r o x i m a t e l y  
r e a l i s e d  e x p e r i m e n t a l l y  by Sharman & Humpherson ( 1 9 6 8 )  and 
by t h e  p r e s e n t  a u t h o r  ( C h a p t e r  6 ) .
e ( c o s 5 -s in t f )
P =
Eh
1- 2x
a
s i nd ]
F i g u r e  5 . 2 :  A p p l i e d  l a t e r a l  p r e s s u r e  and i t s  components
A two-mode d e f l e c t i o n  f u n c t i o n  w h ic h  s a t i s f i e s  t h e  
boundary  c o n d i t i o n s  o f  t h i s  p l a t e  i s  t a k e n  as
w =
[m ]
1/2 (u  sinrcx + u s i n 2jrrx)sinjry 
1 a 2 a ”"E>
( 5 . 4 )
N e g l e c t i n g  t h e  e f f e c t  o f  t h e  a p p l i e d  c o m p r e s s io n ,  t h e  u^ 
t e r m  a p p r o x i m a t e l y  d e s c r i b e s  t h e  d e f l e c t i o n  und er  a 
u n i f o r m l y  d i s t r i b u t e d  p r e s s u r e .  S u p e r im p o s in g  t h e  ug t e r m  
t h e  two te rm s  t o g e t h e r  c l o s e l y  r e p r e s e n t  t h e  asymmetry  o f  
t h e  d e f l e c t i o n .  T h i s  a p p l i e s  t o  any a s p e c t  r a t i o  o f  t h e  
p l a t e .  However ,  when t h e  i n - p l a n e  co m p res s io n  i s  a p p l i e d  
w i t h  no l a t e r a l  l o a d i n g  t h e  d e f l e c t i o n  f u n c t i o n  i s  o n l y  
a p p l i c a b l e  o v e r  a p a r t i c u l a r  r a n g e  o f  a s p e c t  r a t i o s ;  t h i s  
i s  d is c u s s e d  i n  more d e t a i l  l a t e r .
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The von K&rm&n l a r g e  d e f l e c t i o n  e q u a t i o n s  f o r  t h i n  
p l a t e s  have been s o l v e d  by Sharman & Humpherson ( 1 9 6 8 )  
u s i n g  t h e  G a l e r k i n  i n t e g r a l  t e c h n i q u e  t o  g e n e r a t e  two  
n o n - l i n e a r  s i m u l t a n e o u s  a l g e b r a i c  e q u a t i o n s  g o v e r n in g  t h e  
i n i t i a l  p o s t - b u c k l i n g  e q u i l i b r i u m  o f  t h e  p l a t e .  These may 
be w r i t t e n  as
u ( T u 2 + Q u 2 - M )  -  R = 0 ( 5 . 5 a )
i x 3  1 l  2  3 y 1
u ( T u 2 + Q u 2 - M )  -  R = 0 ( 5 . 5 b )
2  4 2  1 1  4 2
w here
and
T = ( 1 + 3 / )
3 — rs—
T .  = ( 1 6 + 3 / )
4  TS--
Q t  = ( 2 + 3 / )  +  8 1 /  +  /
8 1 6 ( 1 + 4 / ) 2 1 6 ( 9 + 4 / ) 2
M = A ( i + / i > )  -  ( 1 + / ) 2 ( 5 . 6 a )
3  x
M = A ( 4 + / t > )  -  ( 4 + / ) 2
4 x
R = 1 6 e1___ __  l
2i t
R = 4  e
2   2
2Jt
V = a / b
= ecos© ( 5 . 6 b )
e = £ s i n 0 
2
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5 . 1 . 2  BRANCHING LOADS OF THE IDEAL SYSTEM AND TRANSFORMED 
TOTAL POTENTIAL ENERGY 
The two b r a n c h in g  lo a d s  o f  t h e  i d e a l  sys tem  may be 
o b t a i n e d  f ro m  t h e  above e q u i l i b r i u m  e q u a t i o n s  by s e t t i n g  
t h e  l a t e r a l  l o a d i n g  in  e q u a t i o n s  ( 5 . 5 )  t o  z e r o
R = 01
R = 0
2
and s o l v i n g  t h e  l i n e a r i s e d  e q u a t i o n s .  T h i s  y i e l d s  t h e  two  
b u c k l i n g  lo ad s  as
At = ( 1 2 + r r  = ( n 2 + * 2 ) 2 ( 5 . 7 a )
Az = ( 4  + y ) = (m2 + y ) ( 5 . 7 b )
1 Y2 ) 2 Y )
( 12 + A ) ( n 2 + Y2* )
2 Y2 ) 2 Y2 ) 2
( 4 2 + ?2i>) (m2 + Y2p)
and m= 2 . E q u a t io n s  ( 5
as •
( r 2 + 72) 2
( r 2 + Y2^ )
In  te r m s  o f  t h e  n o n - d i m e n s i o n a l  p a r a m e te r s  b e i n g  used
A = A Jtz D ( 5 . 8 )
r r 2 a
Thus t h e  b u c k l i n g  load  o f  a l a t e r a l l y  r e s t r a i n e d  p l a t e  i n t o  
r  h a l f w a v e s  may be w r i t t e n  more c o n v e n t i o n a l l y  as
A = (k  ) n 0  ( 5 . 9 )
r  c---r --------
b2
w here  t h e  b u c k l i n g  s t r e s s  c o e f f i c i e n t ,  k , i s  g i v e n  by
c
(k  ) = ( r 2 + * 2 ) 2 ( 5 . 1 0 )c r ------------------------
2 / 2  i 2  \Y ( r  + y » )
In  F i g u r e  5 . 3  t h e  b u c k l i n g  s t r e s s  c o e f f i c i e n t ,  ( k  ) ,
c r
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i s  p l o t t e d  a g a i n s t  p l a t e  a s p e c t  r a t i o ,  y ,  f o r  s e v e r a l  
v a l u e s  o f  P o is s o n s  r a t i o ,  v t i n  t h e  r a n g e  0.0£i><;0.5 and f o r  
r = 1 , 2 .  For  t h e  case  o f  p = 0 . 0  t h e  c u r v e s  a r e  i d e n t i c a l  t o  
t h o s e  f o r  a s i m p ly  s u p p o r te d  p l a t e  f r e e  t o  
expand l a t e r a l l y .  When p = 0 .5  t h e r e  i s  no i n t e r s e c t i o n  o f  
t h e  r = 1 , r =2 c u r v e s ;  t h i s  i m p l i e s  t h a t  such p l a t e s  w i l l
a lw a y s  b u c k l e  i n t o  a o n e - h a l f w a v e  fo rm  f i r s t  i r r e s p e c t i v e  
o f  t h e  a s p e c t  r a t i o  o f  t h e  p l a t e .
The c o n d i t i o n  on a s p e c t  r a t i o  and P o is s o n s  r a t i o  
n e c e s s a r y  f o r  compound b u c k l i n g  t o  o c c u r  i s  found by 
e q u a t i n g  (k  ) and ( k  ) where  m=n+1. Thus
c n c m
( n 2 + y2 ) 2 = (m2 + y2 ) 2
( n 2 + y2i>) (m2 + y2v )
A f t e r  some a l g e b r a  t h i s  y i e l d s
( 1 - 2 i > ) /  " ( n 2+m2 )iry2 -  n2m2 = 0 ( 5 . 1 1 )
The s o l u t i o n  o f  y2 i s  g i v e n  by
y2 = ( n 2+m2 )i> + / [  ( n 2+m2 ) 2y 2 + 4 (  1 -2 i>)n2m2 ] ( 5 . 1 2 )
c --------------------------------- s r r a j ) --------------------------------
w here  y i s  t h e  a s p e c t  r a t i o  f o r  a g i v e n  P o is s o n s  r a t i o  a t
C
compound b u c k l i n g .
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\?= 0.175
r=1
1. 0 -
0.0 —i 
2-0
— i—
4.01.0 3.0
F i g u r e  5 . 3 :  P l o t  o f  a s p e c t  r a t i o  a g a i n s t  b u c k l i n g  s t r e s s  
c o e f f i c i e n t  f o r  P o iss o n s  r a t i o  p = 0 . 0 ,  0 . 1 7 5 ,  0 . 3 5  & 0 . 5 ,
f o r  t h e  case  o f  r = 1 , 2
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Thus f ro m  e q u a t i o n  ( 5 . 1 2 )  i t  can be seen t h a t  f o r  y
C
t o  have  r e a l  v a l u e s
( 1 -2i>) > 0 ( 5 . 1 3 )
I n e q u a l i t y  ( 5 . 1 3 )  h o ld s  f o r  v a l u e s  o f  v i n  t h e  r a n g e  
0 £ v £ 0 . 5
t h i s  a l s o  c o r r e s p o n d s  t o  t h e  r a n g e  o f  v a l u e s  o f  P o is s o n s  
r a t i o  v a l i d  f o r  c o m p r e s s ib le  s o l i d s .
Hence t h e  compound b u c k l i n g  l o a d ,  A , i s  g i v e n  as
The c u r v e  r e p r e s e n t i n g  s i m u l t a n e o u s  b u c k l i n g  i n t o
o n e -  and t w o - h a l f w a v e s  i s  o b t a i n e d  by s o l v i n g  e q u a t i o n
( 5 . 1 2 )  f o r  n = 1 ,  m=2; t h i s  i s  p l o t t e d  i n  F i g u r e  5 . 3  as a
c h a in  l i n e .  From t h i s  i t  i s  seen t h a t  f o r  p l a t e s  o f  a
p a r t i c u l a r  m a t e r i a l  i f  t h e  a s p e c t  r a t i o  i s  l e s s  t h a n  y
C
t h e n  t h e  p l a t e  w i l l  b u c k l e  f i r s t  i n t o  a o n e - h a l f w a v e  f o r m ;  
f o r  y>y t h e  p l a t e  w i l l  f i r s t  b u c k l e  i n t o  a t w o - h a l f w a v e
C
f o r m .
The c u r v e  r e p r e s e n t i n g  s im u l t a n e o u s  b u c k l i n g  i n t o
o n e -  and t w o - h a l f w a v e s  i s  shown (on a p l o t  o f  a s p e c t  r a t i o  
a g a i n s t  P o is s o n s  r a t i o )  i n  F i g u r e  5 . 4  i n  t h e  r a n g e  0£i>^0.6.  
S in c e  no compound b u c k l i n g  p o i n t s  o c c u r  f o r  i>=0 .5 ,  t h e  
r = 1 , 2  c u r v e  i s  a s y m p t o t i c  t o  a v a l u e  o f  0 . 5 .  I t  can a l s o  be  
seen f ro m  t h i s  F i g u r e  t h a t  when p = 0 . 0 ,  y = / 2  w h ich  a g r e e s
C
w i t h  t h e  c l a s s i c a l  t h e o r y  f o r  a s i m p ly  s u p p o r t e d  p l a t e  f r e e  
t o  expand l a t e r a l l y .
c
A = ( r 2 + y 2 ) 2 
c ___________ c
( r 2 + y 2u )
C
( 5 . 1 4 )
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F i g u r e  5 . 4 :  P l o t  o f  a s p e c t  r a t i o  a g a i n s t  P o is s o n s  r a t i o
d e f i n i n g  t h e  r e g i o n  o f  N o n - E x i s t e n c e
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From c l a s s i c a l  l i n e a r  t h e o r y  a s i m p ly  s u p p o r te d  p l a t e
( f r e e  t o  expand l a t e r a l l y )  w i t h  an a s p e c t  r a t i o  o f  y< / 2
w i l l  b u c k l e  i n t o  o n e - h a l f w a v e  l o n g i t u d i n a l l y ;  t h i s  i s
c o v e r e d  by t h e  u t e r m  i n  e q u a t i o n  ( 5 . 4 ) .  Fo r  a s p e c t  r a t i o s1
in  t h e  r a n g e  / 2 <y< / 6  t h e  b u c k l e  mode i s  t w o - h a l f w a v e s  
l o n g i t u d i n a l l y ;  t h e  u t e r m  c o v e r s  t h i s .  However  f o r  t h e  
r a n g e  / 6 <-y< / 1 2  t h e  p l a t e  b u c k le s  i n t o  t h r e e - h a l f w a v e s ;  t h i s  
mode c a n n o t  be accommodated by t h e  p roposed  d e f l e c t i o n  
f u n c t i o n  ( e q u a t i o n  ( 5 . 4 ) ) .  Thus under  a x i a l  c o m p res s io n  
e q u a t i o n  ( 5 . 4 )  i s  v a l i d  o n l y  f o r  n = 1 ,  m=2; t h e  c u t - o f f  f o r  
t h e  r e g i o n  o f  i n t e r e s t  h e r e  i s  t h e r e f o r e  g i v e n  by t h e  c u r v e  
r e p r e s e n t i n g  s i m u l t a n e o u s  b u c k l i n g  i n t o  t w o -  and  
t h r e e - h a l f w a v e s ;  t h i s  i s  shown as t h e  b ro k e n  c u r v e  p l o t t e d  
i n  F i g u r e  5 . 3  and t h e  lo w e r  c u r v e ,  r = 2 , 3 ,  i n  F i g u r e  5 . 4 .
The e q u i l i b r i u m  e q u a t i o n s  o f  t h e  i m p e r f e c t  s y s te m ,  in  
o r i g i n a l  c o o r d i n a t e s ,  may be w r i t t e n  f ro m  t h e  g e n e r a l  
t h e o r y  as
I t  i s  p roposed  t h a t  t h e r e  i s  an E q u i v a l e n t  E n ergy  
E x p r e s s i o n  f o r  t h i s  p l a t e  f ro m  w hich  e q u a t i o n s  ( 5 . 1 5 )  can  
be d e r i v e d  u s in g  t h e  P r i n c i p a l  o f  S t a t i o n a r y  T o t a l  
P o t e n t i a l  E n e rg y .  The c o e f f i c i e n t s  o f  t h i s  e x p r e s s i o n  a r e  
o b t a i n e d  by com par ing  e q u a t i o n s  ( 5 . 5 )  w i t h  t h e  e q u i l i b r i u m  
e q u a t i o n s  ( 5 . 1 5 )  above.*  T h i s  y i e l d s  t h e  c o e f f i c i e n t s  o f  t h e  
e q u i v a l e n t  e n e rg y  e x p r e s s i o n  g i v e n  in  T a b l e  5 . 1 .
( 5 . 15a )
u + IV  u * + 
2 2 2 2  2 11 2 2  1
( 5 . 15b)
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C o e f f i c i e n t V a l  ue
V 3 (1  + 3 ? 4 )m i S
V 3 ( 1 6  + 3 y 4 )2222 S
V 1122 ( 2 + 3 7 4 ) + 8 I 7 4 + -y4
4 8 ( 1 + 1 y 2) 2 8 ( 9 + 4 y 2) 2
V A l  lA " ( 1  + 7 2p )
V A22 A - ( 4  + y 2p )
V - 1 6i e —  ■■■■■1 2n
V - 82 £ ■2 2n
T a b l e  5 . 1 :  T o t a l  p o t e n t i a l  e n e rg y  c o e f f i c i e n t s  f o r  t h e
l a t e r a l l y  r e s t r a i n e d  p l a t e
The t r a n s f o r m e d  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n ,  
e q u a t i o n  ( 2 . 3 ) ,  i s  found  by i n t r o d u c i n g  t h e  i n c r e m e n t a l  
l o a d i n g  p a r a m e t e r ,  X, g i v e n  by
X = A -  A ( 5 . 1 6 )l
A
c
t h e  s p l i t t i n g  p a r a m e te r  d e f i n e d  by
a = A -  A ( 5 . 1 7 )2 1
A
c
and t h e  f o l l o w i n g  t r a n s f o r m a t i o n  o f  c o o r d in a te s
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V, = U / ( 1  + y2t>) ( 5 . 1 8 a )
v = u / ( 4  + y2i>) ( 5 . 1 8 b )
n = 16e ( 5 . 1 8 c )
i t2A / ( 1  + y2t>)
c
r)2 = 8ez ( 5 . 18d)
jt2A / ( 4  + y2i>)
c
From e q u a t i o n s  ( 2 . 4 )  and T a b l e  5 . 1  t h e  c o e f f i c i e n t s  o f  t h e  
t r a n s f o r m e d  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n ,  n o r m a l i s e d  
w i t h  r e s p e c t  t o  A , a r e
c
a = (1 + 3 y 4 ) ( 5 . 1 9 a )
1 6 ( 1 + y 2p ) 2A
C
( 2 + 3 y 4 ) + 81y 4 + y 4
b = 4_______ 8 ( 1 + 4 y 2 ) 2 8 ( 9 + 4 y 2 ) 2 ( 5 . 1 9 b )
2 ( 1+y2 i>) ( 4 + y zi>)A
c
c = ( 16+3y4) ( 5 . 1 9 c )
1 6 ( 4 + y 2i>)2A
V a lu e s  o f  t h e  s p l i t t i n g  p a r a m e t e r ,  a ,  have been  
c a l c u l a t e d  f o r  a t y p i c a l  v a l u e  o f  P o is s o n s  r a t i o  o f  i>= 0 . 2 7  
and a r e  p l o t t e d  i n  F i g u r e  5 . 5  f o r  t h e  r a n g e  0 . 5 ^ ^ 3 . 0 .  T h i s  
F i g u r e  shows t h a t  f o r  y>y  t h e  s p l i t t i n g  p a r a m e t e r  i s
C
n e g a t i v e ;  how eve r ,  f o r  y<y o i s  p o s i t i v e ,  i n c r e a s i n g
c
r a p i d l y  f ro m  z e r o .  To t h e  o r d e r  o f  t h e  a n a l y s i s  u s e d ,  t h e  
s p l i t t i n g  p a r a m e te r  i s  assumed t o  be s m a l l .  T h i s  t h e r e f o r e  
p l a c e s  a f u r t h e r  r e s t r i c t i o n  on t h e  r a n g e  o f  p l a t e  a s p e c t  
r a t i o  t o  be i n v e s t i g a t e d .
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F ig u r e  5 . 5 :  P l o t  o f  th e  s p l i t t i n g  param eter  versus  a s p e c t
r a t i o  f o r  t h e  case o f  i>=0.27
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5 . 1 . 3  CENTRAL POLYNOMIAL FORM AND EXISTENCE 
CONSIDERATIONS
The f i r s t  s t a g e  i n  t h e  c l a s s i f i c a t i o n  i s  t o  d e t e r m i n e  
w h e t h e r  t h e  sys tem  i s  a N o n - E x i s t e n c e  o r  an E x i s t e n c e  c a s e .  
As o n l y  n o n - e x i s t e n c e  systems a r e  t o  be c o n s i d e r e d  h e r e  i t  
i s  n e c e s s a r y  t o  f i n d  t h e  r a n g e  o f  v a l u e s  o f  P o is s o n s  
r a t i o  and t h e  p l a t e  a s p e c t  r a t i o  f o r  w h ic h  t h e  q u a n t i t i e s  
( a - b )  and ( c - b )  a r e  o f  o p p o s i t e  s i g n .
S u b s t i t u t i n g  t h e  v a l u e s  o f  c and b f ro m  e q u a t i o n s  
( 5 . 1 9 )  i n t o  t h e  e x p r e s s i o n  ( c - b ) = 0  y i e l d s  no r e a l  s o l u t i o n ;  
th u s  t h e  s i g n  o f  t h e  q u a n t i t y  ( c - b )  does n o t  change as y 
and v a r e  v a r i e d .  S i m i l a r l y  s u b s t i t u t i n g  t h e  v a l u e s  o f  a 
and b ( e q u a t i o n s  ( 5 . 1 9 ) )  i n t o  t h e  e x p r e s s i o n  ( a - b ) = 0  y i e l d s  
t h e  ( a - b )  boundary  as
v -  8A -  4 -  1 2 /  ( 5 . 2 0 )
/  + 3 /  -  8yzA
where
A = ( 2 + 3 / )  + 8 1 /  + /
4 8 ( 1 + 4 / ) 2 8 ( 9 + 4 / ) 2
T h i s  boundary  i s  shown in  F i g u r e  5 . 4 .
From e q u a t i o n s  ( 5 . 1 9 )  i t  can be seen t h a t  f o r  v a l u e s  
o f  P o is s o n s  r a t i o  in  t h e  r a n g e  0£p <0 . 5  t h e  c o e f f i c i e n t s  a ,  
b and c a r e  a lw a y s  p o s i t i v e .  V a lu e s  o f  t h e  c o e f f i c i e n t s  a ,  
b ,  and c have been c a l c u l a t e d  f o r  a v a l u e  o f  P o is s o n s  r a t i o  
o f  p = 0 .2 7  and a r e  p l o t t e d  in  F i g u r e  5 . 6  i n  t h e  r a n g e  
0.5< :y^3 .0 .  T h i s  shows t h a t  f o r  t h e s e  l i m i t s  a ,  b ,  and c a r e  
a l l  p o s i t i v e  and w i t h i n  t h e  n o n - e x i s t e n c e  r a n g e
( a - b )  > 0
( c - b )  < 0
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F i g u r e  5 . 6 :  P l o t  o f  t h e  t r a n s f o r m e d  e n e rg y  f u n c t i o n
c o e f f i c i e n t s  a ,  b and c v e r s u s  a s p e c t  r a t i o  f o r  t h e  case  o f
i>=0. 27
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Thus t h e  shaded a r e a  o f  F i g u r e  5 . 4  i s  t h e  r e g i o n  o f  
n o n - e x i s t e n c e  f o r  t h e s e  p l a t e s  and f ro m  T a b l e  2 . 1  t h e s e  
systems a r e  c l a s s i f i e d  as
SYSTEM 2 . 1 +
In F i g u r e  5 . 5  t h e  p o i n t s  M and N mark t h e  bounds o f  
t h e  n o n - e x i s t e n c e  r a n g e  f o r  a v a l u e  o f  P o is s o n s  r a t i o  o f  
p = 0 . 2 7 .  R e f e r r i n g  back t o  F i g u r e  5 . 4  i t  i s  seen t h a t  t h e  
span o f  t h e  n o n - e x i s t e n c e  r a n g e  l e n g t h e n s  o r  s h o r t e n s  as i> 
i s  r e d u c e d  o r  i n c r e a s e d  r e s p e c t i v e l y .  F i g u r e  5 . 5  may be 
t a k e n  as r e p r e s e n t a t i v e  o f  t h e  g e n e r a l  fo rm  o f  t h e
t r a n s f o r m e d  e n e rg y  c o e f f i c i e n t s  p l o t t e d  a g a i n s t  p l a t e  
a s p e c t  r a t i o  f o r  any P o is s o n s  r a t i o  i n  t h e  r a n g e  0 < p < 0 . 5 .
5 . 1 . 4  FORM AND S T A B IL ITY  OF THE EQUILIBRIUM PATHS
The s i g n s  o f  t h e  c u r v a t u r e s  o f  t h e  two u n c o u p le d
p a th s  i n  t h e  l o a d - d i s p l a c e m e n t  p l a n e s  a r e  g i v e n  by t h e  s i g n  
o f  t h e  c o e f f i c i e n t s  a and c ( s u b s e c t i o n  2 . 2 . 1 ) .  From F i g u r e
5 . 5  i t  i s  seen t h a t  i n  t h e  n o n - e x i s t e n c e  r a n g e
a > c > 0
Thus b o th  u n c o u p led  e q u i l i b r i u m  p a th s  r i s e  w i t h  r e s p e c t  t o  
l o a d .  In  a d d i t i o n ,  b o th  u n c o u p led  p a t h s  have p o s i t i v e
s t i f f n e s s  w i t h  t h e  v p a t h  l e s s  s t i f f  t h a n  t h e  v p a t h .  
T h i s  i m p l i e s  t h a t  t h e  s i n g l e  b u c k l e  mode i s  s t i f f e r  t h a n  
t h e  t w o - h a l f w a v e  fo r m .
The s i g n  o f  t h e  c u r v a t u r e  o f  t h e  i s o l a  i n  t h e
l o a d - d i s p l a c e m e n t  p l a n e s  i s  g o v ern ed  by t h e  s i g n  o f  t h e  
q u a n t i t y  ( a c - b  ) and t h e  s i g n  o f  ( a - 2 b+ c )  d e t e r m i n e s  a l o n g  
which  d i s p l a c e m e n t  a x i s  t h e  m a jo r  a x i s  o f  t h e  e l l i p s e  l i e s .  
A g a in ,  t a k i n g  p = 0 .2 7  as a t y p i c a l  v a l u e  o f  P o is s o n s  r a t i o ,  
t h e s e  two c o e f f i c i e n t s  have been c a l c u l a t e d  and a r e  p l o t t e d  
i n  F i g u r e  5 . 7  f o r  t h e  r a n g e  0 . 5 £ ? £ 3 . 0 .  I t  can be seen t h a t  
i n  t h e  n o n - e x i s t e n c e  ra n g e  o f  p l a t e  a s p e c t  r a t i o ,  ( a c - b  ) 
and ( a - 2b+c )  a r e  b o th  n e g a t i v e ;  t h i s  c o r r e s p o n d s  t o  r e g i o n  
a )  o f  t h e  m o d i f i e d  S t e i n  model ( s u b s e c t i o n  4 . 1 . 4 ) .
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F ig u r e  5 . 7 :  P l o t  o f  t h e  q u a n t i t i e s  ( a c - b 2) and ( a - 2 b + c )
versus aspect  r a t i o  f o r  t h e  case o f  i>=0.27
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T hu s ,  f ro m  C h a p t e r  2 ,  when no i s o l a  e x i s t s  (a £ 0 )  t h e  
v u n c o u p le d  e q u i l i b r i u m  p a t h  i s  u n s t a b l e  t o  t h e  f i r s t  
d e g re e  b u t  t h e  v u n c o u p l e d  p a t h  i s  s t a b l e .  W i t h  a p o s i t i v e  
s p l i t t i n g  p a r a m e t e r  t h e  i s o l a  i s  u n s t a b l e  t o  t h e  f i r s t  
d e g re e  and has p o s i t i v e  s t i f f n e s s .  The v u n c o u p le d  p a t h  i s  
s t a b l e  becoming u n s t a b l e  t o  t h e  f i r s t  d e g re e  a t  an u n s t a b l e  
s e c o n d a ry  b i f u r c a t i o n  p o i n t ,  t h e  v u n c o u p le d  p a th  i s  
u n s t a b l e  t o  t h e  f i r s t  d e g re e  becoming s t a b l e  a t  a sec o n d a ry  
b i f u r c a t i o n  p o i n t .  The m a jo r  a x i s  o f  t h e  i s o l a ,  when i t  
e x i s t s ,  l i e s  a lo n g  t h e  v^ a x i s .
5 . 1 . 5  CLASSIF ICATION OF THE SYSTEM
The sys tem  c l a s s i f i c a t i o n  proposed in  C h a p t e r  2 i s  
based on t h e  number o f  c r i t i c a l  p o i n t s  t h a t  o c c u r  on t h e  
c o u p le d  p a t h s  when each i m p e r f e c t i o n  i s  a p p l i e d  a l o n e .  T h i s
scheme i s  g o v ern ed  by t h e  m a g n i tu d e  o f  t h e  i m p e r f e c t i o n
2 2 norm and t h e  s i g n  o f  t h e  q u a n t i t i e s  ( a c - b  ) ,  ( 3 a c - b c - 2 b  )
o
and ( 3 a c - a b - 2 b  ) .  These t h r e e  c o e f f i c i e n t s  a r e  p l o t t e d  in  
F i g u r e  5 . 8  f o r  a v a l u e  o f  P o is s o n s  r a t i o  o f  i>=0 .27 .  From 
t h i s  i t  i s  seen t h a t  w i t h i n  t h e  n o n - e x i s t e n c e  r a n g e  o f  
p l a t e  a s p e c t  r a t i o  t h e y  a r e  a lw a y s  n e g a t i v e ;  t h i s  c o n d i t i o n  
c o r r e s p o n d s  t o  r e g i o n  a )  o f  t h e  m o d i f i e d  S t e i n  model  
( s u b s e c t i o n  4 . 1 . 5 ) .  Thus ,  f ro m  T a b l e s  2 . 1 0  and 2 . 1 3 ,  t h e  
c l a s s i f i c a t i o n  o f  t h e s e  systems i s  g i v e n  i n  T a b l e  5 . 2  
b e lo w .
(7>0
oIIb a<0
oII3 NH NH
T7<n*N on-H  
T]>r|* NH
(i)=Jt/2
r j < n *  NH 
r^rj^Non-H Non-H Non-H
T a b le  5 . 2 :  C l a s s i f i c a t i o n  o f  th e  l a t e r a l l y  r e s t r a i n e d  p l a t e
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F i g u r e  5 . 8 :  P l o t  o f  t h e  q u a n t i t i e s  ( a c - b  ) ,  ( 3 a c - b c - 2 b  )
and ( 3 a c - a b - 2 b z ) versus  as pe c t  r a t i o  f o r  t h e  case o f  v - 0 . 2 7
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For  compound b u c k l i n g  systems w i t h i n  t h e  
n o n - e x i s t e n c e  r a n g e ,  t h a t  i s  systems f o r  w h ich  e q u a t i o n
( 5 . 1 2 )  h o l d s ,  t h e  v a l u e  o f  t h e  h y s t e r e s i s  a n g l e ,  <o , i s
H I
c o n s t a n t  w i t h  i m p e r f e c t i o n  norm b u t  depends on t h e  v a l u e  o f  
i> and y ,  The v a r i a t i o n  o f  q w i t h  r e s p e c t  t o  v and y hasH1
been found  u s in g  t h e  m o d i f i e d  n u m e r ic a l  t e c h n i q u e  and i s  
p l o t t e d  in  F i g u r e  5 . 9 .
F i g u r e  5 . 9 :  P l o t  o f  t h e  h y s t e r e s i s  a n g l e ,  <o , v e r s u sH1
P o is s o n s  r a t i o  and a s p e c t  r a t i o  under  c o n d i t i o n s  o f
compound b u c k l i n g
To i n v e s t i g a t e  t h e  n o n - e x i s t e n c e  r a n g e  o f  t h e s e  
p l a t e s  a f u r t h e r  t h r e e  exam ples  a r e  now t a k e n  w h ic h  a r e  
r e p r e s e n t a t i v e  o f  t h e  g e n e r a l  b e h a v i o u r  o f  t h i s  s y s te m .  
From F i g u r e  5 . 4  i t  i s  seen t h a t  f o r  m a t e r i a l s  o f  P o is s o n s  
r a t i o  i><0.309 t h e  n o n - e x i s t e n c e  r a n g e  can be s t u d i e d  w i t h  a 
z e r o ,  n e g a t i v e  and p o s i t i v e  s p l i t t i n g  p a r a m e t e r .  H o w ever ,  
f o r  i>>0.309 t h e  n o n - e x i s t e n c e  r a n g e  o n l y  e x i s t s  f o r
n e g a t i v e  v a l u e s  o f  a .  Thus f o r  t h e  exam ples  a v a l u e  o f  
P o is s o n s  r a t i o  o f  i>=0.27 was t a k e n  and t h e  p l a t e  a s p e c t  
r a t i o  v a r i e d  t o  o b t a i n  a z e r o ,  n e g a t i v e  and p o s i t i v e  v a l u e  
o f  a .  T h i s  v a l u e  o f  v i s  q u o te d  in  v a r i o u s  t e x t s  as a low er  
bound f o r  m i l d  s t e e l .  In  each case  a t t e n t i o n  i s  fo c u s e d  on 
t h e  p r a c t i c a l  b e h a v i o u r  o f  t h e s e  p l a t e s  and so o n l y  t h e  
n a t u r a l  e q u i l i b r i u m  p a t h s  a r e  c o n s i d e r e d .  The exam ples  
t a k e n  a r e
y = 2 . 1 8 2  <7= 0 . 0
7 = 2 . 5 0 0  < j= -0 . 05 7
7 = 1 . 7 5 0  a = + 0 . 1 3 9
5 . 2  7 = 2 . 1 8 2  EXAMPLE
o = 0 . 0
Under t h i s  c o m b i n a t i o n  o f  P o is s o n s  r a t i o  and p l a t e  
a s p e c t  r a t i o  compound b u c k l i n g  o c c u r s .  T h i s  has p r e v i o u s l y  
been i n v e s t i g a t e d  by Johnson ( 1 9 8 6 )  and W icks  ( 1 9 8 8 )  b u t  i s
i n c l u d e d  h e r e  t o  a c t  as a com par ison  f o r  t h e  exam ples  w i t h
a n o n - z e r o  s p l i t t i n g  p a r a m e t e r .
5 . 2 . 1  EQUILIBRIUM PATHS AND HYSTERESIS LOCI
The e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  sys tem  a r e  p l o t t e d  
i n  F i g u r e  5 . 1 0  in  •^“ v 1" v 2 s p a c e .  T h i s  shows t h a t  b o th
u n c o u p led  p a t h s  r i s e  w i t h  r e s p e c t  t o  lo ad  and f o r  a
c o i n c i d e n t  sys tem  no i s o l a  e x i s t s .  U s in g  t h e  c o l o u r  
c o n v e n t io n  d e f i n e d  in  C h a p t e r  2 i t  i s  seen t h a t  t h e  
unc o u p led  v p a t h  ( c o r r e s p o n d i n g  t o  b u c k l i n g  i n  a
o n e - h a l f w a v e  mode) i s  u n s t a b l e  t o  t h e  f i r s t  d e g re e  and t h e  
u n c o u p led  v 2 p a th  ( c o r r e s p o n d i n g  t o  b u c k l i n g  i n  a
t w o - h a l f w a v e  mode) i s  s t a b l e .
In  F i g u r e  5 . 1 1  t h e  e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  
sys tem  a r e  p l o t t e d  in  X-A s p a c e .  T h i s  shows t h a t  b o th
unc o u p led  p a t h s  have p o s i t i v e  s t i f f n e s s  and t h a t  t h e  
u n c o u p led  v g p a t h  i s  l e s s - s t i f f  t h a n  t h e  v p a t h .
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F i g u r e  5 . 1 0 :  E q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  s y s t e m  p l o t t e d
i n  X-v - v  space f o r  t h e  case  o f  v = 2 . 1 8 21 2
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For  t h e  case  o f  compound b u c k l i n g  t h e  sys tem  has a 
s i n g l e  h y s t e r e s i s  a n g l e ,  <o , w h ich  i s  c o n s t a n t  w i t hH1
r e s p e c t  t o  t h e  i m p e r f e c t i o n  norm. U s in g  t h e  m o d i f i e d  
n u m e r ic a l  t e c h n i q u e  t h e  v a l u e  o f  t h e  h y s t e r e s i s  a n g l e  has  
been fo und  t o  be u = 2 4 . 2 9 5 ° .  Thus r e f e r r i n g  t o  F i g u r e  4 . 1 2
H I
t h e  s t a b i l i t y  b o u n d a r ie s  f o r  t h i s  exam ple  a r e  g i v e n  in  
T a b l e  5 . 3 .
c r= 0 rj>0
T a b l e  5 . 3 :  S t a b i l i t y  b o u n d a r ie s  f o r  t h e  case  o f  y = 2 . 1 8 2
F i g u r e  5 . 1 2  shows t h e  e q u i l i b r i u m  p a t h s  o f  t h e
i m p e r f e c t  s y s te m ,  p l o t t e d  i n  ^” v 1_ v 2 s Pa c e > f ° r  an
i m p e r f e c t i o n  norm 17=0 . 2  and v a l u e s  o f  (0=0 ° ,  8 ° ,  1 6 ° ,
2 4 . 2 9 5 ° ,  60°  and 9 0 ° .  From t h i s  i t  i s  seen t h a t
i r r e s p e c t i v e  o f  t h e  v a l u e  o f  q t h e  c o u p le d  e q u i l i b r i u m
p a t h s  a r e  a lw a y s  a s y m p t o t i c  t o  t h e  u n c o u p le d  v z mode o f
d e f o r m a t i o n  o f  t h e  i d e a l  sys te m .  From F i g u r e  5 . 1 2  when <o=0
t h e  p l a t e  i n i t i a l l y  b u c k le s  i n t o  a o n e - h a l f w a v e  fo rm  and
t h e n ,  a t  a lo a d  o f  a lm o s t  t w i c e  t h e  i n i t i a l  b u c k l i n g  l o a d ,
A , o f  t h e  i d e a l  sys tem  i t  snaps d y n a m i c a l l y  i n t o  a
t w o - h a l f w a v e  f o r m .  As w i n c r e a s e s  f ro m  z e r o  t o w a r d s  2 4 . 2 9 5 °
t h e  lo ad  a t  w h ich  t h e  maximum l i m i t  p o i n t  o c c u r s  r a p i d l y
d e c r e a s e s  down t o  a v a l u e  o f  lo a d  l e s s  t h a n  1 .1  t i m e s  A a t1
t h e  h y s t e r e s i s  p o i n t .  As <o i n c r e a s e s  f u r t h e r  to w a r d s  90°  
t h e  p l a t e  b u c k le s  c o n t i n u o u s l y  i n  a p r e d o m i n a n t l y  
t w o - h a l f w a v e  f o r m .  F i g u r e  5 . 1 2  a l s o  shows t h a t  t h e  lo a d s  a t  
w hich  t h e  c o u p le d  l i m i t  p o i n t s  o c c u r  a r e  c l o s e  t o ,  b u t  
a lw a y s  g r e a t e r  t h a n ,  t h e  lo ad  a t  t h e  h y s t e r e s i s  p o i n t .  Thus  
under  c o n d i t i o n s  o f  compound b u c k l i n g  t h e  h y s t e r e s i s  p o i n t  
fo rm s a low e r  bound,  t o  t h e  o r d e r  o f  t h e  a n a l y s i s ,  f o r  t h e  
c r i t i c a l  lo a d s .
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F i g u r e  5 . 1 2 ;  E q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t  s y s t e m  f o r  
t h e  c a s e  o f  r p Q  = 2  a n d  ( 0 = 0 ° ,  8 ° ,  1 6 ° ,  2 4  = 2 9 5 ° ,  6 0 °  &  9 0  
p l o t t e d  i n  X - v ^ - v 2  s p a c e  f o r  t h e  c a s e  o f  y = 2 . 1 8 2
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5 . 2 . 2  IMPERFECTION SENSITIVITY
For  t h i s  e x a m p le ,  When o>=0, t h e  v a r i a t i o n  o f  t h e  
lo a d  c o o r d i n a t e  o f  t h e  b i f u r c a t i o n  p o i n t ,  B, w i t h  
i m p e r f e c t i o n  norm i s  o b t a i n e d  f ro m  e q u a t i o n  ( 2 . 4 7 )  as
and t h e  lo a d  c o o r d i n a t e  o f  t h e  c o u p le d  l i m i t  p o i n t s  D , D2 
i s  o b t a i n e d  f ro m  e q u a t i o n  ( 2 . 5 3 )  as
Thus i t  i s  seen t h a t  X *  and X *  a r e  a lw a y s  p o s i t i v e  f o r
B D
t h i s  e x a m p le .  The v a l u e s  o f  t h e s e  two lo a d s  have been  
c a l c u l a t e d  f o r  i m p e r f e c t i o n  norms i n  t h e  r a n g e  0 .0 £ r j£ 0 .2 5  
and a r e  p l o t t e d  i n  F i g u r e  5 . 1 3 .  T h i s  shows t h a t  f o r  t h e  
i d e a l  sys tem  B and D , D c o a l e s c e  o n t o  t h e  compound 
b u c k l i n g  p o i n t  X*=0 .  For  i n c r e a s i n g  v a l u e s  o f  17, X *  and
B
X *  b o th  i n c r e a s e  w i t h  X *  i n c r e a s i n g  a t  a g r e a t e r  r a t e ;  
t h i s  i m p l i e s  t h a t  t h e  sys tem  becomes l e s s  s t a b l e .
D a t a  f o r  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  o f  t h e  
n a t u r a l  l o a d i n g  p a th s  have been o b t a i n e d  u s i n g  t h e  m o d i f i e d  
n u m e r i c a l  t e c h n i q u e  (A p p e n d ix  A) and t h e  r e s u l t s  p l o t t e d  in  
F i g u r e  5 . 1 4  in  ^“171_n2 s p a c e .  Due t o  t h e  d o u b le - s y m m e t r y  
i n h e r e n t  in  t h e  t o t a l  p o t e n t i a l  e n e rg y  f u n c t i o n  i t  i s  o n l y  
n e c e s s a r y  t o  g e n e r a t e  t h e  s u r f a c e  f o r  rj>0 and 0^o)^90°. Thus  
v a l u e s  o f  t h e  i m p e r f e c t i o n  norm w ere  t a k e n  i n  t h e  r a n g e  
0 ^ 0 . 2 5  and v a l u e s  o f  o t a k e n  i n  t h e  r a n g e  0< ta *24 .295° .  
The cusped r i d g e  OH r e p r e s e n t s  t h e  lo c u s  o f  h y s t e r e s i s  
p o i n t s  a lo n g  w h ich  t h e  s u r f a c e  f o l d s  back upon i t s e l f  t o  
become d o u b l e - v a l u e d .  For  t h i s  exam ple  (u n d e r  c o n d i t i o n s  o f  
compound b u c k l i n g )  t h i s  lo cu s  i s  a s t r a i g h t  r a y  when v ie w e d  
down t h e  lo ad  a x i s .  The d o u b l e - v a l u e d  a p p e a r a n c e  o f  t h e  
s u r f a c e  a c c o u n ts  f o r  t h e  f a c t  t h a t  n a t u r a l  h y s t e r e s i s  
systems have r a n g e s  o f  v a l u e s  o f  q and rj f o r  w h ich  t h e r e  
a r e  two c r i t i c a l  p o i n t s  on t h e  n a t u r a l  l o a d i n g  p a t h
X 2 / 3
B
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( s u b s e c t i o n  4 . 2 . 3 ) .  The upper  l a y e r  i s  o f  most p r a c t i c a l  
im p o r ta n c e  as t h i s  c o n t a i n s  t h e  c r i t i c a l  p o i n t s  f i r s t  
e x p e r i e n c e d  by t h e  sys tem  under  l o a d .  The s te e p n e s s  o f  t h e  
upp er  l a y e r  c l o s e  t o  w=0 i n d i c a t e s  t h a t  as o> i n c r e a s e s  f ro m  
z e r o  t h e  lo a d  v a l u e  o f  t h e  upper  l a y e r  i s  re d u c e d  s h a r p l y  
and hence t h e  sys tem  i s  i m p e r f e c t i o n  s e n s i t i v e .
-0-5
00-10-2
F i g u r e  5 . 1 3 :  C r i t i c a l  lo a d s  o f  t h e  b i f u r c a t i o n  p o i n t  and 
c o u p le d  l i m i t  p o i n t s  f o r  t h e  cas e  o f  <o=0 and y = 2 . 1 8 2
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o f  y = 2 . 182 case
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5 . 2 . 3  DEFLECTED FORM OF THE PLATE
An exam ple  i s  t a k e n  o f  a m i l d  s t e e l  p l a t e  w i t h  
P o is s o n s  r a t i o  i>=0.27 and Youngs modulus E=207kN/mm . The  
p l a t e  has d im e n s io n s  h=2.0mm, b=300mm and a=654.6mm; th u s  
7 = 2 . 1 8 2  and i t  behaves as a compound b u c k l i n g  s y s te m .  An 
i m p e r f e c t i o n  norm o f  rj=0 ; 2  i s  a p p l i e d ,  t h i s  i s  e q u i v a l e n t
7  7t o  a u n i f o r m l y  d i s t r i b u t e d  p r e s s u r e  o f  1 3 . 2 x 1 0 “ N/mm when 
o)=0 and a t r a p e z o i d a l  p r e s s u r e  d i s t r i b u t i o n  v a r y i n g  f ro m  
6 . 6 0 x 1 0 “7 t o  1 7 . 5 x 1 0 " 7N/mm2 when o>=24.295° ( t h e  h y s t e r e s i s  
a n g l e ) .
From F i g u r e  5 . 1 2 ,  w i t h  r j= 0 .2  and o= 0 ,  when an a x i a l  
lo ad  o f  a lm o s t  t w i c e  t h e  i n i t i a l  b u c k l i n g  l o a d ,  A , o f  t h el
i d e a l  sys tem  i s  a p p l i e d  t h e  p l a t e  jumps ( u n d e r  load  
c o n t r o l )  f ro m  t h e  b i f u r c a t i o n  p o i n t ,  B , t o  a p o i n t ,  P,  on 
t h e  c o u p le d  b r a n c h in g  p a t h .  Under d e f l e c t i o n  c o n t r o l  t h e  
p l a t e  jumps f ro m  B t o  a p o i n t ,  Q, on t h e  c o u p le d  b r a n c h in g  
p a t h .  The c o o r d i n a t e s  o f  t h e s e  p o i n t s  a r e  g i v e n  in  T a b l e  
5 . 4 ;  t h e  o r i g i n a l  c o o r d i n a t e s  a r e  o b t a i n e d  f ro m  t h e  
t r a n s f o r m a t i o n s  o f  e q u a t i o n s  ( 5 . 1 8 ) .  From t h e  two mode 
d e f l e c t i o n  f u n c t i o n ,  e q u a t i o n  ( 5 . 4 ) ,  t h e  shape o f  t h e  
d e f l e c t e d  p l a t e  a t  t h e s e  t h r e e  p o i n t s  can be d e t e r m i n e d ;  
t h i s  i s  shown i n  F i g u r e  5 . 1 5 a ) .
T hu s ,  w i t h  t h i s  s m a l l  l a t e r a l  p r e s s u r e  t h e .  p l a t e  
snaps f ro m  a o n e - h a l f w a v e  mode w i t h  a maximum a m p l i t u d e  o f  
0 . 4  t im e s  t h e  t h i c k n e s s  o f  t h e  p l a t e  t o  a t w o - h a l f w a v e  mode 
w i t h  a maximum a m p l i t u d e  o f  a p p r o x i m a t e l y  0 . 5 4  o r  0 . 2 9  
t i m e s  h und er  lo a d  and d e f l e c t i o n  c o n t r o l  r e s p e c t i v e l y .
The c o o r d i n a t e s  o f  t h e  h y s t e r e s i s  p o i n t ,  fo und  
n u m e r i c a l l y ,  a r e  a l s o  g i v e n  i n  T a b l e  5 . 4 ;  t h i s  p o i n t  
c o r r e s p o n d s  t o  t h e  d e f l e c t e d  fo rm  shown in  F i g u r e  5 . 1 5 b ) .  
He re  t h e  maximum d e f l e c t i o n  i s  a p p r o x i m a t e l y  0 . 2 3  t i m e s  t h e  
p l a t e  t h i c k n e s s .
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c o o r d i n a t e s
u
o r i g i n a l  1 
2
V
t r a n s f o r m e d
2
b i f u r c a t i o n 1 .3 1 6 1 . 9 8 9
p o i n t  B 0 . 0 0 . 0
lo ad 0 . 0 5 5 0 . 0 8 3
c o n t r o l  P 1 .7 3 0 3 . 9 7 8
d e f l e c t i o n 0 . 1 8 2 0 . 2 7 5
c o n t r o l  Q 0 . 8 1 8 1 . 8 8 8
h y s t e r e s i s 0 . 4 5 5 0 . 6 8 8
p o i n t  H 0 . 4 1 4 0 . 9 5 3
T a b l e  5 . 4 :  C o o r d i n a t e s  o f  s p e c i f i c  p o i n t s  on t h e  n a t u r a l  
i m p e r f e c t  e q u i l i b r i u m  p a t h s  f o r  t h e  case  o f  y = 2 . 1 8 2
d e f 1e c t i o n
c o n t r o l
load
c o n t r o l
h0h
(a) (b)
F ig u r e  5 . 1 5 :  D e f l e c t e d  forms o f  t h e  p l a t e  c e n t r e l i n e  f o r
th e  case o f  y=2 .182
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5 . 3  y = 2 .5 0 0  EXAMPLE
cr = - 0 . 0 5 7
5 . 3 . 1  EQUILIBRIUM PATHS AND HYSTERESIS LOCI
The e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  sys tem  a r e  p l o t t e d  
i n  F i g u r e  5 . 1 6  i n  ^- v 1- v 2 s p a c e .  T h i s  shows t h a t  b o th  
u n c o u p le d  p a t h s  r i s e  w i t h  r e s p e c t  t o  l o a d ,  t h e  v p a t h
( c o r r e s p o n d i n g  t o  b u c k l i n g  i n t o  a t w o - h a l f w a v e  f o r m )  
i n t e r s e c t i n g  t h e  lo a d  a x i s  a t  a v a l u e  o f  a .  From t h i s  
F i g u r e  i t  i s  seen t h a t  t h e  f i r s t  u n c o u p le d  p a t h  t h a t  t h e  
sys tem  e n c o u n t e r s  under  lo ad  i s  t h e  p a t h  a s s o c i a t e d  w i t h  
d e f o r m a t i o n s  i n  t h e  v z mode. Thus t h e  v u n c o u p led  p a t h  
p l a y s  no p a r t  i n  t h e  i n i t i a l  p o s t - b u c k l i n g  b e h a v i o u r  o f  
t h i s  p l a t e .  W i t h  a n e g a t i v e  s p l i t t i n g  p a r a m e t e r ,  no i s o l a  
e x i s t s  ( s u b s e c t i o n  2 . 2 . 1 ) .  U s in g  t h e  c o l o u r  c o n v e n t io n  
d e f i n e d  i n  C h a p t e r  2 t h e  v u n c o u p led  p a t h  i s  u n s t a b l e  t o  
t h e  f i r s t  d e g re e  w h i l e  t h e  v g p a th  i s  s t a b l e ;  t h e s e  d e g re e s  
o f  s t a b i l i t y  a r e  t h e  same as f o r  t h e  c o i n c i d e n t  exam ple
( F i g u r e  5 . 1 0 ) .
In  F i g u r e  5 . 1 7  t h e  e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  
sys tem  a r e  p l o t t e d  i n  X-A s p a c e .  T h i s  shows t h a t  b o th  
u n c o u p led  p a t h s  have p o s i t i v e  s t i f f n e s s  and t h a t  t h e  v z 
p a t h  i s  l e s s - s t i f f  t h a n  t h e  v p a th  i n t e r s e c t i n g  t h e  lo ad  
a x i s  a t  a v a l u e  o f  a .
For  t h e  case  o f  a n e g a t i v e  s p l i t t i n g  p a r a m e t e r  t h e  
h y s t e r e s i s  a n g l e  o f  t h e  sys tem  v a r i e s  w i t h  r e s p e c t  t o  
i m p e r f e c t i o n  norm. U s in g  t h e  m o d i f i e d  n u m e r i c a l  t e c h n i q u e  
t h e  h y s t e r e s i s  c r i t i c a l  p o i n t s  have been fo u n d  f o r  a r a n g e  
o f  i m p e r f e c t i o n s  O^tj^ O .2 5 .  The r e s u l t s  o f  t h e s e  
c a l c u l a t i o n s  a r e  p l o t t e d  i n  F i g u r e  5 . 1 8 .  The lo c u s
i n t e r s e c t s  t h e  77- a x i s  a t  a v a l u e  o f  rf*=0 . 0 1 0  and becomes  
a s y m p t o t i c  t o  t h e  v a l u e  o f  t h e  h y s t e r e s i s  a n g l e  f o r  t h e  
c o i n c i d e n t  c a s e .  Thus r e f e r r i n g  t o  F i g u r e  4 . 1 2  t h e
s t a b i l i t y  b o u n d a r ie s  f o r  t h i s  exam ple  a r e  g i v e n  i n  T a b l e
5 . 5 .
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F i g u r e  5 . 1 6 :  E q u i l i b r i u m  p a t hs  o f  t h e  i d e a l  system p l o t t e d
in \ - v  - v  space f o r  t h e  case  o f  7 = 2 . 51 2
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F i g u r e  5 . 1 8 :  H y s t e r e s i s  lo c u s  f o r  t h e  cas e  o f  -y=2.5
0 1^7 <17* d
rj>rj* c
o< 0
T a b l e  5 . 5 :  S t a b i l i t y  b o u n d a r ie s  f o r  t h e  cas e  o f  y = 2 . 5
F i g u r e  5 . 1 9  shows t h e  e q u i l i b r i u m  p a t h s  o f  t h e  
i m p e r f e c t  s y s te m ,  p l o t t e d  i n  X -v  - v  s p a c e ,  f o r  an
i m p e r f e c t i o n  norm T7=0 . 2  and v a l u e s  o f  <o=0°, 1 0 ° ,  1 9 . 5 2 ° ,
4 5 ° ,  60° and 9 0 ° ;  w here  1 9 . 5 2 °  c o r r e s p o n d s  t o  t h e
h y s t e r e s i s  a n g le  f o r  an i m p e r f e c t i o n  norm o f  17=0 . 2 . From 
t h i s  i t  i s  seen t h a t  when <o=0 t h e  p l a t e  i n i t i a l l y  b u c k le s  
i n t o  a o n e - h a l f w a v e  fo rm  and t h e n ,  a t  a lo a d  o f
a p p r o x i m a t e l y  2 . 3  t im e s  t h e  i n i t i a l  b u c k l i n g  lo a d  o f  t h e
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i d e a l  s y s te m ,  snaps d y n a m i c a l l y  i n t o  a t w o - h a l f w a v e  f o r m .  
As <o i n c r e a s e s  t h e  lo a d  a t  w h ich  t h e  maximum l i m i t  p o i n t  
o c c u r s  r a p i d l y  d e c re a s e s  t o  a v a l u e  o f  a p p r o x i m a t e l y  1 . 0 5  
t i m e s  a t  t h e  h y s t e r e s i s  p o i n t .  T h i s  F i g u r e  a l s o  shows 
t h a t  t h e  h y s t e r e s i s  p o i n t  fo rm s  a low er  bound f o r  t h e  
c r i t i c a l  lo a d s  o f  t h e  i m p e r f e c t  s y s te m ,  t h e  lo ad s  a t  w h ich  
t h e  c o u p le d  l i m i t  p o i n t s  o c c u r  b e in g  c l o s e  t o ,  b u t  a lw a y s  
g r e a t e r  t h a n ,  t h e  h y s t e r e s i s  p o i n t .
5 . 3 . 2  IMPERFECTION S E N S IT IV IT Y
For  t h i s  exam ple  when o=0 t h e  lo ad  c o o r d i n a t e  o f  t h e  
b i f u r c a t i o n  p o i n t  B and t h e  c o u p le d  l i m i t  p o i n t s  and  
a r e  g i v e n  by e q u a t i o n s  ( 2 . 4 7 )  and ( 2 . 5 3 )  r e s p e c t i v e l y .  The  
v a r i a t i o n  o f  X *  and X *  w i t h  n have been o b t a i n e d  and
B D
p l o t t e d  i n  F i g u r e  5 . 2 0 .  From t h i s  i t  i s  seen t h a t  f o r  r)<n *B
and rj<r) * ,  X *  and X * ,  r e s p e c t i v e l y ,  a r e  n e g a t i v e  b u t
D B D
g r e a t e r  t h a n  t h e  i n i t i a l  b u c k l i n g  lo ad  Az * For  i n c r e a s i n g
v a l u e s  o f  n b o th  X *  and X *  i n c r e a s e  b u t  X *  i n c r e a s e s  
* B D B
most s h a r p l y ;  t h u s  f o r  o=0 t h e  i n i t i a l  lo a d  c a p a c i t y  o f  
t h e s e  systems i n c r e a s e s  w i t h  t h e  i m p e r f e c t i o n  norm. The 
v a l u e  o f  n *  i s  found  f ro m  e q u a t i o n s  ( 2 . 4 7 )  as t h e  s o l u t i o n
B
t o
n +
+ r ( a - b ) 2 /3 ( - g )  -  2 2 / 3 ct
and t h e  v a l u e  o f  rjD*  i s  found  f ro m  e q u a t i o n s  ( 2 . 5 3 )  as
X1.25..
10..
,19.52
0.05-
-0.10..
2.25
V 1
-2.25 -1.50 -0.75 0.00 0.75 12.25 3.00
V2
-3.00 -2.25 -1.50 -0.75 0.00 0.75
F i g u r e  5 . 1 9 :  E q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t  s y s t e m  f o r  
t h e  c a s e  o f  77= 0 , 2  a n d  o j = 0 °  ,  1 0 ° ,  1 9 . 5 2  ,  4 5  ,  6 0  8s 9 0  
p l o t t e d  i n  \ - v ^ - v 2  s p a c e  f o r  t h e  c a s e  o f  7 = 2 . 5
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F ig u r e  5 . 2 0 :  C r i t i c a l  loads o f  t h e  b i f u r c a t i o n  p o i n t  and
coupled l i m i t  p o in ts  f o r  th e  case o f  w=0 and -y=2.5
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D a t a  f o r  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  o f  t h e  
n a t u r a l  e q u i l i b r i u m  p a t h s  have a g a in  been o b t a i n e d  u s in g  
t h e  m o d i f i e d  n u m e r i c a l  t e c h n i q u e  and t h e  r e s u l t s  p l o t t e d  in  
F i g u r e  5 . 2 1 .  V a lu e s  o f  i m p e r f e c t i o n  norm w ere  t a k e n  i n  t h e  
r a n g e  . 1 5  w i t h  o) t a k i n g  v a l u e s  o f  co=0°, 5 ° ,  1 0 ° ,  15°
and 2 0 ° .  The cusped r i d g e  QH r e p r e s e n t s  t h e  lo c u s  o f
h y s t e r e s i s  p o i n t s  a lo n g  w h ich  t h e  s h e e t  f o l d s  back upon 
i t s e l f  t o  become d o u b l e - v a l u e d ;  t h i s  lo c u s  becomes 
a s y m p t o t i c  t o  t h e  h y s t e r e s i s  r a y  f o r  c o n d i t i o n s  o f  compound 
b u c k l i n g .  The upper  l a y e r  i s  o f  most p r a c t i c a l  im p o r ta n c e  
as i t  c o n t a i n s  t h e  c r i t i c a l  p o i n t s  f i r s t  e x p e r i e n c e d  by t h e  
sys te m .  The upp er  l a y e r  f a l l s  v e r y  s t e e p l y  as w i n c r e a s e s  
f ro m  z e r o  i n d i c a t i n g  t h a t  t h e  lo ad  v a l u e  o f  t h e  upp er  l a y e r  
i s  r e d u c e d  s h a r p l y .
5 . 3 . 3  DEFLECTED FORM OF THE PLATE
A g a in  an exam ple  i s  t a k e n  o f  a m i l d  s t e e l  p l a t e  o f  
t h i c k n e s s  2.0mm, w i d t h  300mm and l e n g t h  750mm. The p l a t e
has an a s p e c t  r a t i o  o f  y = 2 . 5  and t h u s  behaves as a sys tem
w i t h  a n e g a t i v e  s p l i t t i n g  p a r a m e t e r .  An i m p e r f e c t i o n  norm 
o f  17=0 . 2  i s  a p p l i e d .  T h i s  i s  e q u i v a l e n t  t o  a u n i f o r m l y  
d i s t r i b u t e d  p r e s s u r e  o f  8 . 2 8 x 1 0 ‘ 7N/mm2 when o)=0 and a 
t r a p e z o i d a l  p r e s s u r e  d i s t r i b u t i o n  v a r y i n g  f ro m  5 . 0 4 x 1 0 “7 t o  
1 0 . 6 x 1 0 " 7N/mm2 when 0 = 1 9 . 5 2 °  ( t h e  h y s t e r e s i s  a n g l e ) .
From F i g u r e  5 . 1 9  w i t h  17=0 . 2  and o= 0 ,  when an a x i a l
load  o f  2 . 3 3  t i m e s  A i s  a p p l i e d  t h e  sys tem  jumps ( u n d e r1
load  c o n t r o l )  f ro m  t h e  b i f u r c a t i o n  p o i n t ,  B, t o  a p o i n t  P 
on t h e  c o u p le d  b r a n c h in g  p a t h .  Under d e f l e c t i o n  c o n t r o l  t h e  
p l a t e  snaps f ro m  B t o  a p o i n t  Q on t h e  c o u p le d  b r a n c h in g  
p a t h .  The c o o r d i n a t e s  o f  t h e s e  p o i n t s  a r e  g i v e n  in  T a b l e
5 . 6 .  From t h e  two mode d e f l e c t i o n  f u n c t i o n  ( e q u a t i o n  ( 5 . 4 ) )  
t h e  shape o f  t h e  d e f l e c t e d  p l a t e  a t  t h e s e  t h r e e  p o i n t s  i s  
d e t e r m in e d ;  t h e s e  a r e  shown i n  F i g u r e  5 . 2 2 a ) .
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F ig u r e  5 . 2 1 :  Im p e r fe c t io n  s e n s i t i v i t y  s u r fa c e  f o r  t h e  case
o f  7=2 .5
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c o o r d i n a t e s
u
o r i g i n a l  1
2
V
t r a n s f o r m e d  1
2
b i f u r c a t i o n 1 .2 4 8 2 . 0 6 3
p o i n t  B 0 . 0 0 . 0
lo ad 0 . 0 4 6 0 . 0 7 5
c o n t r o l  P 1 .6 9 7 4 . 0 5 0
d e f l e c t i o n 0 . 1 2 2 0 . 2 0 0
c o n t r o l  Q 1 .0 7 7 2 . 5 7 0
h y s t e r e s i  s 0 . 3 7 9 0 . 6 2 1
p o i n t  H 0 . 3 4 2 0 . 8 1 7
T a b l e  5 . 6 :  C o o r d i n a t e s  o f  s p e c i f i c  p o i n t s  on t h e  n a t u r a l  
i m p e r f e c t  e q u i l i b r i u m  p a t h s  f o r  t h e  case  o f  y = 2 . 5
(b)
d e f 1e c t  ion
c o n t r o l
load
c o n t r o l
F ig u r e  5 . 2 2 :  D e f l e c t e d  forms o f  t h e  p l a t e  c e n t r e l i n e  f o r
th e  case o f  y=2 .5
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Thus w i t h  t h i s  s m a l l  l a t e r a l  p r e s s u r e  t h e  p l a t e  snaps  
f ro m  a o n e - h a l f w a v e  mode w i t h  a maximum a m p l i t u d e  o f  
a p p r o x i m a t e l y  0 . 3 7 h  t o  a t w o - h a l f w a v e  mode w i t h  a maximum 
a m p l i t u d e  o f  0 . 5 2  o r  0 . 3 5  t i m e s  t h e  p l a t e  t h i c k n e s s  under  
lo ad  and d e f l e c t i o n  c o n t r o l  r e s p e c t i v e l y .
The c o o r d i n a t e s  o f  t h e  h y s t e r e s i s  p o i n t ,  found  
n u m e r i c a l l y ,  a r e  a l s o  g i v e n  i n  T a b l e  5 . 6 ;  t h i s  p o i n t  
c o r r e s p o n d s  t o  t h e  d e f l e c t e d  fo rm  shown i n  F i g u r e  5 . 2 2 b ) .  
In  t h i s  cas e  t h e  maximum d e f l e c t i o n  i s  a p p r o x i m a t e l y  0 . 2 h .
5 . 4  y = 1 . 7 5 0  EXAMPLE 
o = + 0 . 1 3 9
5 . 4 . 1  EQUILIBRIUM PATHS AND HYSTERESIS LOCI
The e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  sys te m  i n  ■^” v 1“ v 2 
space  a r e  shown in  F i g u r e  5 . 2 3 .  Both t h e  u n c o u p le d  p a t h s  
r i s e  w i t h  r e s p e c t  t o  l o a d ,  t h e  v p a th  i n t e r s e c t i n g  t h e  
load  a x i s  a t  a v a l u e  o f  a .  Thus t h e  f i r s t  p a t h  t h a t  t h i s  
sys tem  e n c o u n t e r s  under  lo a d  i s  t h e  u n c o u p le d  v p a t h .  Anl
i s o l a  e x i s t s  w h ich  f a l l s  f ro m  t h e  v t o  t h e  v p a t h  f o r m i n g1 2
a t r a n s i t i o n  between t h e  two u n c o u p led  p a t h s .  The i s o l a ,  
t h e  v u n c o u p led  p a th  w i t h i n  t h e  l i m i t s  o f  t h e  i s o l a  and  
t h e  v p a t h  o u t s i d e  o f  t h e  i s o l a  a r e  u n s t a b l e  t o  t h e  f i r s t  
d e g r e e ;  t h e  v p a th  i n s i d e  t h e  i s o l a  and t h e  v g p a t h  
o u t s i d e  t h e  i s o l a  a r e  s t a b l e .
In  F i g u r e  5 . 2 4  t h e  e q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  
sys tem  a r e  p l o t t e d  in  X-A s p a c e .  T h i s  shows t h a t  b o th  
u n c o u p led  p a t h s  have p o s i t i v e  s t i f f n e s s  w i t h  t h e  v g p a t h ,  
t h e  l e a s t - s t i f f ,  i n t e r s e c t i n g  t h e  lo a d  a x i s  a t  a v a l u e  o f  
a .  The i s o l a  has p o s i t i v e  s t i f f n e s s .
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XX10“1
2.25
V1
■3.00 -2.25 -1.50 -0.75 0.08 0.75 1.50 2.25 3.00 -3.00 -2.25 -1.50 -0.75 0.00
Vo
F i g u r e  5 . 2 3 :  E q u i l i b r i u m  p a t h s  o f  t h e  i d e a l  s y s t e m  p l o t t e d
in  X-v -V space f o r  t h e  case  o f  y - 1 . 7 51 2
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For  t h e  case  o f  a p o s i t i v e  s p l i t t i n g  p a r a m e te r  t h e  
v a l u e  o f  t h e  h y s t e r e s i s  a n g le  v a r i e s  w i t h  r e s p e c t  t o  t h e  
a p p l i e d  i m p e r f e c t i o n  norm. U s in g  t h e  m o d i f i e d  n u m e r i c a l  
t e c h n i q u e  t h e  v a l u e  o f  t h e  h y s t e r e s i s  a n g l e  has been found  
f o r  i m p e r f e c t i o n s  i n  t h e  r a n g e  OzrjzO. 2 5 ;  t h e  r e s u l t s  a r e  
p l o t t e d  i n  F i g u r e  5 . 2 5 .  When 0=90°  t h e  lo cu s  has a v a l u e  o f  
r f  and a minimum v a l u e  o f  n *#=0 . 0 5 8 6  a t  w = 8 9 .7 3 ° .  As t h e  
i m p e r f e c t i o n  norm i n c r e a s e s  t h e  lo c u s  becomes a s y m p t o t i c  t o  
t h e  h y s t e r e s i s  a n g l e  under  c o n d i t i o n s  o f  compound b u c k l i n g .  
Thus r e f e r r i n g  t o  F i g u r e  4 . 1 2  t h e  s t a b i l i t y  b o u n d a r ie s  f o r  
t h i s  exam ple  a r e  g i v e n  i n  T a b l e  5 . 7 .
0-2
0 - 1-
h y s t e r e s  i s
• 0-0592
— 0-0586
n o n - h y s t e r e s  i s
24-295 to 90
F i g u r e  5 . 2 5 :  H y s t e r e s i s  lo c u s  f o r  t h e  c as e  o f  y = 1 . 7 5
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T a b l e  5 . 7 :  S t a b i l i t y  b o u n d a r ie s  f o r  t h e  case  o f  y = 1 . 7 5
F i g u r e  5 . 2 6  shows t h e  n a t u r a l  e q u i l i b r i u m  p a t h s  o f  
t h e  i m p e r f e c t  sys tem  f o r  t h e  cas e  o f  r j=0 .2  and <o=0°, 1 5 ° ,
3 0 ° ,  4 5 . 3 ° ,  60°  & 9 0 ° ,  w here  4 5 . 3 °  c o r r e s p o n d s  t o  t h e  v a l u e  
o f  t h e  h y s t e r e s i s  a n g le  f o r  an i m p e r f e c t i o n  o f  17=0 . 2 . Thus  
when (o=0 t h e  p l a t e  i n i t i a l l y  b u c k le s  i n t o  a o n e - h a l f w a v e
fo rm  and t h e n ,  a t  a lo a d  o f  a p p r o x i m a t e l y  2 . 2 5  t i m e s  Al
snaps i n t o  a t w o - h a l f w a v e  f o r m .  As <o i n c r e a s e s  f ro m  z e r o  
t h e  load  v a l u e  o f  t h e  maximum l i m i t  p o i n t  r a p i d l y  d e c r e a s e s  
t o  a v a l u e  o f  a lm o s t  1 . 2  t im e s  a t  t h e  h y s t e r e s i s  p o i n t .
5 . 4 . 2  IMPERFECTION S E N S IT IV IT Y
For  t h i s  exam ple  when <o=0 t h e  lo ad  c o o r d i n a t e s  o f  t h e  
b i f u r c a t i o n  p o i n t ,  B, and t h e  c o u p le d  l i m i t  p o i n t s ,  D2 , 
a r e  g i v e n  by e q u a t i o n s  ( 2 . 4 7 )  o r  ( 2 . 4 9 )  and ( 2 . 5 3 )  
r e s p e c t i v e l y .  By i n s p e c t i o n  XQ* and XD*  w i l l  a lw a y s  have  
p o s i t i v e  v a l u e s  f o r  r]> 0 .  The v a r i a t i o n  o f  t h e s e  two
c r i t i c a l  l o a d s ,  w i t h  r e s p e c t  t o  i m p e r f e c t i o n  norm, have
been o b t a i n e d  and a r e  p l o t t e d  i n  F i g u r e  5 . 2 7 a ) .  The p o i n t s  
A and C r e p r e s e n t  t h e  s e c o n d a ry  b i f u r c a t i o n  p o i n t s  on t h e  
v and v 2 unc o u p led  p a t h s  o f  t h e  i d e a l  sys tem  g i v e n  by 
e q u a t i o n s  ( 2 . 1 4 )  and ( 2 . 1 5 ) .  Fo r  i n c r e a s i n g  v a l u e s  o f  
i m p e r f e c t i o n  norm t h e  two c r i t i c a l  lo ad s  b o th  i n c r e a s e  w i t h  
X *  i n c r e a s i n g  a t  a g r e a t e r  r a t e .  Thus t h e s e  two c u r v e s  doB
n o t  i n t e r s e c t  and dynamic c o n v e rg e n c e  t o  t h e  p r e f e r r e n t  
mode w i l l  o c c u r  f o r  a l l  v a l u e s  o f  17.
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X2.25  3.00 
V1
-3.30  - 2.25  -1 *50 - 0.75  0.002.25■0.75  0.00  0.75  1= 3.00  - 2.25  -1
F i g u r e  5 . 2 6 ;  E q u i l i b r i u m  p a t h s  o f  t h e  i m p e r f e c t  s y s t e m  f o r  
t h e  c as e  o f  r)= 0 . 2  and G)-0°,  15 , 30 , 4 5 . 3  , 6 0  & 90
p l o t t e d  i n  ^ “ v 1“ v 2 s p a c e  f o r  t h e  c a s e  o f  1 . 75
223
Ti 0-2
0-0
0-1 00 00
(a) (b)
F i g u r e  5 . 2 7 :  C r i t i c a l  lo ad s  o f  t h e  b i f u r c a t i o n  p o i n t  and  
co u p le d  l i m i t  p o i n t s  f o r  t h e  c as e  o f  7= 1 . 7 5 , q=0 and 0)=yr/ 2
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When 0=90°  t h e  l o c i  o f  t h e  upper  b i f u r c a t i o n  p o i n t ,  
C2> on t h e  n a t u r a l  u n c o u p le d  p a t h  and o f  t h e  c o u p le d  l i m i t  
p o i n t s  on t h e  i s o l a ,  a r e  g i v e n  by e q u a t i o n s  ( 2 . 6 8 )
and ( 2 . 7 2 )  r e s p e c t i v e l y .  By i n s p e c t i o n  \  *  and X *  a r e
C E
a lw a y s  p o s i t i v e  f o r  t h i s  e x a m p le .  The v a r i a t i o n  o f  t h e s e  
two c r i t i c a l  lo a d s  w i t h  r e s p e c t  t o  t h e  i m p e r f e c t i o n  norm 
have been p l o t t e d  i n  F i g u r e  5 . 2 7 b ) ;  t h e  p o i n t s  A and C 
a g a i n  r e p r e s e n t i n g  t h e  s e c o n d a r y  b i f u r c a t i o n  p o i n t s  o f  t h e  
i d e a l  sys te m .  The l o c i  i n t e r s e c t  a t  t h e  p o i n t  Q f o r  a v a l u e  
o f  rpn*  ( e q u a t i o n  ( 2 . 7 4 ) ) ,  t h i s  b e in g  t h e  t r a n s i t i o n  f ro m  
dynamic  t o  s t a t i c  b e h a v i o u r .
D a ta  f o r  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  o f  t h e  
n a t u r a l  e q u i l i b r i u m  p a t h s  have been o b t a i n e d  u s in g  t h e  
m o d i f i e d  n u m e r i c a l  t e c h n i q u e  and t h e  r e s u l t s  a r e  p l o t t e d  in  
F i g u r e  5 . 2 8 .  V a lu e s  o f  i m p e r f e c t i o n  w ere  t a k e n  i n  t h e  r a n g e  
0^17^ 0 . 2 5  w i t h  0 t a k i n g  v a l u e s  o f  0 ° ,  1 0 ° ,  2 0 ° ,  3 0 ° ,  4 0 ° ,
5 0 ° ,  6 0 ° ,  7 0 ° ,  80°  and 9 0 ° .  The cusped r i d g e  QH r e p r e s e n t s  
t h e  lo c u s  o f  h y s t e r e s i s  p o i n t s  ( F i g u r e  5 . 2 5 )  a lo n g  w h ich  
t h e  s u r f a c e  f o l d s  back on i t s e l f  t o  become d o u b l e - v a l u e d .  
As 17 i n c r e a s e s  t h e  s u r f a c e  becomes a s y m p t o t i c  t o  t h e  
s u r f a c e  g e n e r a t e d  under  c o n d i t i o n s  o f  compound b u c k l i n g .  
A g a in  i t  i s  t h e  upper  l a y e r  w h ich  i s  o f  most  p r a c t i c a l  
im p o r ta n c e  as t h i s  c o n t a i n s  t h e  c r i t i c a l  p o i n t s  f i r s t  
e x p e r i e n c e d  by t h e  sys te m .
5 . 4 . 3  DEFLECTED FORM OF THE PLATE
A g a in  an exam ple  i s  t a k e n  o f  a m i l d  s t e e l  p l a t e ,  
t h i c k n e s s  2.0mm, w i d t h  300mm and l e n g t h  525mm. The p l a t e  
t h e r e f o r e  has an a s p e c t  r a t i o  o f  7= 1 . 7 5  and behaves as a 
sys tem  w i t h  a p o s i t i v e  s p l i t t i n g  p a r a m e t e r .  When an 
i m p e r f e c t i o n  norm o f  77= 0 . 2  i s  a p p l i e d  t h i s  i s  e q u i v a l e n t  t o  
a u n i f o r m l y  d i s t r i b u t e d  p r e s s u r e  o f  2 8 . 4 x 1 0 “7N/mm2 when 0=0  
and a t r a p e z o i d a l  d i s t r i b u t i o n  v a r y i n g  f ro m  - 0 . 2 1 x 10“7 t o  
4 0 . 2 x 1 0"7N/mm2 when 0 = 4 5 . 3 0 2 °  ( t h e  h y s t e r e s i s  a n g l e ) .
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F ig u re  5 .2 8 :  Im p e rfe c tio n  s e n s i t iv i t y  s u rfa c e  fo r  th e  case
o f  y=1.75
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From F i g u r e  5 . 2 6 ,  w i t h  r p 0 . 2  and u = 0 ,  when an a x i a l  
lo ad  o f  2.25A^ i s  a p p l i e d  t h e  p l a t e  jum ps,  und er  load  
c o n t r o l ,  f ro m  t h e  b i f u r c a t i o n  p o i n t  B t o  t h e  p o i n t  P on t h e  
c o u p le d  b r a n c h in g  p a t h .  Under d e f l e c t i o n  c o n t r o l  t h e  p l a t e  
snaps f ro m  B t o  t h e  p o i n t  Q. The c o o r d i n a t e s  o f  t h e s e  
p o i n t s  a r e  g i v e n  i n  T a b l e  5 . 8 .  The d e f l e c t e d  fo rm s  o f  t h e  
p l a t e  c o r r e s p o n d i n g  t o  t h e s e  t h r e e  p o i n t s  a r e  shown in  
F i g u r e  5 . 2 9 a ) .
Thus under  t h i s  s m a l l  l a t e r a l  l o a d i n g  t h e  p l a t e  snaps  
f ro m  a o n e - h a l f w a v e  mode w i t h  a maximum a m p l i t u d e  o f  0 . 6 h 
t o  a t w o - h a l f w a v e  mode w i t h  maximum a m p l i t u d e s  o f  0 . 7 5 h  and 
0 . 4 3 h  und er  lo a d  and d e f l e c t i o n  c o n t r o l  r e s p e c t i v e l y .
The c o o r d i n a t e s  o f  t h e  h y s t e r e s i s  p o i n t ,  found  
n u m e r i c a l l y ,  a r e  a l s o  g i v e n  i n  T a b l e  5 . 8  b e lo w ;  t h i s  
c o r r e s p o n d s  t o  t h e  d e f l e c t e d  fo rm  o f  F i g u r e  5 . 2 9 b ) .  In  t h i s  
case  t h e  maximum a m p l i t u d e  i s  a p p r o x i m a t e l y  0 . 2  t i m e s  t h e  
t h i c k n e s s  o f  t h e  p l a t e .
c o o r d i n a t e s
u
o r i g i n a l  1 
2
V
t r a n s f o r m e d  1 
2
b i  f u r c a t i o n 2 . 0 1 2 . 7 2
p o i n t  B 0 . 0 0 . 0
load 0 . 0 7 0 . 0 9
c o n t r o l  P 2 . 4 4 5 . 3 5
d e f l e c t i o n 0 . 2 2 0 . 3 0
c o n t r o l  Q 1 . 2 5 2 . 7 5
h y s t e r e s i s 0 . 6 1 0 . 8 3
p o i n t  H 0 . 0 6 0 . 126
T a b l e  5 . 8 :  C o o r d i n a t e s  o f  s p e c i f i c  p o i n t s  on t h e  n a t u r a l  
i m p e r f e c t  e q u i l i b r i u m  p a t h s  f o r  t h e  case  o f  -y=1.75
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,def 1 e c t  ion
c o n t r o l
1 oad
c o n t r o 1
(a) (b)
F i g u r e  5 . 2 9 :  D e f l e c t e d  fo rm s o f  t h e  p l a t e  c e n t r e l i n e  f o r
t h e  cas e  o f  y = 1 .7 5
5 . 5  DISCUSSION
The p o s t - b u c k l i n g  b e h a v i o u r  o f  a t h i n ,  
s i m p l y - s u p p o r t e d ,  l a t e r a l l y  r e s t r a i n e d  p l a t e  has been  
c o n s i d e r e d .  The p l a t e  i s  under  t h e  a c t i o n  o f  a u n i a x i a l  
c o m p re s s iv e  lo ad  and a l i n e a r l y  d i s t r i b u t e d  l a t e r a l  
p r e s s u r e  w h ich  r e p r e s e n t s  i n i t i a l  g e o m e t r i c  i m p e r f e c t i o n s  
i n  t h e  p l a t e .  The e f f e c t s  o f  a s p l i t t i n g  p a r a m e t e r ,  w h ich  
i s  a f u n c t i o n  o f  t h e  p l a t e  a s p e c t  r a t i o  and P o is s o n s  r a t i o ,  
has been i n c l u d e d .
The t h e o r e t i c a l  i n v e s t i g a t i o n  c a r r i e d  o u t  by Sharman  
& Humpherson was e x te n d e d  by p r o p o s in g  t h a t  t h e r e  i s  an 
e q u i v a l e n t  e n e rg y  e x p r e s s i o n  f ro m  which  t h e  two n o n - l i n e a r  
s im u l t a n e o u s  e q u a t i o n s  can be d e r i v e d .  A t r a n s f o r m a t i o n  o f  
c o o r d i n a t e s  was t h e n  a p p l i e d  t o  t h i s  e n e rg y  e x p r e s s i o n  t o
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o b t a i n  t h e  compacted form d iscussed  in  C hapter  2 .
As t h e  d e f l e c t i o n  f u n c t i o n  used i s  o n l y  v a l i d  f o r
b u c k l i n g  i n t o  o n e -  and t w o - h a l f w a v e  modes t h e  r e g i o n  o f
i n v e s t i g a t i o n  was r e s t r i c t e d  by t h e  c o n d i t i o n  t h a t  n= 1 ,
m=2. The c o n d i t i o n s  on P o is s o n s  r a t i o  and p l a t e  a s p e c t
r a t i o  f o r  t h e  n o n - e x i s t e n c e  o f  i d e a l  c o u p le d  e q u i l i b r i u m
p a t h s  was t h e n  fo u n d ;  t h i s  added a f u r t h e r  c o n d i t i o n  on t h e
r a n g e  o f  p l a t e  a s p e c t  r a t i o  and P o is s o n s  r a t i o  f o r
i n v e s t i g a t i o n .  An a d d i t i o n a l  l i m i t a t i o n  on p l a t e  a s p e c t
r a t i o  and P o is s o n s  r a t i o  was t h e  m a g n i tu d e  o f  t h e  s p l i t t i n g
p a r a m e t e r ;  t h i s  was o f  most consequence f o r  p o s i t i v e  v a l u e s
o f  o w here  A i n c r e a s e s  a t  a much g r e a t e r  r a t e  t h a n  A as 7 
2 1
d e c r e a s e s  f ro m  y .
c
W i t h i n  t h i s  d e f i n e d  r e g i o n  i t  was found  t h a t  f o r  t h e
i d e a l  sys tem  b o th  u n c o u p le d  p a t h s  r i s e ,  w i t h  r e s p e c t  t o
l o a d ,  and have p o s i t i v e  s t i f f n e s s .  The p a t h  c o r r e s p o n d i n g
t o  a t w o - h a l f w a v e  fo rm  i s  t h e  l e a s t - s t i f f  due t o  t h e
r e d u c t i o n  o f  membrane t e n s i o n ,  normal  t o  t h e  a x i a l  l o a d ,  in
t h e  r e g i o n  o f  t h e  mid  l e n g t h  o f  t h e  p l a t e .  An i s o l a  o n l y
e x i s t s  w i t h  a p o s i t i v e  s p l i t t i n g  p a r a m e t e r  and when i t  does
i t  has n e g a t i v e  s t i f f n e s s  and i s  u n s t a b l e  t o  t h e  f i r s t
d e g r e e .  When no i s o l a  e x i s t s ,  o r  o u t s i d e  o f  t h e  l i m i t s  o f
t h e  i s o l a  when i t  does e x i s t ,  t h e  v u n c o u p le d  p a t h  i s
u n s t a b l e  t o  t h e  f i r s t  d e g re e  and t h e  v u n c o u p le d  p a t h  i s
s t a b l e .  W i t h i n  t h e  i s o l a  t h e  v p a t h  i s  s t a b l e  and t h e  v
1 2
p a th  i s  u n s t a b l e  t o  t h e  f i r s t  d e g r e e .  These sys tem s a r e  
c l a s s i f i e d  as System 2 . 1 * .
U s in g  t h e  scheme proposed  in  C h a p t e r  2 i t  was fo u n d  
t h a t  t h e  c l a s s i f i c a t i o n  o f  t h e s e  p l a t e s  i s  g o v ern ed  by t h e  
p l a t e  a s p e c t  r a t i o  and t h e  v a l u e  o f  P o is s o n s  r a t i o ;  t h e s e  
two q u a n t i t i e s  b o th  d i r e c t l y  a f f e c t i n g  t h e  v a l u e  o f  t h e  
s p l i t t i n g  p a r a m e t e r .  I t  was shown t h a t  when each  
i m p e r f e c t i o n  i s  a p p l i e d  s e p a r a t e l y  t h e r e  a r e  r e g i o n s  o f  
n a t u r a l  h y s t e r e s i s  and n o n - h y s t e r e s i s  b e h a v i o u r  d e p e n d in g  
on t h e  m a g n i tu d e  o f  t h e  i m p e r f e c t i o n  norm. For  t h e  c as e  o f  
compound b u c k l i n g  t h e  v a l u e  o f  t h e  h y s t e r e s i s  a n g l e  was
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fo u n d  t o  depend on t h e  m a g n i tu d e  o f  t h e  p l a t e  a s p e c t  r a t i o  
and P o is s o n s  r a t i o .  T h i s  r e l a t i o n s h i p  was o b t a i n e d  u s in g  
t h e  m o d i f i e d  n u m e r i c a l  t e c h n i q u e .
To i n v e s t i g a t e  t h e s e  p l a t e s  f u r t h e r  t h r e e  exam ples
w ere  t h e n  t a k e n  w h ic h  a r e  r e p r e s e n t a t i v e  o f  t h e  g e n e r a l  
b e h a v i o u r  o f  t h e s e  systems when a z e r o ,  n e g a t i v e  and
p o s i t i v e  s p l i t t i n g  p a r a m e t e r  i s  a p p l i e d .  In  a p r a c t i c a l  
e n g i n e e r i n g  s i t u a t i o n  i t  i s  u su a l  f o r  t h e  v a l u e  o f  Po iss o n s  
r a t i o  t o  be f i x e d  and t h e  p l a t e  d im e n s io n s  t o  be chosen t o  
s u i t  t h e  p a r t i c u l a r  p r o b le m .  Thus h e r e  t h e  exam ples  w ere
d e f i n e d  by t a k i n g  a v a l u e  o f  P o iss o n s  r a t i o  and v a r y i n g  t h e  
p l a t e  a s p e c t  r a t i o  t o  a l t e r  t h e  s i g n  o f  t h e  s p l i t t i n g
p a r a m e t e r .
In  each exam ple  t h e  i m p e r f e c t  sys tem s d i s p l a y  
p r e f e r e n t i a l  b u c k l i n g  in  t h e  t w o - h a l f w a v e  mode i r r e s p e c t i v e  
o f  t h e  r a t i o  o f  t h e  two i m p e r f e c t i o n s  ( a p p l i e d  l a t e r a l  
p r e s s u r e  d i s t r i b u t i o n s ) .  The h y s t e r e s i s  lo c u s  f o r  each case  
was th e n  g e n e r a t e d  n u m e r i c a l l y .  W i t h  a n o n - z e r o  s p l i t t i n g  
p a r a m e t e r  t h e  h y s t e r e s i s  l o c i  become a s y m p t o t i c  t o  t h a t  
o b t a i n e d  und er  c o n d i t i o n s  o f  compound b u c k l i n g .  From a 
c o n s i d e r a t i o n  o f  t h e s e  l o c i  and t h e  s t a b i l i t y  b o u n d a r ie s  
d e f i n e d  i n  C h a p t e r  4 t h e  b e h a v i o u r  o f  t h e s e  sys tem s may be  
d e t e r m i n e d .
The v a r i a t i o n  o f  t h e  l o c i  o f  t h e  c r i t i c a l  lo a d  o f  t h e  
b i f u r c a t i o n  p o i n t  and t h e  c o u p le d  l i m i t  p o i n t s ,  w i t h  
r e s p e c t  t o  i m p e r f e c t i o n  norm and s p l i t t i n g  p a r a m e t e r ,  i s  
shown i n  F i g u r e  5 . 3 0  ( f o r  t h e  case  o f  o=0 and w = j r /2 ) .  In  
each F i g u r e  t h e  p o i n t s  A & A ’ and B & B' r e p r e s e n t  t h e  
s e c o n d a ry  b i f u r c a t i o n  p o i n t s  on t h e  u n c o u p le d  p a t h s  o f  t h e  
i d e a l  sys te m .  From F i g u r e  5 . 3 0  i t  i s  seen t h a t  t h e  l o c i  o f  
b i f u r c a t i o n  p o i n t s  f l a t t e n  as a  i n c r e a s e s  p o s i t i v e l y  and  
become s t e e p e r  as o i n c r e a s e s  n e g a t i v e l y .  The l o c i  o f  
c o u p le d  l i m i t  p o i n t s  become p a r a l l e l  t o  t h e  lo c u s  o f  
c o u p le d  l i m i t  p o i n t s  f o r  c o n d i t i o n s  o f  compound b u c k l i n g .  
W it h  a z e r o  o r  p o s i t i v e  s p l i t t i n g  p a r a m e t e r  n a t u r a l  
h y s t e r e s i s  b e h a v i o u r  o c c u r s  f o r  a l l  v a l u e s  o f  17; however
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w i t h  a n e g a t i v e  s p l i t t i n g  p a r a m e te r  n a t u r a l  h y s t e r e s i s  
b e h a v i o u r  o n l y  o c c u r s  f o r  For  t h e  cas e  o f  o=90° t h e
l o c i  o f  b i f u r c a t i o n  p o i n t s  and c o u p le d  l i m i t  p o i n t s  o n l y  
e x i s t  f o r  a p o s i t i v e  s p l i t t i n g  p a r a m e te r  and i n t e r s e c t  a t  
an i m p e r f e c t i o n  o f  17 ; beyond t h i s  n o n - h y s t e r e s i s  b e h a v i o u r  
o c c u r s .  As t h e  s p l i t t i n g  t e n d s  t o  z e r o  t h e  c l o s e d  r e g i o n  o f  
n a t u r a l  h y s t e r e s i s  b e h a v i o u r  re d u c e s  t o  a p o i n t  a t  t h e  
o r i g i n .
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F ig u r e  5 . 3 0 :  Loci o f  b i f u r c a t i o n  p o in ts  and coupled l i m i t
p o in t s  f o r  t h e  case o f  <0=0 and w=rc/2
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The c o m p le t e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  t h e  
n a t u r a l  e q u i l i b r i u m  p a t h s  o f  each o f  t h e s e  exam ples  was 
t h e n  o b t a i n e d  u s in g  t h e  m o d i f i e d  n u m e r ic a l  t e c h n i q u e .  In  
t h e  case  o f  a z e r o  o r  p o s i t i v e  s p l i t t i n g  p a r a m e t e r  a l l  t h e  
c r i t i c a l  lo a d s  on t h e  s u r f a c e  a r e  p o s i t i v e .  W i t h  a n e g a t i v e  
s p l i t t i n g  p a r a m e te r  t h e  c r i t i c a l  lo ad s  o f  t h e  two s h e e t s  
a r e  i n i t i a l l y  n e g a t i v e  ( i n d i c a t i n g  a r e d u c t i o n  i n  c r i t i c a l  
lo ad  f ro m  t h e  v u n c o u p le d  b r a n c h in g  lo a d  o f  t h e  i d e a l  
sy s te m )  becoming p o s i t i v e  beyond t r a n s i t i o n  v a l u e s  o f  
i m p e r f e c t i o n  norm. W i t h  a n o n - z e r o  s p l i t t i n g  p a r a m e te r  t h e  
i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  i s  de fo rm ed  t o  g i v e  
s u r f a c e s  t h a t  a r e  a s y m p t o t i c  t o  t h e  s u r f a c e  t h a t  stems f ro m  
c o n d i t i o n s  o f  compound b u c k l i n g .
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CHAPTER 6
EXPERIMENTAL BEHAVIOUR OF LATERALLY 
RESTRAINED PLATES
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6 . 0  INTRODUCTION
The p u rp o se  o f  t h i s  p r e s e n t  C h a p t e r  i s  t o  r e p o r t  on a 
s e r i e s  o f  e x p e r im e n t s  con d u c ted  on a number o f  
s i m p l y - s u p p o r t e d ,  l a t e r a l l y  r e s t r a i n e d ,  t h i n  r e c t a n g u l a r  
p l a t e s  under  u n i a x i a l  c o m p r e s s io n .  These e x p e r im e n t s  w ere  
c a r r i e d  o u t  t o  v e r i f y ,  q u a l i t a t i v e l y ,  t h e  t h e o r i e s  p roposed  
i n  p r e v i o u s  c h a p t e r s .
A neai— r i g i d  s t e e l  t e s t  f ra m e  was d e s ig n e d  and 
f a b r i c a t e d  t o  h o l d  t h e  p l a t e s  in  c a r e f u l l y  m ach ined  edge  
b l o c k s  w h ich  r e a l i s e d ,  as c l o s e l y  as p o s s i b l e ,  t h e  r e q u i r e d  
boundary  c o n d i t i o n s .  These boundary  c o n d i t i o n s  a r e  t h a t  a l l  
edges o f  t h e  p l a t e s  a r e  s i m p l y - s u p p o r t e d  and c o n s t r a i n e d  t o  
r e m a in  s t r a i g h t ,  w i t h  o p p o s i t e  edges c o n s t r a i n e d  t o  re m a in  
p a r a l l e l .  The load ed  edges a r e  f r e e  t o  move to w a rd s  each  
o t h e r  b u t  t h e  u n lo a d e d  edges a r e  r i g i d l y  h e l d  a p a r t .
The t e s t  f ra m e  was mounted in  a t e s t i n g  m ach ine  w h ich  
a p p l i e d  u n i a x i a l  i n - p l a n e  c o m p re s s io n .  A g r i d  o f  
c o n c e n t r a t e d  loads  was a p p l i e d  l a t e r a l l y  t o  t h e  p l a t e s ;  
t h e s e  c o u ld  be a l t e r e d  t o  a p p r o x im a t e  lo a d i n g s  v a r y i n g  f ro m  
a u n i f o r m l y  d i s t r i b u t e d  p r e s s u r e  d i s t r i b u t i o n  t o  p u re  
o u t - o f - p l a n e  b e n d in g .  T h i s  l a t e r a l  l o a d i n g  was used t o  
r e p r e s e n t  i n i t i a l  g e o m e t r i c  i m p e r f e c t i o n s  i n  t h e  p l a t e s .
The a x i a l  l o a d - d e f 1e c t i o n  o f  t h e  lo a d  b e h a v i o u r  was 
f o l l o w e d  by means o f  a lo a d  c e l l  and a v e r t i c a l l y  mounted  
LVDT t r a n s d u c e r  which  measured t h e  a x i a l  s h o r t e n i n g  o f  t h e  
e n t i r e  p l a t e .  A g r i d  o f  t h i r t e e n  LVDT t r a n s d u c e r s ,  normal  
t o  t h e  f a c e  o f  t h e  p l a t e s ,  was used t o  m easure  t h e  
o u t - o f - p l a n e  d i s p l a c e m e n t s  d u r i n g  l o a d i n g .  From t h e s e  t h e  
d e f l e c t e d  forms o f  t h e  p l a t e s ,  under  i n c r e a s i n g  l o a d s ,  
c o u ld  be p l o t t e d .  F o u r i e r  a n a ly s e s  w ere  t h e n  c a r r i e d  o u t  on 
t h e  c e n t r e l i n e  d i s p l a c e m e n t s  p r o v i d i n g  t h e  i n t e r a c t i o n  
betw een t h e  component modes o f  d e f l e c t i o n  and in  p a r t i c u l a r  
t h e  c o u p l i n g  between t h e  o n e -  and t w o - h a l f w a v e  fo rm s  
p r e d i c t e d  by t h e  g e n e r a l  t h e o r y .
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6 . 1  MATERIAL PROPERTIES OF THE STEEL SHEET
A l l  p l a t e  and m a t e r i a l  specimens w ere  made f ro m  two  
c o l d  r o l l e d  m i l d  s t e e l  s h e e t s  2 .5m long  x 1 .25m w id e  and o f  
nom ina l  t h i c k n e s s  2.0mm and 1.5mm. Both s h e e t s  had a 
g e n e r a l  p u rp o s e  f i n i s h  i n  a c c o rd a n c e  w i t h  BS 1449 P a r t  1 
( 1 9 8 3 ) .
The s h e e t s  w ere  each marked o u t  i n t o  9 r e g i o n s  f ro m
w hich  a t e s t  p l a t e  and a s e t  o f  two coupons (one
l o n g i t u d i n a l  and one l a t e r a l )  c o u ld  be c u t .  The p l a t e s  w ere
c u t  o u t  so t h a t  t h e i r  l e n g t h  r a n  p a r a l l e l  t o  t h e  l e n g t h  o f
t h e  s h e e t .  Each s e t  o f  coupons c o n s i s t e d  o f  one c u t ,  and
s t r e s s e d ,  i n  a d i r e c t i o n  p a r a l l e l  t o  t h e  u n lo a d e d  edges o f
t h e  p l a t e  ( l o n g i t u d i n a l )  and one c u t ,  and s t r e s s e d ,  i n  a
d i r e c t i o n  p a r a l l e l  t o  t h e  load ed  edges ( l a t e r a l ) .  To e n s u r e
t h a t  t h e  p l a t e s  r e m a in e d  w i t h i n  t h e  e l a s t i c  r a n g e  o f  t h e
m a t e r i a l  d u r i n g  t h e  t e s t s  i t  was n e c e s s a r y  t o  o b t a i n  t h e
l i m i t  o f  p r o p o r t i o n a l  i t y , o , and t h e  0 , 2 %  p r o o f  s t r e s s ,
ip
a  , o f  t h e  s t e e l .  A l l  t h e  t e s t  p l a t e s  w ere  t o  be o f  w i d t h
2p ■ . •
300mm b u t  b e f o r e  t h e  l e n g t h  o f  t h e  p l a t e s  c o u ld  be
f i n a l i s e d  i t  was n e c e s s a r y  t o  o b t a i n  t h e  v a l u e  o f  P o is s o n s  
r a t i o ,  v , ( s e e  F i g u r e  5 . 4 )  and a l s o  t h e  modulus o f
e l a s t i c i t y ,  E,  o f  t h e  m a t e r i a l .
From each s h e e t  t h r e e  o f  t h e  above n i n e  r e g i o n s  w ere  
chosen and t e n s i o n  t e s t s  c o n d u c ted  on t h e  s e t s  o f  coupons .  
In  a d d i t i o n  t o  p r o v i d i n g  t h e  e l a s t i c  c o n s t a n t s  o f  t h e  s t e e l  
t h i s  a l s o  gave an i n d i c a t i o n  o f  t h e  d e g re e  o f  i s o t r o p y  and  
h o m o g en e i ty  o f  t h e  s t e e l  s h e e t s .
The coupon specimens used w ere  12.5mm w id e  and made 
i n  a c c o rd a n c e  w i t h  t h e  r e q u i r e m e n t s  o f  BS 18 ( 1 9 8 7 ) .  B e f o r e  
t e s t i n g  t h e  t h i c k n e s s  and w i d t h  o f  each specim en was 
measured a t  t h r e e  p o s i t i o n s  a lo n g  t h e  gauge l e n g t h  t o  an 
a c c u r a c y  o f  0.01mm. F o l l o w i n g  s i m i l a r  p r e l i m i n a r y  t e s t s  
co n d u c ted  by Yamaki ( 1 9 6 1 ) ,  a p a i r  o f  s t r a i n  gauges was 
mounted on each sp ec im en ,  one l o n g i t u d i n a l  and one l a t e r a l .  
The coupons w ere  h e l d  in  g r i p s  f a b r i c a t e d  i n  a c c o r d a n c e  
w i t h  t h e  r e q u i r e m e n t s  o f  BS 18 ( 1 9 8 7 )  and t e n s i o n e d  i n  a
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screw  t e s t i n g  m ach ine  m a n u f a c t u r e d  by R .D .P . - H o w d e n  L t d .  a t  
a c o n s t a n t  head movement r a t e  o f  0 .1m m /m in .
T y p i c a l  s t r e s s - s t r a i n  r e l a t i o n s h i p s  f o r  t h e s e  
specim ens a r e  shown i n  F i g u r e s  6 . 1  and 6 . 2  f o r  t h e  2.0mm 
and 1.5mm s h e e t s  r e s p e c t i v e l y .  F i g u r e  6 . 1  shows t h a t  t h e  
2.0mm s h e e t  has a w e l l  d e f i n e d  y i e l d  p o i n t  i n d i c a t i n g  t h a t  
t h e  s h e e t  has befen h e a t  t r e a t e d  a f t e r  r o l l i n g .  The 1.5mm 
s h e e t ,  F i g u r e  6 . 2 ,  has a l e s s  w e l l  d e f i n e d  y i e l d  p o i n t .  
T h i s  c u r v e  i s  t y p i c a l  o f  s t e e l  s h e e t  w h ich  has been c o l d  
r o l l e d  and had no a d d i t i o n a l  h e a t  t r e a t m e n t .
(0
V)0
-bw
longitudinal strain
F i g u r e  6 . 1 :  T y p i c a l  s t r e s s - s t r a i n  r e l a t i o n s h i p  f o r  t h e
2.0mm s h e e t  -  f ro m  BS 18 specimens
From t h e s e  t e s t s  t h e  l i m i t  o f  p r o p o r t i o n a l i t y  s t r e s s  
and t h e  0 . 2 %  p r o o f  s t r e s s  w ere  d e t e r m i n e d .  The r e s u l t s  a r e  
summarised i n  T a b le s  6 .1  and 6 . 2 .
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F i g u r e  6 . 2 :  T y p i c a l  s t r e s s - s t r a i n  r e l a t i o n s h i p  f o r  t h e
1.5mm s h e e t  -  f ro m  BS 18 specim ens
mean
o
L o n g i t u d i n i ?
<7
2p
272 228 264 255
295 244 264 267
o
L a t e r a l  lp  
a
2p
262 264 266 264
276 274 282 277
mean a
i p
259
mean a
2 P
272
T a b l e  6 . 1 :  L i m i t  o f  p r o p o r t i o n a l i t y  and 0 , 2 %  p r o o f  s t r e s s  
f o r  t h e  2.0mm s h e e t  -  f ro m  BS 18 specim ens (N/mm2)
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mean
O
L o n g i t u d i n a l
o
2p
274 262 267 268
303 296 299 299
a
L a t e r a l  lp
<7
2p
273 271 266 270
292 301 300 298
mean a
i p
269
mean a
2p
298
T a b l e  6 . 2 :  L i m i t  o f  p r o p o r t i o n a l i t y  and 0 . 2 $  p r o o f  s t r e s s  
f o r  t h e  1.5mm s h e e t  -  f ro m  BS 18 specim ens (N/mm2)
From t h e  s t r a i n  gauge r e a d i n g s  t h e  modulus o f  
e l a s t i c i t y  and P o iss o n s  r a t i o  o f  t h e  s h e e t  s t e e l  w ere  
o b t a i n e d .  The r e s u l t s  a r e  summarised in  T a b l e s  6 . 3  and 6 . 4  
b e lo w .
mean
E(kN/mm2 )
L o n g i t u d i n a l
V
214 189 217 207
0 . 3 2 0 . 2 4 0 . 2 4 0 . 2 6
E(kN/mm2 )
L a t e r a l
V
197 178 184 186
0 . 2 9 0 . 2 4 0 . 2 3 0 . 2 5
mean E 197
mean v 0 . 2 6
T a b l e  6 . 3 :  E l a s t i c  modulus and P o iss o n s  r a t i o  f o r  t h e  2.0mm
s h e e t  -  f ro m  BS 18 specimens
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mean
E(kN/mm2 ) 
L o n g i t u d i n a l
V
193 194 191 193
0 . 2 4 0 . 2 2 0 . 2 3 0 . 2 3
E(kN/mm2 ) 
L a t e r a l
V
190 190 191 190
0 . 2 3 0 . 2 3 0 . 2 3 0 . 2 3
mean E 192
mean v 0 . 2 3
T a b l e  6 . 4 :  E l a s t i c  modulus and Po iss o n s  r a t i o  f o r  t h e  1.5mm
s h e e t  -  f ro m  BS 18 specimens
The v a l u e  o f  P o is s o n s  r a t i o  o b t a i n e d  f ro m  t h e s e  t e s t s  
was c o n s i d e r a b l y  low e r  t h a n  e x p e c t e d  and i t  was t h o u g h t  
t h a t  t h i s  was p r o b a b l y  due t o  t h e  s h o r t  gauge l e n g t h  f o r  
t h e  measurement  o f  t h e  l a t e r a l  s t r a i n .  T h e r e f o r e  a d d i t i o n a l  
r e c t a n g u l a r  specimens w ere  c u t  f ro m  t h e  s h e e t s  w i t h  a gauge  
l e n g t h  o f  75mm i n  each d i r e c t i o n .  A g a in  t h e  w i d t h  and  
t h i c k n e s s  o f  t h e s e  specim ens was measured and a p a i r  o f  
s t r a i n  gauges mounted c e n t r a l l y .  I t  was n o t  p o s s i b l e  t o  
lo ad  t h e s e  specimens t o  t h e  p r o p o r t i o n a l  s t r e s s  l i m i t  due  
t o  b e a r i n g  f a i l u r e ,  in  t e n s i o n ,  o c c u r r i n g  w i t h i n  t h e  g r i p s .  
However ,  v a l u e s  o f  t h e  e l a s t i c  modulus and P o is s o n s  r a t i o  
w ere  o b t a i n e d .  These r e s u l t s  a r e  summarised i n  T a b l e s  6 . 5  
and 6 . 6 .
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mean
E(kN/mm2 )
L o n g i t u d i n a l
V
223 222 203 216
0 . 4 2 0 . 4 0 0 . 3 8 0 . 4 0
E(kN/mm2 ) 
L a t e r a l
V
217 206 195 206
0 . 4 0 0 . 3 8 0 . 4 0 0 . 4 0
mean E 211
mean v 0 . 4 0
T a b l e  6 . 5 :  E l a s t i c  modulus and P o is s o n s  r a t i o  f o r  t h e  2.0mm 
s h e e t  -  f ro m  r e c t a n g u l a r  specim ens
mean
E(kN/mm2 )
L o n g i t u d i n a l
V
206 209 210 208
0 . 3 3 0 . 3 4 0 . 3 6 0 . 3 4
E(kN/mm2 )
L a t e r a l
V
208 204 208 207
0 . 3 4 0 . 3 4 0 . 3 4 0 . 3 4
mean E 208
mean i> 0 . 3 4
T a b l e  6 . 6 :  E l a s t i c  modulus and P o is s o n s  r a t i o  f o r  t h e  1.5mm 
s h e e t  -  f rom  r e c t a n g u l a r  specim ens
From t h e s e  r e s u l t s  i t  can be seen t h a t  t h e  s t e e l  
s h e e ts  a r e  g e n e r a l l y  i s o t r o p i c b u t  t h e  2.0mm p l a t e  i s  l e s s  
homogeneous t h a n  t h e  1.5mm p l a t e .  Measured f ro m  t h e  
specimens t h e  a c t u a l  t h i c k n e s s  o f  t h e  2.0mm s h e e t  v a r i e d  
f ro m  2.00mm t o  2 .1 1  w h i l e  t h e  t h i c k n e s s  o f  t h e  1.5mm s h e e t  
v a r i e d  f ro m  1 . 7 7  t o  1 . 9 2 .  S i n c e  t h e r e  was a m in im a l  
d i f f e r e n c e  in  t h i c k n e s s  between t h e  two s h e e t s  i t  was 
d e c id e d  t o  c on duc t  t h e  p l a t e  t e s t s  u s in g  t h e  1.5mm s h e e t  
o n l y .
2 4 0
6 . 2  EQUIPMENT
The g e n e r a l  a r ra n g e m e n t  o f  t h e  t e s t  eq u ip m en t  i s  
shown in  P l a t e  6 . 1 .
6 . 2 . 1  THE LOADING SYSTEM
The a x i a l  c o m p re s s iv e  lo ad  was a p p l i e d  t o  t h e  p l a t e s  
u s in g  a t e s t i n g  m ach ine  m a n u f a c t u r e d  by S a t e c  Systems  
I n c o r p o r a t e d  c o n t r o l l e d  by a c o n s o le  p rodu ced  by R . D . P .  
Howden L t d .  The system  was c a l i b r a t e d  by Howden t h r e e  
months b e f o r e  t e s t i n g  s t a r t e d .  The t e s t i n g  m ach in e  has a 
c a p a c i t y  o f  500kN b u t  was o n l y  used in  t h e  0 -5 0 k N  r a n g e .
The v o l t a g e  o u t p u t  f ro m  t h e  lo a d  c e l l  was c a l i b r a t e d  
i n  t h e  r a n g e  0 -5 0 k N  i n  s t e p s  o f  5kN. From t h e s e  v o l t a g e  
r e a d i n g s  t h e  c a l i b r a t i o n  f a c t o r  was c a l c u l a t e d  ' u s i n g  t h e  
method o f  l e a s t  s q u a r e s .
The l a t e r a l  l o a d i n g  was a p p l i e d  t o  t h e  p l a t e s  by a 
system  o f  w e ig h t s  and p u l l e y s .  S i x  1.5mm d i a m e t e r  h o l e s  
w ere  d r i l l e d  in  each p l a t e ,  a t  t h e  p o s i t i o n s  shown in  
F i g u r e  6 . 3 ,  t h r o u g h  which  h ig h  t e n s i l e  s t a i n l e s s  s t e e l  
w i r e  was t h r e a d e d  and f i x e d  u s in g  s o l d e r l e s s  n i p p l e s .  The  
w i r e s  t h e n  r a n  o v e r  t h e  p u l l e y s  and t h e  w e i g h t s  w ere  
a p p l i e d  on h an g ers  a t t a c h e d  t o  t h e  end o f  t h e  w i r e s .  T h i s  
system  e n a b le d  t h e  m a g n i tu d e  and d i r e c t i o n  o f  t h e  lo a d  a t  
each p o i n t  t o  be v a r i e d  r e l a t i v e l y  e a s i l y .  P l a t e  6 . 2  shows 
t h e  l a t e r a l  l o a d i n g  in  p l a c e .  In  t h e  f o l l o w i n g ,  lo a d s  
a p p l i e d  t o  t h e  LVDT f a c e  o f  t h e  p l a t e  a r e  d e s c r i b e d  as  
p o s i t i v e  lo ad s  and t h o s e  a p p l i e d  t o  t h e  g r i d  f a c e  a r e  
d e s c r i b e d  as n e g a t i v e .
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D im ens ion
a -  mm
A 650
B 575
C 600
D 625
F i g u r e  6 . 3 :  S e t t i n g  o u t  o f  a p p l i e d  l a t e r a l  lo a d  p o i n t s  f o r
t h e  f o u r  p l a t e s
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P l a t e  6 . 2 :  A p p l i e d  l a t e r a l  l o a d i n g  s e t  up on a t e s t  p l a t e
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6 . 2 . 2  SUPPORT CONDITIONS
T e s t s  on u n s t i f f e n e d  i s o l a t e d  p l a t e s  r e q u i r e  
p a r t i c u l a r  a t t e n t i o n  t o  be g i v e n  t o  t h e  boundary  
c o n d i t i o n s .  The most common p ro b lem  i s  t h a t  o f  f r i c t i o n  
between a c o n t i n u o u s  s u p p o r t  and t h e  p l a t e  l e a d i n g  t o  an 
unknown d i s t r i b u t i o n  o f  a p p l i e d  lo ad  betw een t h e  p l a t e  and 
t h e  edge s u p p o r t  s t r u c t u r e .  A t r u e  s i m p l e  s u p p o r t  i s  
d i f f i c u l t  t o  a c h i e v e  i n  p r a c t i c e .  One common method o f  
s u p p o r t  has been t o  p l a c e  t h e  ends o f  t h e  p l a t e  i n t o  
V - g r o o v e s  c u t  i n t o  s u p p o r t s  a t t a c h e d  t o  t h e  l o a d i n g  d e v i c e .  
However ,  u n l e s s  t h e s e  a r e  made w i t h  g r e a t  c a r e  p rob lem s o f  
m i s a l i g n m e n t  o r  p a r t i a l  c o n t a c t  may l e a d  t o  p r e m a t u r e  
b u c k l i n g .
B r a d l e y  ( 1 9 5 9 )  c o n d u c ted  a s e r i e s  o f  e x p e r im e n t s  on 
p l a t e s  under  l a t e r a l  l o a d i n g  and h e l d  t h e  p l a t e s  betw een  
k n i f e  edges c lamped o n l y  enough t o  h o ld  t h e  p l a t e  i n  p l a c e .  
Us in g  a s q u a re  p l a t e  under  a u n i f o r m l y  d i s t r i b u t e d  lo a d  he 
found  t h a t  t h i s  gave a r e a s o n a b l e  s i m p l e  s u p p o r t .  Yamaki  
( 1 9 6 1 )  co n d u c te d  e x p e r im e n t s  on p l a t e s  lo a d e d  in  edge  
co m press io n  and a g a in  used k n i f e  edges t o  p r o v i d e  a s i m p l e  
s u p p o r t .  He fo und  t h a t  t h e  boundary  c o n d i t i o n s  w ere  
r e a s o n a b l e  f o r  t h e  u n lo a d e d  edges b u t  a p p r e c i a b l e  b e n d in g  
s t r e s s e s  o c c u r r e d  a lo n g  t h e  load ed  edges .
W a lk e r  ( 1 9 6 7 ) ,  Rhodes e t  a l  ( 1 9 7 5 )  and Kam insk i  
( 1 9 8 7 )  used systems o f  r o l l e r s  t o  p r o v i d e  a s i m p l e  s u p p o r t  
c o n d i t i o n  a lo n g  t h e  load ed  ends o f  t h e  p l a t e s  and found  
t h a t  t h e s e  gave r e a s o n a b l e  boundary  c o n d i t i o n s .  B r a d f i e l d  
( 1 9 8 0 )  used a sys tem  o f  ’ f i n g e r s '  a t t a c h e d  t o  t h e  u n lo a d e d  
edges o f  t h e  p l a t e s .  These d i s c r e t e  f i n g e r  s u p p o r t s  w ere
s t i f f  a g a i n s t  o u t - o f - p l a n e  movement o f  t h e  p l a t e  w h i l s t
b e in g  f l e x i b l e  t o  i n - p l a n e  movements o f  t h e  p l a t e  b o th  
p a r a l l e l  and normal  t o  t h e  d i r e c t i o n  o f  t h e  a p p l i e d  l o a d .
A l th o u g h  t h i s  s u p p o r t  sys tem  p r o v i d e d  r e a s o n a b l e  r e s u l t s  i t
r e q u i r e d  c o n s i d e r a b l e  p r e p a r a t i o n  o f  t h e  p l a t e  edg es .
Sharman and Humpherson ( 1 9 6 8 )  in  t h e i r  e x p e r im e n t s  on 
l a t e r a l l y  r e s t r a i n e d  p l a t e s  used i n t e r m i t t e n t  r o l l e r s  a lo n g
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t h e  lo a d e d  ends o f  t h e  p l a t e s .  To p r o v i d e  a s i m p l e  s u p p o r t  
w i t h  l a t e r a l  r e s t r a i n t  t h e y  used i n t e r m i t t e n t  r o l l e r s  f r e e  
t o  r o t a t e  and s l i d e  l o n g i t u d i n a l l y  in  g ro o v e s  m achined  in  
t h e  edge s u p p o r t  members. From t h e  r e s u l t i n g  M o i r 6  f r i n g e
p a t t e r n s  t h e y  found  t h a t  t h i s  gave a good s i m p l e  s u p p o r t
w i t h  no o b s e r v a b l e  e f f e c t s  due t o  t h e  p l a t e  b e in g
u n s u p p o r te d  betw een r o l l e r s .
F o l l o w i n g  Sharman and Humpherson ( 1 9 6 8 )  s l o t t e d  
r o l l e r s ,  each 65mm lo n g ,  w ere  a t t a c h e d  t o  t h e  edges o f  t h e  
p l a t e s  by means o f  two grub screws th r o u g h  each r o l l e r .  I t  
was fo u n d  t h a t  t h e  f r i c t i o n  betw een t h e  ends o f  t h e  screws  
and t h e  p l a t e  was s u f f i c i e n t  t o  h o ld  t h e  p l a t e  in  p o s i t i o n  
i n  t h e  r o l l e r s .  The r o l l e r s  w ere  th e n  h e l d  in  s p e c i a l l y  
m achined  b l o c k s  b o l t e d  t o  t h e  t e s t  f r a m e ,  shown in  P l a t e
6 . 3 .  The p o s i t i o n s  o f  t h e  r o l l e r s  used f o r  each p l a t e  a r e
shown in  F i g u r e  6 . 4 .
The t o p  and bo t to m  b l o c k s  each c o n s i s t e d  o f  a
30x60x260mm long  s o l i d  s t e e l  s e c t i o n  w i t h  a 7 / 8 i n c h  
s e m i - c i r c u l a r  s l o t  m i l l e d  o u t  a lo n g  t h e  l o n g i t u d i n a l  
c e n t r e l i n e .  The two s i d e  b l o c k s  w ere  b o th  f a b r i c a t e d  f ro m  
two 60x30x992mm long s o l i d  s t e e l  s e c t i o n s  b o l t e d  and p in n e d  
t o g e t h e r ;  a 7 / 8 i n c h  s e m i c i r c u l a r  s l o t  was m i l l e d  o u t  a lo n g  
t h e  l e n g t h  o f  each s e c t i o n  and one edge c h a m fered  as shown
in  F i g u r e  6 . 5 .  P l a t e  6 . 3  shows a s i d e  b l o c k  and t h e  t o p
b l o c k  b e f o r e  b e in g  b o l t e d  t o  t h e  t e s t  f r a m e .
To re d u c e  f r i c t i o n  between t h e  r o l l e r s  and t h e  edge  
b l o c k s  a molybdenum based g r e a s e  was used l i b e r a l l y .  A 
heavy d u t y  P T F E / s i l i c a  l u b r i c a n t  was a l s o  t r i e d  b u t
« 1 4* 4» a w  «arx**sl *J z' « 4* n 4*U <1 ^  iitA a  1 1 \ / 4* a /%4* n \/oa i wiivu^M u i wwi upp i i wau i v i i wn i g n uo ewjua i i /  c i i w  w • v w ^
a f t e r  a few hours  i t s  e f f i c i e n c y  was r e d u c e d  as t h e  r o l l e r s  
began t o  s t i c k  w i t h i n  t h e  edge b l o c k s .
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P l a t e  6 . 3 :  D e t a i l  o f  t h e  edge s u p p o r t  b l o c k s
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F i g u r e  6 . 4 :  S e t t i n g  o u t  o f  t h e  edge r o l l e r s  f o r  t h e  f o u r
p l a t e s
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F i g u r e  6 . 5 :  S e c t i o n s  t h r o u g h  t h e  edge s u p p o r t  b l o c k s
6 . 2 . 3  THE TEST FRAME
The t e s t  f ra m e  used in  t h e  e x p e r i m e n t a l  i n v e s t i g a t i o n  
i s  shown in  p o s i t i o n  in  t h e  t e s t i n g  m ach ine  i n  P l a t e  6 . 4 .  
I t  was f a b r i c a t e d  f ro m  t h r e e  1 5 2 x152 x37k g /m  u n i v e r s a l  
column s e c t i o n s  and two 50x 50x5  r o l l e d  a n g l e  s e c t i o n s  
b o l t e d  t o g e t h e r  t o  fo rm  a r e c t a n g u l a r  f r a m e .  The b o t to m  and 
s i d e  b lo c k s  w ere  b o l t e d  t o  t h e  column s e c t i o n s  o f  t h e  f ra m e  
u s in g  a n g l e  c l e a t s  and M6 b o l t s .
The t o p  b l o c k  was b o l t e d  t o  a 1 5 2 x152 x37k g /m  x 260mm 
long u n i v e r s a l  s e c t i o n  u s in g  M6 b o l t s .  T h i s  i n  t u r n  was 
b o l t e d  t o  t h e  head o f  t h e  t e s t i n g  m achine  u s in g  3 / 4 i n c h  
b o l t s .  The d o u b le  beam was used on t h e  head t o  e n a b l e  a 
w id e r  r a n g e  o f  p l a t e  l e n g t h s  t o  be t e s t e d ,  f ro m  525mm t o  
750mm.
Once t h e  t e s t  f ra m e  had been b o l t e d  t o  t h e  t e s t i n g  
m achine  t h e  l e v e l  and sq u a re n e s s  o f  t h e  f ra m e  was checked  
and m in o r  a d j u s t m e n t s  made; t h e  s i d e s  o f  t h e  f ra m e  w ere  
p a r a l l e l  t o  w i t h i n  0.02mm.
2 4 9
P l a t e  6 . 4 :  The t e s t  f rame mounted in  t h e  t e s t i n g  machine
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6 . 2 . 4  STRAIN MEASUREMENT
P r e c i s i o n  e l e c t r i c a l  r e s i s t a n c e  s t r a i n  gauges were  
used t o  measure  s t r a i n s  b o th  i n  t h e  p r e l i m i n a r y  t e n s i o n  
t e s t s  and t h e  main  p l a t e  e x p e r i m e n t s .  The gauges used were  
m a n u f a c t u r e d  by M ic r o -M e a s u r e m e n t  I n c o r p o r a t e d  and had a 
r e s i s t a n c e  o f  120 ± 0 .3% Ohms. Type C E A - 0 6 - 12 5 U N - 120 gauges  
w ere  used t h r o u g h o u t ;  t h e s e  have a gauge l e n g t h  o f  3.18mm,  
a g r i d  w i d t h  o f  2.54mm and a s t r a i n  l i m i t  o f  ±3%. The gauge  
f a c t o r  was 2 . 0 6 0 .  These gauges a r e  m a n u f a c t u r e d  f ro m  a 
C o n s t a n t a n  (45% N i ,  55% Cu) f o i l  wh ich  i s  h e a t  t r e a t e d  t o  
p r o v i d e  s e l f  t e m p e r a t u r e  c o m p e n s a t io n .
B e f o r e  t h e  s t r a i n  gauges w ere  mounted on t h e  
specimens and p l a t e s ,  u s in g  M-Bond 200 a d h e s i v e ,  t h e  s t e e l  
was c a r e f u l l y  c l e a n e d  and p r e p a r e d  in  a c c o r d a n c e  w i t h  t h e  
m a n u f a c t u r e r s  reco m m en d a t io n s .  A l l  t h e  m a t e r i a l s  used w ere  
m a n u f a c t u r e d  by M ic r o -M e a s u r e m e n ts  I n c o r p o r a t e d . A f t e r  
i n s t a l l a t i o n  t h e  gauges on t h e  p l a t e s  w ere  p r o t e c t e d  u s in g  
M - c o a t  D.
For  t h e  t e n s i o n  t e s t s  t h e  two s t r a i n  gauges w ere  
c o n n e c te d  w i t h  t h e i r  own dummy gauge ,  o f  t h e  same t y p e ,  t o  
fo rm  a q u a r t e r  b r i d g e .  For  t h e  p l a t e  e x p e r im e n t s  t h e  a c t i v e  
gauges w ere  c o n n e c te d  t o  a common dummy gauge ,  o f  t h e  same 
t y p e .
For  t h e  p l a t e  t e s t s  s t r a i n  gauges w ere  f i x e d  a t  
t h i r t y  p o i n t s ,  in  p a i r s  (one  on each s i d e  o f  t h e  p l a t e ) ,  
a c r o s s  t h e  t o p  and a lo n g  one s i d e  o f  t h e  p l a t e .  The s e t t i n g  
o u t  o f  t h e  gauges on t h e  t h r e e  p l a t e s  i s  shown in  F i g u r e  
6 . 6 .
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F ig u r e  6 . 6 :  S e t t i n g  ou t  o f  th e  s t r a i n  gauges f o r  t h e  fo u r
p 1a te s
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6 . 2 . 5  D i s p l a c e m e n t  Measurement
L i n e a r  v a r i a b l e  d i f f e r e n t i a l  t r a n s f o r m e r  (LVDT)  
t r a n s d u c e r s  w ere  used t o  measure t h e  o u t  o f  p l a n e  
d is p l a c e m e n t s  and t h e  v e r t i c a l  s h o r t e n i n g  o f  t h e  p l a t e .  The  
LVDTs w ere  m a n u f a c t u r e d  by R. D. P. E l e c t r o n i c s  L t d .  and 
w ere  c e r t i f i e d  t o  have a l i n e a r i t y  b e t t e r  t h a n  ± 0 .2 0 &  
o v e r  t h e i r  w o r k in g  r a n g e .  Types D 5 /10 00A  and D 5 /20 00A  w ere  
used w h ich  have a w o r k in g  ra n g e  o f  100mm and 200mm 
r e s p e c t i v e l y .
B e f o r e  t h e  t e s t s  commenced each t r a n s d u c e r  was 
c a l i b r a t e d  s e p a r a t e l y .  The f i f t e e n  t r a n s d u c e r s  w ere  
s w i t c h e d  in  t u r n  t h r o u g h  two a m p l i f i e r s  and th u s  were  
c a l i b r a t e d  in  c o n j u n c t i o n  w i t h  t h e  a m p l i f i e r  t o  w h ich  t h e y  
w ere  t o  be c o n n e c te d  in  t h e  t e s t s .  V o l t a g e  r e a d i n g s  w ere  
t a k e n  f o r  d i s p l a c e m e n t  in c r e m e n t s  o f  5mm o v e r  t h e i r  c e n t r a l  
50mm r a n g e .  The c a l i b r a t i o n  f a c t o r  f o r  each t r a n s d u c e r  was 
t h e n  c a l c u l a t e d  u s in g  t h e  method o f  l e a s t  s q u a r e s  t o  o b t a i n  
t h e  b e s t  s t r a i g h t  l i n e  t h r o u g h  t h e  d a t a  p o i n t s .
The p o s i t i o n  o f  t h e  LVDT t r a n s d u c e r s  used f o r  each o f  
t h e  p l a t e  t e s t s  i s  shown in  F i g u r e  6 . 7 .  P l a t e  6 . 4  
i l l u s t r a t e s  t h e  t r a n s d u c e r s  s e t  up t o  m easure  t h e  
o u t - o f - p l a n e  d i s p l a c e m e n t s .
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F i g u r e  6 . 7 :  S e t t i n g  o u t  o f  t h e  o u t - o f - p l a n e  LVDT
t r a n s d u c e r s  f o r  t h e  f o u r  p l a t e s
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P l a t e  6 . 5 :  LVDT t r a n s d u c e r s  s e t  up a g a i n s t  a t e s t  p l a t e
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6 . 3  TEST PROCEDURE
B e f o r e  t h e  s t r a i n  gauges w ere  f i x e d  t o  each p l a t e  t h e  
t h i c k n e s s  was measured a t  t w e l v e  p o i n t s  a round  t h e  edges  
and t h e  s q u a re n e s s  ch e c k e d .  The p o s i t i o n s  o f  t h e  LVDTs w ere  
marked o n t o  one f a c e  o f  t h e  p l a t e  and t h e  h o l e s  f o r  t h e  
a p p l i c a t i o n  o f  t h e  l a t e r a l  l o a d i n g  w ere  d r i l l e d .  The s t r a i n  
gauges w ere  t h e n  f i x e d  t o  t h e  p l a t e  which  was c a r e f u l l y  
s l i d  i n t o  t h e  t e s t  f r a m e ,  f ro m  t h e  t o p .  Once i n  p l a c e  t h e  
s t r a i n  gauges w ere  w i r e d  i n t o  t h e  d a t a  l o g g e r  and t h e  LVDTs 
s e t  up e n s u r in g  t h a t  t h e y  w ere  f i r m l y  h e l d  normal  t o  t h e  
f a c e  o f  t h e  p l a t e .  A 50mmx50mm g r i d  was marked o n to  t h e  
p l a t e  (on  t h e  o p p o s i t e  f a c e  t o  t h e  LVDTs) so t h a t  t h e  
b u c k le d  form s c o u ld  be seen c l e a r l y .
The i n i t i a l  o u t  o f  f l a t n e s s  o f  t h e  p l a t e s  was checked  
u s in g  a d i a l  gauge r u n n i n g  a c r o s s  a s o l i d  f l a t  b a r  h e l d  
a c r o s s  t h e  f a c e  o f  t h e  two s i d e  b l o c k s .  From t h i s  i t  was 
found  t h a t  t h e  p l a t e s  w ere  f l a t  t o  w i t h i n  0 . 0 1  in c h  w h ich  
was deemed t o  be a c l o s e  r e p r e s e n t a t i o n  o f  a p e r f e c t l y  f l a t  
sys te m .
Once t h e  f i r s t  p l a t e  was in  t h e  t e s t  f ra m e  i t  was 
load ed  up t o  30kN; t h i s  a l l o w e d  t h e  b o l t e d  c o n n e c t i o n s  t o  
'b e d  i n '  b e f o r e  any t e s t s  w ere  u n d e r t a k e n .  For  t h e  o t h e r  
two p l a t e s  an i n i t i a l  l o a d i n g  o f  10kN was used .
A number o f  t e s t s  w ere  con duc ted  on each p l a t e ;  in  
each case  t h e  f i r s t  was c a r r i e d  o u t  w i t h  no l a t e r a l  l o a d i n g  
-  t h e  ' i d e a l '  c o n d i t i o n .  For  sub sequent  t e s t s  t h e  l a t e r a l  
l o a d i n g  was a p p l i e d  and v a r i e d  f ro m  a u n i f o r m l y  d i s t r i b u t e d  
load  t o  a p u re  l a t e r a l  b e n d in g  l o a d .  For  each e l a s t i c  t e s t  
t h e  a x i a l  lo ad  was a p p l i e d  in  s t e p s  o f  0 .5 k N  up t o  a 
maximum o f  3 0 . 0 k N ;  t h i s  upper  l i m i t  was s e t  t o  e n s u r e  t h a t  
t h e  e l a s t i c  l i m i t  o f  t h e  s t e e l  would  n o t  be e x c e e d e d .  
U n lo a d in g  o f  t h e  a x i a l  lo ad  was c a r r i e d  o u t  i n  1 .0kN  
d e c re m e n ts .  For  t h e  f i n a l  t e s t  on each p l a t e  t h e  a x i a l  lo a d  
was in c r e a s e d  up t o  f a i l u r e  o f  t h e  p l a t e ,  as i n d i c a t e d  by a 
r e d u c t i o n  in  i t s  lo ad  c a r r y i n g  c a p a c i t y .
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At  each lo a d  in c r e m e n t  t h e  d a t a  lo g g e r  r e c o r d e d  t h e  
d i s p l a c e m e n t  and s t r a i n  r e a d i n g s  and s t o r e d  them on t h e  
c o m p u t e r ' s  h a rd  d i s c .  The l o a d - s h o r t e n i n g  c u r v e  was p l o t t e d  
on t h e  s c r e e n  as t h e  t e s t  p r o c e e d e d .  T h i s  e n a b le d  any 
change o f  s t i f f n e s s  in  t h e  p l a t e  t o  be o b s e r v e d  and any  
i n - e l a s t i c  b e h a v i o u r  t o  bfe seen .
A t  t h e  end o f  each t e s t  t h e  d a t a  was t r a n s f e r r e d  f rom  
t h e  h a r d  d i s c  t o  f l o p p y  d i s c  v i a  a p rogram ,  w r i t t e n  in
B a s i c ,  w h ich  s p l i t  t h e  d a t a  i n t o  l o a d - d i s p l a c e m e n t  and
l o a d - s t r a i n  f i l e s .
6 . 4  FOURIER ANALYSIS OF THE OUT-OF-PLANE DEFLECTIONS
The LVDT t r a n s d u c e r  numbers 3 t o  9 i n c l u s i v e  ( F i g u r e  
6 . 7 )  measured t h e  o u t - o f - p l a n e  d e f l e c t i o n s  ( a t  t h e  e i g h t h  
p o i n t s )  a lo n g  t h e  p l a t e  c e n t r e l i n e .  T h i s  e n a b le d  t h e
d e f l e c t e d  fo rm  o f  t h e  p l a t e ,  under  i n c r e a s i n g  a x i a l  l o a d ,  
t o  be p l o t t e d  b u t  gave no i n d i c a t i o n  o f  t h e  i n t e r a c t i o n  o f  
t h e  component modes.
In  C h a p t e r  5 a two-mode d e f l e c t i o n  f u n c t i o n  in  t h e
fo rm  o f  a s i n e  s e r i e s  was used .  Thus a F o u r i e r  a n a l y s i s  was
a d o p te d  t o  s e p a r a t e  t h e  e x p e r i m e n t a l l y  o b s e r v e d  d e f l e c t e d  
modes o f  t h e  p l a t e .
In  g e n e r a l  a f u n c t i o n  u ( x ) ,  w h ich  t a k e s  t h e  v a l u e s  u q 
u , . . .  , u when x t a k e s  t h e  v a l u e s  0 ,  2 j r /n ,  . . .  ,
1 n - 1
2 ( n - 1 ) j t / n  r e s p e c t i v e l y ,  may be r e p r e s e n t e d  by t h e  
t r i g o n o m e t r i c  s e r i e s
oo
a + > (a  c o s rx  + b s i n r x )  ( 6 . 1 )
0  L, r  r
r  «s 1
The p ro b le m  i s  t o  d e t e r m in e  t h e  F o u r i e r  c o e f f i c i e n t s  a Q,
a , . . .  , a , b , . . .  , b , t o  o b t a i n  t h e  b e s t  f i t  t o  t h e
1 n  1 n
e x p e r i m e n t a l  d a t a .
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The e x p e r i m e n t a l  boundary  c o n d i t i o n s  p r e v e n t  l a t e r a l  
movement o f  t h e  p l a t e  edg es .  Thus t h e  F o u r i e r  c o e f f i c i e n t s  
a , a , . . .  , a become equ a l  t o  z e r o  and t h e  s e r i e s  i s
0 1 n
red u c ed  t o
00
u ( x ) = ^  b ^ s i n r x  ( 6 . 2 )
r  = 1
where  t h e  c o e f f i c i e n t s  o f  t h i s  sum may be c a l c u l a t e d  f ro m
00
b = 2  Y u  s in 2 k r j r  ( 6 . 3 )
r  — k-------- -----------
n r = i  n
( s e e  W h i t t a k e r  & Robinson ( 1 9 4 4 ) ) .
I f  t h e  a n a l y s i s  i s  c a r r i e d  o u t  o v e r  t h e  l e n g t h  o f  t h e  
p l a t e  t h e  s e r i e s  t h e n  becomes
oo. -
u ( x )  = ^  b s i n rjrx ( 6 . 4 )
r  = 1
where
b = 2 f  u ( x ) s i n r j r x  ( 6 . 5 )
r L Jo L
The seven p l a t e  c e n t r e l i n e  LVDT t r a n s d u c e r  r e a d i n g s  
t o g e t h e r  w i t h  t h e  boundary  c o n d i t i o n  t h a t  t h e r e  i s  no 
o u t - o f - p l a n e  d is p l a c e m e n t  a t  t h e  t o p  and b o t to m  o f  t h e  
p l a t e  d i v i d e s  t h e  i n t e g r a l  l e n g t h  i n t o  e i g h t  equ a l  segments  
and th u s  o n l y  t h e  f i r s t  t h r e e  b - F o u r i e r  c o e f f i c i e n t s  c o u ld  
be o b t a i n e d  ( W h i t t a k e r  & Robinson ( 1 9 4 4 ) ) .  In  a s i m i l a r  way 
t h e  t h r e e  LVDT t r a n s d u c e r  r e a d i n g s  a c r o s s  t h e  p l a t e  a t  t h e  
q u a r t e r  p o i n t s  e n a b le  o n l y  t h e  f i r s t  b u c k le d  mode t o  be 
o b t a i n e d .  For  t h e  n u m e r ic a l  i n t e g r a t i o n  r e q u i r e d  by 
e q u a t i o n  ( 6 . 5 ) ,  Simpsons R u le  was used .
A computer  program was w r i t t e n ,  in  B a s i c ,  w h ich  r e a d
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t h e  l o a d - d e f l e c t i o n  d a t a  f i l e s  t r a n s f e r r e d  f ro m  t h e  d a t a  
l o g g e r ,  c a l c u l a t e d  t h e  f i r s t  t h r e e  F o u r i e r  c o e f f i c i e n t s  f o r  
each lo a d  i n c r e m e n t  and s t o r e d  them in  a new f i l e .  The  
load-m ode c o e f f i c i e n t  g raph s  shown l a t e r  in  t h i s  c h a p t e r  
w ere  t h e n  p l o t t e d  f ro m  t h i s  d a t a  u s in g  L o tu s  F r e e l a n c e  
P l u s ,  v e r s i o n  3 . 0 1 .
U s in g  t h e  above method t h e  e x a c t  m a g n i tu d e  o f  t h e  
F o u r i e r  c o e f f i c i e n t s  c a n n o t  be g u a r a n t e e d .  T h i s  i s  because  
o n l y  e i g h t  d a t a  p o i n t s  have been used and a l o s s  o f  
a c c u r a c y  o c c u rs  in  t h e  n u m e r ic a l  i n t e g r a t i o n .  In a d d i t i o n  
i t  has been assumed t h a t  t h e  t r a n s v e r s e  d e f l e c t e d  fo rm  o f  
t h e  p l a t e  i s  a lw a ys  a o n e - h a l f w a v e  mode and th u s  o n l y  a 
o n e - d i m e n s i o n a l  F o u r i e r  a n a l y s i s  has been c a r r i e d  o u t ;  t h i s  
a s s u m p t io n  w i l l  a l s o  have some b e a r i n g  on t h e  e x a c t  
m a g n i tu d e  o f  t h e  c o e f f i c i e n t s .  However an i n d i c a t i o n  o f  t h e  
i n t e r a c t i o n  between t h e  f i r s t  t h r e e  modes i s  o b t a i n e d .
6 . 5  PLATE DIMENSIONS AND THEORETICAL BUCKLING LOADS
The t e s t  f ra m e  was d e s ig n e d  t o  t a k e  p l a t e s  300mm w id e  
b u t  o f  l e n g t h s  v a r y i n g  f ro m  525 t o  750mm. T a k in g  t h e  v a l u e  
o f  Po iss o n s  r a t i o  v - 0 . 3 4 ,  g i v e n  in  T a b l e  6 . 6 ,  and r e f e r r i n g  
back t o  F i g u r e  5 . 4  i t  can be seen t h a t ,  t o  re m a in  w i t h i n  
t h e  r e g i o n  o f  n o n - e x i s t e n c e ,  o n l y  t h e  b e h a v i o u r  o f  p l a t e s  
w i t h  a p o s i t i v e  s p l i t t i n g  p a r a m e te r  c o u ld  be i n v e s t i g a t e d  
e x p e r i m e n t a l l y .  T h i s  g i v e s  a p o s s i b l e  r a n g e  o f  v a l u e s  o f  
p l a t e  a s p e c t  r a t i o  o f  between 1 . 0 4  and 2 . 3 .  Thus t h e  
l e n g t h s  o f  t h e  t e s t  p l a t e s  w ere  chosen so t h a t  t h e  
s p l i t t i n g  p a r a m e te r  was s m a l l ,  and p o s i t i v e ,  and t h e r e f o r e  
a p p l i c a b l e  t o  t h e  g e n e r a l  t h e o r y .
The t e s t  p l a t e  d im e n s io n s  t a k e n  a r e  summarised in  
T a b l e  6 . 7 .  T h i s  T a b l e  a l s o  g i v e s  t h e  t h e o r e t i c a l  b u c k l i n g  
lo a d s  o f  t h e  f i r s t  t h r e e  modes ( u n c o u p le d  lo a d s )  and t h e  
sec o n d a ry  b i f u r c a t i o n  p o i n t s  ( c o u p l e d  l o a d s )  f o r  each  
p l a t e .  In  t h e  c a l c u l a t i o n  o f  t h e s e  loads  ( f r o m  t h e  g e n e r a l  
t h e o r y  o f  C h a p t e r s  2 & 5 )  t h e  v a l u e s  o f  t h e  E l a s t i c  modulus
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and Poissons r a t i o  have been ta k e n  from T a b le  6 . 6 .
B u c k l i n g  Loads - kN
uncoup led c o u p le d
P 1 a t e L en gth h a v e A l A2 A 3 A A 7 <7
A 650 1 .9 0 1 0 .8 1 1 .7 1 5 . 4 1 2 .0 4 3 . 5 2 . 1 7 0 . 0 8
B 525 1 . 8 5 1 0 . 8 1 3 . 2 1 9 . 3 14 .1 3 3 . 8 1 .7 5 0 . 2 2
C 600 1 . 8 4 1 0 .8 1 2 . 2 1 6 .6 1 2 . 6 3 2 . 9 2 . 0 0 0 . 1 3
D 625 1 .8 7 1 0 .8 1 1 .9 1 6 .0 1 2 . 3 3 5 . 2 2 . 0 8 0 . 1 0
T a b l e  6 . 7 :  E x p e r i m e n t a l  p l a t e  d im e n s io n s  and t h e i r
t h e o r e t i c a l  b u c k l i n g  loads
From T a b l e  6 . 7  i t  can be seen t h a t  t h e  b u c k l i n g  lo ad  
f o r  t h e  t h r e e - h a l f w a v e  fo rm  l i e s  between t h e  two s e c o n d a ry  
b i f u r c a t i o n  p o i n t s  o f  t h e  i d e a l  s ys te m .  The b u c k l i n g  lo a d  
f o r  t h e  o n e - h a l f w a v e  fo rm  re m a in s  c o n s t a n t  f o r  each p l a t e  
w h i l e  t h e  second and t h i r d  b u c k l i n g  loads  d e c r e a s e  as t h e  
l e n g t h  i n c r e a s e s .
6 . 6  RESULTS
P l a t e s  6 . 6  and 6 . 7  show t y p i c a l  o n e -  and t w o - h a l f w a v e  
d e f l e c t e d  forms o f  t h e  t e s t  p l a t e s .
6 . 6 . 1  PLATE A
A number o f  t e s t s ,  w i t h  v a r y i n g  o u t - o f - p l a n e  l o a d i n g ,  
w ere  co n d u c ted  on t h i s  f i r s t  t e s t  p l a t e .  For  t h e  ' i d e a l '  
case (no l a t e r a l  l o a d i n g )  t h e  p l a t e  b u c k le d  i n t o  a 
o n e - h a l f w a v e  and th e n  w i t h  a g r a d u a l  d e c r e a s e  in  s t i f f n e s s  
changed sm o o th ly  i n t o  a t h r e e - h a l f w a v e  mode. T h i s  was 
assumed t o  be due t o  i n i t i a l  i m p e r f e c t i o n s  o f  t h e  p l a t e  as 
i t  had a l o n g i t u d i n a l  'bow'  b e f o r e  i t  was p l a c e d  i n t o  t h e
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P l a t e  6 . 6 :  T y p ic a l  o n e -h a l fw a v e  d e f l e c t e d  form
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P l a t e  6 . 7 :  T y p i c a l  t w o - h a l f w a v e  d e f l e c t e d  form
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t e s t  f r a m e .
F u r t h e r  t e s t s  w ere  c a r r i e d  o u t  on P l a t e  A w i t h  
l a t e r a l  lo ad s  a p p l i e d  v a r y i n g  f ro m  a u n i f o r m l y  d i s t r i b u t e d  
p r e s s u r e  t o  an o u t - o f - p l a n e  b en d in g  p r e s s u r e .  In  each case  
t h e  p l a t e  a g a in  und erw en t  a change o f  b u c k l e  fo rm  f ro m  a 
o n e - h a l f w a v e  t o  a t h r e e - h a l f w a v e  f o r m .  The t w o - h a l f w a v e
mode made no a p p a r e n t  c o n t r i b u t i o n  t o  t h e  b u c k le d
b e h a v i o u r .  I t  was a g a in  c o n s id e r e d  t h a t  t h i s  m ig h t  be due
t o  t h e  i n i t i a l  i m p e r f e c t i o n s  o f  t h e  p l a t e .
The e a r l y  t e s t s  on P l a t e  B i n d i c a t e d  t h a t  t h e
d i r e c t i o n  in  which  t h e  o u t - o f - p l a n e  l o a d i n g  was a p p l i e d  was 
an i m p o r t a n t  f a c t o r  in  t h e  p o s t - b u c k l i n g  b e h a v i o u r  o f  t h e  
t e s t  p l a t e s .  I t  was t h e n  r e a l i s e d  t h a t  t h i s  was p o s s i b l y  
due t o  t h e  edge s u p p o r t s  in d u c i n g  i n i t i a l  i m p e r f e c t i o n s  in  
t h e  fo rm  o f  an e c c e n t r i c i t y  o f  t h e  edge l o a d i n g .
I t  was a p p a r e n t  t h a t  P l a t e  A c o u ld  have d e m o n s t r a t e d  
t h e  e x p e c t e d  b e h a v i o u r  t o  a h i g h e r  d e g re e  had t h e  d i r e c t i o n  
o f  t h e  l a t e r a l  l o a d i n g  c o n d i t i o n s  been a l t e r e d  t o  overcome  
t h i s  induced  i m p e r f e c t i o n .  T h i s  w i l l  be d i s c u s s e d  in  more  
d e t a i l  l a t e r .
O v e r a l l  f a i l u r e  o f  P l a t e  A, i n d i c a t e d  by a r e d u c t i o n  
in  lo a d  c a r r y i n g  c a p a c i t y ,  o c c u r r e d  a t  an a x i a l  lo a d  o f  
4 6 . 8 k N .  When t h e  a x i a l  lo ad  had been removed i t  was seen  
t h a t  t h i s  f a i l u r e  was due t o  t h e  f o r m a t i o n  o f  a pe rm ane nt  
b u c k l e  between two o f  t h e  edge r o l l e r s .  T h i s  w i l l  be 
d is c u s s e d  in  more d e t a i l  l a t e r .
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6 . 6 . 2  PLATE B
The d i f f e r e n t  cases  o f  l a t e r a l  l o a d i n g  a p p l i e d  t o  
t h i s  p l a t e  a r e  shown in  T a b l e  6 . 8 .
T e s t
L a t e r a l  lo a d  -  kN I m p e r f e c t i o n
t o p m id d le bo t to m Norm A n g le
1 0 0 0 0 0
2 + 3 + 3 + 3 0 .  104 0
3 + 1 + 3 +5 0 .  148 45
4 -1 + 2 +5 0 .1 0 1 66
5 - 5 0 + 5 0 . 2 3 2 90
T a b l e  6 . 8 :  A p p l i e d  l a t e r a l  l o a d i n g  cases  f o r  p l a t e  B
O v e r a l l  f a i l u r e  o f  P l a t e  B o c c u r r e d  a t  a lo a d  o f  
4 0 .7 k N  and was a g a in  due t o  t h e  f o r m a t i o n  o f  a l o c a l  
perm anent  b u c k l e  be tween two edge r o l l e r s .
T e s t 1
No l a t e r a l  l o a d i n g :  t h e  * i d e a l '  case
The a x i a l  l o a d - d e f  1 e c t i o n  c u r v e  f o r  t e s t  1 i s  shown 
i n  F i g u r e  6 . 8 .  T h i s  shows a s m a l l  b u t  n o t i c e a b l e  change o f  
s t i f f n e s s  a t  a lo a d  o f  a p p r o x i m a t e l y  21kN.  An a d d i t i o n a l  
d e g re e  o f  n o n - l i n e a r i t y  i s  a l s o  seen a t  lo ad s  betw een  0 and 
10kN. T h i s  i s  a s s o c i a t e d  w i t h  t h e  movement o f  t h e  head o f  
t h e  m achine  and w i l l  be d is c u s s e d  in  more d e t a i l  l a t e r .
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F i g u r e  6 . 8 :  L o a d - d e f l e c t i o n  o f  t h e  lo ad  b e h a v i o u r  f o r  P l a t e
B -  t e s t  1
F i g u r e  6 . 9  shows a p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s  
f o r  t h i s  t e s t  f ro m  w hich  i t  i s  seen t h a t  t h e  o n e - h a l f w a v e  
fo rm  i s  t h e  p re d o m in a n t  mode up t o  a lo ad  o f  a b o u t  18kN. A t  
t h i s  l o a d ,  mode one b e g in s  t o  d e c r e a s e  and c o e f f i c i e n t s  two  
and t h r e e  s t a r t  t o  i n c r e a s e  more r a p i d l y ,  w i t h  t h r e e  
becoming t h e  l a r g e s t .  From a lo ad  o f  21kN mode two t h e n  
a c c e l e r a t e s  f u r t h e r  t o  become t h e  p r e d o m in a n t  mode. T h i s  
a p p e a rs  t o  r e s t r a i n  t h e  i n c r e a s e  o f  mode t h r e e .
In F i g u r e  6 . 1 0  c o e f f i c i e n t  one has been p l o t t e d  
a g a i n s t  c o e f f i c i e n t  tw o .  In  t h e  p o s i t i v e  q u a d r a n t  t h i s  
g i v e s  t h e  f a m i l i a r  fo rm  o f  t h e  i m p e r f e c t  c o u p le d  
e q u i l i b r i u m  p a t h .
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F ig u r e  6 . 9 :  P l o t  o f  F o u r i e r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  B -  t e s t  1
i/
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F i g u r e  6 . 1 0 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  B -  t e s t  1
F i g u r e  6 .1 1  shows t h e  d e f l e c t e d  fo rm  o f  t h e  p l a t e
c e n t r e l i n e  a t  loads  o f  6 ,  12 ,  18 ,  22 and 30kN.  T h i s  shows 
t h a t  a t  a lo a d  o f  18kN o n l y  s m a l l  o u t - o f - p l a n e  d e f l e c t i o n s  
have o c c u r r e d .  A t  22kN t h e  p l a t e  has undergone  l a r g e  
d e f l e c t i o n s  ( w i t h  an a m p l i t u d e  g r e a t e r  t h a n  t h e  t h i c k n e s s  
o f  t h e  p l a t e )  and t h e  d e f l e c t e d  fo rm  i s  p r e d o m i n a n t l y  a 
t w o - h a l f w a v e  mode. The a m p l i t u d e  o f  t h e  t w o - h a l f w a v e  mode 
i n c r e a s e s  as t h e  a x i a l  lo a d  i s  i n c r e a s e d  f u r t h e r .  T h i s  
F i g u r e  a l s o  shows an u n e x p e c te d  d e f l e c t e d  fo rm  a t  t h e  t o p  
o f  t h e  p l a t e .  I t  i s  c o n s id e r e d  t h a t  t h i s  i s  due t o  a s l i g h t  
m i s - a l i g n m e n t  o f  t h e  head o f  t h e  m achine  and t h i s  w i l l  be 
d is c u s s e d  in  more d e t a i l  l a t e r .  The s e c t i o n s  a c r o s s  t h e  
p l a t e  a t  A, B and C show t h a t  t h e  d e f l e c t e d  fo rm  i s
a s y m m e t r ic .  T h i s  i s  p r o b a b ly  due t o  i n i t i a l  i m p e r f e c t i o n s
in  t h e  p l a t e  and w i l l  be d is c u s s e d  in  more d e t a i l  l a t e r .
267
i r..
3.0-3.0 0 .0mm
KEY
LOAD -  kN
6.0
12 .0
18.0
22.0
30.0
C-C
B-B
A-A
F ig u r e  6 .1 1 :  D e f l e c t e d  forms o f  t h e  loaded p l a t e  f o r  P l a t e
B -  t e s t  1
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lo
ad
T e s t  2
L a t e r a l  l o a d i n g :  ' + 3 ,  + 3 ,  + 3 * .  T h i s  i s  e q u i v a l e n t  t o
a u n i f o r m l y  d i s t r i b u t e d  lo ad  o f  0 .104N /m m 2 o v e r  t h e  e n t i r e  
p l a t e .
The l o a d - d e f  1 e c t  io n  c u r v e  f o r  t e s t  2 i s  shown in  
F i g u r e  6 . 1 2  f o r  t h e  f u l l  l o a d i n g  and u n l o a d i n g  c y c l e .  T h i s  
shows a dynamic  change o f  s t i f f n e s s ,  on l o a d i n g ,  a t  a load  
o f  2 4 . 8 k N .  On u n l o a d i n g  t h e  c u r v e  i s  seen t o  be smooth.  I f  
t h e  l o a d i n g  c u r v e ,  above t h e  jump,  i s  p r o j e c t e d  back t o  t h e  
i n i t i a l  s t i f f n e s s  i t  can be seen t h a t  t h e  two l i n e s  
i n t e r s e c t  a t  a lo ad  o f  a p p r o x i m a t e l y  21kN (shown by t h e  
dashed l i n e ) ;  t h i s  i s  t h e  lo a d  a t  w h ich  t h e  change o f  
s t i f f n e s s  o c c u r r e d  in  t e s t  1.  A g a in  t h e  n o n - l i n e a r i t y  a t  
lo a d s  be low  10kN may be se e n .
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F ig u r e  6 . 1 2 :  L o a d - d e f l e c t i o n  o f  t h e  load b e h a v io u r  f o r
P l a t e  B -  t e s t  2
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F ig u r e  6 .1 3 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  B -  t e s t  2
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From t h e  p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s ,  F i g u r e  
6 . 1 3 ,  i t  can be seen t h a t  a t  t h e  lo ad  o f  2 4 .8 k N  t h e  p l a t e  
snaps d y n a m i c a l l y  f ro m  a o n e -  t o  a t w o - h a l f w a v e  f o r m .  T h i s  
F i g u r e  shows, as e x p e c t e d ,  t h a t  mode one b e g in s  as t h e  most  
dom inan t  and i n c r e a s e s ,  under  i n c r e a s i n g  l o a d ,  w i t h  modes 
two and t h r e e  a l s o  g r a d u a l l y  i n c r e a s i n g .  A t  2 4 .8 k N  mode one  
d y n a m i c a l l y  d e c re a s e s  and two d y n a m i c a l l y  i n c r e a s e s  t o  
become t h e  p r e d o m in a n t  mode; mode t h r e e  a l s o  makes a s m a l l  
dynamic  i n c r e a s e .  C o e f f i c i e n t  two th e n  i n c r e a s e s  r a p i d l y  as 
one c o n t i n u e s  t o  d e c r e a s e  and a l t h o u g h  c o e f f i c i e n t  t h r e e  
i n i t i a l l y  i n c r e a s e s  t h i s  i s  a g a in  r e s t r a i n e d  by mode tw o .
P l o t t i n g  mode one a g a i n s t  mode two g i v e s  t h e  c u r v e  
shown in  F i g u r e  6 . 1 4 .  T h i s  a g a in  shows t h e  dynamic  snap  
f ro m  a o n e -  t o  a t w o - h a l f w a v e  f o r m .  The dashed l i n e  
i n d i c a t e s  t h e  u n s t a b l e  p o r t i o n  o f  t h e  c o u p le d  p a t h .
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F ig u r e  6 .1 4 :  P l o t  o f  c o e f f i c i e n t  1 a g a in s t  c o e f f i c i e n t  2
f o r  P l a t e  B -  t e s t  2
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loaded p l a t e  f o r  P l a t e
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F i g u r e  6 . 1 5  shows t h e  d e f l e c t e d  form s o f  t h e  p l a t e  a t  
loads  o f  6 ,  12 ,  18 ,  2 4 . 8  and 30kN. T h i s  a g a in  shows t h a t  up 
t o  2 4 .8 k N  t h e  d e f l e c t e d  fo rm  has been p r e d o m i n a n t l y  a 
o n e - h a l f w a v e .  A t  2 4 .8 k N  t h e  p l a t e  jumps d y n a m i c a l l y  t o  t h e  
t w o - h a l f w a v e  fo r m ,  t h e  a m p l i t u d e  i n c r e a s i n g  as f u r t h e r  
a x i a l  lo a d  i s  a p p l i e d .  A g a in  t h e  u n e x p e c te d  d e f l e c t e d  fo rm  
a p p e a rs  a t  t h e  t o p  o f  t h e  p l a t e .  The s e c t i o n s  a c r o s s  t h e  
p l a t e  show t h a t  an i n i t i a l  a s y m m e tr ic  d e f l e c t e d  fo rm  a t  B-B 
and C-C becomes s y m m e t r ic a l  as t h e  a x i a l  lo a d  i n c r e a s e s .  At  
A-A a s y m m e t r ic a l  mode becomes a s y m m e t r ic a l  a t  h i g h e r  
l o a d s .
T e s t  3
L a t e r a l  l o a d i n g :  ' + 1 ,  + 3 ,  + 5 ' .  T h i s  i s  e q u i v a l e n t  t o
a t r a p e z o i d a l  p r e s s u r e  d i s t r i b u t i o n  v a r y i n g  f ro m  z e r o  a t  
t h e  t o p  t o  0 .209N /m m 2 a t  t h e  b o t to m .
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F ig u r e  6 .1 6 :  L o a d - d e f l e c t i o n  o f  t h e  load b e h a v io u r  f o r
P l a t e  C -  t e s t  3
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The a x i a l  l o a d - d e f  1 e c t i o n  c u r v e  f o r  t e s t  3 i s  shown 
i n  F i g u r e  6 . 1 6  f o r  l o a d i n g  o n l y .  T h i s  a g a in  shows a r e g i o n  
o f  n o n - l i n e a r i t y  be low  10kN. A t  a lo ad  o f  20kN i t  can be 
seen t h a t  t h e r e  i s  a s m a l l  b u t  n o t i c e a b l e  change o f  
s t i f f n e s s .
The p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s  f o r  t h i s  t e s t ,
J
F i g u r e  6 . 1 7 ,  i n d i c a t e s  t h a t  i n i t i a l l y  mode one i s  t h e  
p r e d o m in a n t  mode. Under i n c r e a s i n g  lo ad  t h i s  mode i n c r e a s e s  
s t e a d i l y  w i t h  modes two and t h r e e  g r a d u a l l y  i n c r e a s i n g .  At  
a lo ad  o f  20kN mode one b e g in s  t o  d e c r e a s e  r a p i d l y  as mode 
two b e g in s  t o  i n c r e a s e  a t  a g r e a t e r  r a t e .  T h i s  a p p e a r s  t o  
r e s t r a i n  any f u r t h e r  i n c r e a s e  in  mode t h r e e .  A t  a lo a d  o f  
a p p r o x i m a t e l y  2 0 .5 k N  mode two has become t h e  d o m in a n t  mode 
and c o n t i n u e s  t o  i n c r e a s e  as mode one c o n t i n u e s  t o  
d e c r e a s e .
P l o t t i n g  mode one a g a i n s t  mode two g i v e s  t h e  c u r v e  
shown i n  F i g u r e  6 . 1 8 .  T h i s  shows t h e  f a m i l i a r  fo rm  o f  t h e  
c o u p le d  p a t h  p r e d i c t e d  by t h e  g e n e r a l  t h e o r y .
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F ig u r e  6 .1 7 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  B -  t e s t  3
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F i g u r e  6 . 1 8 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  B -  t e s t  3
F i g u r e  6 . 1 9  shows t h e  d e f l e c t e d  fo rm  o f  t h e  p l a t e  a t  
loads  o f  6 ,  12 ,  18 ,  22 and 30kN.  T h i s  shows t h a t  a t  a lo a d  
o f  18kN t h e  p l a t e  has d e f l e c t e d  i n t o  a p r e d o m i n a n t l y  
o n e - h a l f w a v e  mode b u t  a t  22kN t h e  d e f l e c t e d  fo rm  is  
p r e d o m i n a n t l y  a two h a l f w a v e  mode. A g a in  t h e  u n e x p e c te d  
d e f l e c t e d  fo rm  a t  t h e  t o p  o f  t h e  p l a t e  i s  seen a t  t h e  
h i g h e r  l o a d s .  The s e c t i o n s  show t h a t  t h e  asymmetry  a c r o s s  
t h e  p l a t e  a t  B and C re d u c e s  b u t  t h e  d e f l e c t e d  fo rm  a t  A 
becomes more a s y m m e tr ic  as t h e  a x i a l  lo ad  i n c r e a s e s .
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T e s t  4
L a t e r a l  l o a d i n g :  ' - 1 ,  + 2 ,  + 5 ' .  T h i s  i s  e q u i v a l e n t  t o
a t r a p e z o i d a l  p r e s s u r e  d i s t r i b u t i o n  v a r y i n g  f ro m  
- 0 .0 5 1 N /m m 2 a t  t h e  t o p  t o  +0 .134N /m m 2 a t  t h e  b o t to m  o f  t h e  
p l a t e .
F i g u r e  6 . 2 0  shows t h e  a x i a l  l o a d - d e f 1e c t i o n  c u r v e  f o r  
t e s t  4 under  i n c r e a s i n g  lo ad  o n l y .  T h i s  shows t h a t  t h e r e  i s  
a s m a l l  b u t  n o t i c e a b l e  change in  s t i f f n e s s  a t  a lo a d  o f  
1 9 . 5  kN. T h i s  i s  a p p r o x i m a t e l y  1 .5kN  le s s  t h a n  t h e  lo a d  a t  
which  t h e  change o f  s t i f f n e s s  o c c u r r e d  in  T e s t  1.
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F i g u r e  6 . 2 0 :  L o a d - d e f 1e c t i o n  o f  t h e  lo ad  b e h a v i o u r  f o r
P l a t e  B -  t e s t  4
The p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s ,  shown in  F i g u r e  
6 . 2 1 ,  shows t h a t  t h e  o n e - h a l f w a v e  mode i s  i n i t i a l l y  t h e  
most  dom inan t  mode and i n c r e a s e s  a t  a g r e a t e r  r a t e  t h a n  
mode two under  i n c r e a s i n g  l o a d .  A t  a load  o f  a b o u t  12 kN 
mode two b e g in s  t o  a c c e l e r a t e  and a t  17kN mode one b e g in s
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F ig u r e  6 .2 1 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  B -  t e s t  4
279
t o  d e c r e a s e  w i t h  mode two becoming t h e  d om inan t  mode a t  
18kN. A l th o u g h  mode t h r e e  i n i t i a l l y  i n c r e a s e s  g r a d u a l l y  
b e h in d  mode tw o ,  f ro m  a lo a d  o f  19kN i t  b e g in s  t o  d e c r e a s e  
s l o w l y .
F i g u r e  6 . 2 2  shows a p l o t  o f  mode one p l o t t e d  a g a i n s t  
mode tw o .  A g a in  t h i s  shows t h e  f a m i l i a r  fo rm  o f  t h e  
i m p e r f e c t  c o u p le d  e q u i l i b r i u m  p a t h .
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F i g u r e  6 . 2 2 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  B -  t e s t  4
The d e f l e c t e d  fo rm  o f  t h e  p l a t e ,  a t  lo ad s  o f  6 ,  12,
18,  24 and 30kN i s  shown in  F i g u r e  6 . 2 3 .  A g a in  t h e
d e f l e c t e d  fo rm  o f  t h e  p l a t e  a t  t h e  t o p  i s  n o t  as e x p e c t e d  
and t h e  asymmetry a c r o s s  t h e  p l a t e  i s  a l s o  p r e s e n t .  T h i s  
F i g u r e  shows t h a t  t h e  p l a t e  i n i t i a l l y  d e f l e c t s  i n t o  a 
p r e d o m i n a n t l y  o n e - h a l f w a v e  mode which  changes t o  a 
p r e d o m i n a n t l y  t w o - h a l f w a v e  mode.
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T e s t  5
L a t e r a l  l o a d i n g :  ’ - 5 ,  0 ,  + 5 ' .  T h i s  i s  e q u i v a l e n t  t o
an o u t - o f - p l a n e  b e n d in g  p r e s s u r e  v a r y i n g  f ro m  - 0 .2 3 2 N /m m 2 
a t  t h e  t o p  t o  +0 .232N /m m 2 a t  t h e  bo t to m  o f  t h e  p l a t e .
The a x i a l  l o a d - d e f l e c t i o n  b e h a v i o u r  f o r  t e s t  5 i s  
shown in  F i g u r e  6 . 2 4 .  A f t e r  t h e  usu a l  i n i t i a l  n o n - l i n e a r  
b e h a v i o u r , t h i s  F i g u r e  i n d i c a t e s  a l i n e a r  l o a d - d i s p l a c e m e n t  
r e l a t i o n s h i p  f o r  t h e  p l a t e  w i t h  l i t t l e  e v i d e n c e  o f  a change  
i n  s t i f f n e s s .
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F i g u r e  6 . 2 4 :  L o a d - d e f 1e c t i o n  o f  t h e  lo a d  b e h a v i o u r  f o r
P l a t e  B -  t e s t  5
F i g u r e  6 . 2 5  shows a p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s  
f o r  t h i s  t e s t  f ro m  which i t  i s  seen t h a t  t h e  t w o - h a l f w a v e  
mode i s  a lw a y s  t h e  most dom inan t  mode. Mode one i n i t i a l l y  
i n c r e a s e s  g r a d u a l l y  b u t  a t  a round 12kN i t  b e g in s  t o  
d e c r e a s e .  Mode t h r e e  a l s o  d e m o n s t r a t e s  a g r a d u a l  i n c r e a s e
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F ig u r e  6 .2 5 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  B -  t e s t  5
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becoming g r e a t e r  th a n  mode one a t  17kN and r e a c h i n g  . a 
maximum v a l u e  a t  27kN.
In F i g u r e  6 . 2 6  c o e f f i c i e n t  one has been p l o t t e d  
a g a i n s t  c o e f f i c i e n t  tw o .  A g a in  t h i s  shows t h e  g e n e r a l  fo rm  
o f  t h e  i m p e r f e c t  c o u p le d  e q u i l i b r i u m  p a th  p r e d i c t e d  by t h e  
t h e o r y .
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F i g u r e  6 . 2 6 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  B -  t e s t  5
The d e f l e c t e d  fo rm  o f  t h e  p l a t e  i s  shown in  F i g u r e
6 . 2 7  a t  lo ad s  o f  6 ,  12 ,  18,  24 and 30 kN. T h i s  shows t h a t
t h e  a s y m m e t r i c a l  fo rm  a c r o s s  t h e  p l a t e  i s  a g a in  p r e s e n t  and 
t h e  u n e x p e c t e d  fo rm  o f  t h e  l o n g i t u d i n a l  d e f l e c t i o n  a t  t h e  
t o p  o f  t h e  p l a t e  can a l s o  be seen a l t h o u g h  i t  i s  l e s s  
d o m i n a n t .  The p l a t e  i n i t i a l l y  b u c k le s  i n t o  a t w o - h a l f w a v e
mode whose a m p l i t u d e  i n c r e a s e s  as t h e  a x i a l  lo a d  i n c r e a s e s .
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B -  t e s t  5
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6 . 6 . 3  PLATE C
The d i f f e r e n t  cases o f  l a t e r a l  l o a d i n g  a p p l i e d  t o  
t h i s  p l a t e  a r e  as shown in  T a b l e  6 . 9 .
T e s t
L a t e r a l  lo ad  -  kN I m p e r f e c t i o n
t o p m id d le bo t tom norm ang l  e
1 0 0 0 0 0°
2 - 5 - 5 - 5 0 . 1 6 7 0°
3 - 5 - 4 - 3 0 . 1 4 2 20°
4 - 3 0 + 3 0 .  133 90°
5 - 5 0 +5 0 . 2 2 2 90°
T a b l e  6 . 9 :  A p p l i e d  l a t e r a l  l o a d i n g  cases  f o r  p l a t e  C
O v e r a l l  f a i l u r e  o f  P l a t e  C was a g a in  by t h e  f o r m a t i o n  
o f  a perm anent  l o c a l  b u c k l e  be tw een two edge r o l l e r s  and  
o c c u r r e d  a t  a lo a d  o f  4 6 . 4 k N .
T e s t  1
No l a t e r a l  l o a d i n g :  t h e  ' i d e a l '  case
The a x i a l  l o a d - d e f  l e c t i o n  c u r v e  f o r  t e s t  1 i s  shown 
i n  F i g u r e  6 . 2 8 .  T h i s  shows a s m a l l  b u t  n o t i c e a b l e  change o f  
s t i f f n e s s  a t  a load  o f  a p p r o x i m a t e l y  21kN.  As in  p r e v i o u s  
t e s t s  t h e  c u r v e  i s  n o n - l i n e a r  up t o  a lo a d  o f  10kN.
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F i g u r e  6 . 2 8 :  L o a d - d e f 1e c t i o n  ’ o f  t h e  lo ad  b e h a v i o u r  f o r
P l a t e  C -  t e s t  1
F i g u r e  6 . 2 9  shows a p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s  
f o r  t h i s  t e s t  f ro m  w hich  i t  can be seen t h a t  mode one is  
i n i t i a l l y  t h e  dom inan t  mode r e a c h i n g  a maximum a t  20kN.  
Mode t h r e e  g r a d u a l l y  i n c r e a s e s  under  i n c r e a s i n g  a x i a l  lo a d  
becoming p r e d o m in a n t  a t  a lo ad  o f  a p p r o x i m a t e l y  19 .5 k N  and 
i n c r e a s i n g  a t  a g r e a t e r  r a t e .  The t w o - h a l f w a v e  mode a p p e a rs  
t o  have l i t t l e  e f f e c t  on t h e  p o s t - b u c k l i n g  b e h a v i o u r .
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F ig u r e  6 .2 9 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a i n s t  load f o r
P l a t e  C -  t e s t  1
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In F i g u r e  6 . 3 0  c o e f f i c i e n t  one has been p l o t t e d  
a g a i n s t  c o e f f i c i e n t  tw o .  The fo rm  o f  t h i s  c u r v e  i s  n o t  t h e  
f a m i l i a r  fo rm  p r e d i c t e d  by t h e  g e n e r a l  t h e o r y .  T h i s  i s  
because mode t h r e e  i s  much more dom inant  t h a n  mode two and 
so c o u p l i n g  o c c u r s  betw een modes one and t h r e e .
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P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2 
f o r  P l a t e  C -  t e s t  1
F i g u r e  6 . 3 1  shows t h e  d e f l e c t e d  fo rm  o f  t h e  p l a t e  a t  
loads  o f  6 ,  12 ,  18 ,  24 and 30kN.  T h i s  shows t h a t  a t  18 kN 
t h e  p l a t e  has undergone  o n l y  s m a l l  o u t - o f - p l a n e  d e f l e c t i o n s  
and as t h e  a x i a l  load  i s  in c r e a s e d  i t  changes t o  a 
t h r e e - h a l f w a v e  fo r m .  The d e f l e c t i o n s  a c r o s s  t h e  p l a t e  
i n d i c a t e  t h a t  t h e  p l a t e  i s  b u c k l i n g  a s y m m e t r i c a l l y ,  
p r o b a b l y  due t o  i t s  i n i t i a l  i m p e r f e c t i o n s .
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T e s t  2
L a t e r a l  l o a d i n g :  ' - 5 ,  - 5 ,  - 5 ' .  T h i s  i s  e q u i v a l e n t  t o
a u n i f o r m l y  d i s t r i b u t e d  lo a d  o f  0 .167N /m m 2 o v e r  t h e  e n t i r e  
pi  a t e .
The l o a d - d e f  l e c t i o n  c u r v e  f o r  t e s t  2 i s  shown in  
F i g u r e  6 . 3 2 .  T h i s  shows a dynamic  change o f  s t i f f n e s s  a t  a 
lo ad  o f  23kN.  I f  t h e  l o a d i n g  c u r v e ,  above t h e  jump,  i s  
p r o j e c t e d  back t o  t h e  i n i t i a l  s t i f f n e s s ,  i t  can be seen  
t h a t  t h e s e  two l i n e s  i n t e r s e c t  a t  a lo ad  o f  20kN (shown by 
t h e  dashed l i n e ) .  T h i s  i s  j u s t  be low t h e  change o f  
s t i f f n e s s  w h ich  o c c u r r e d  in  t e s t  1. A g a in  t h e  n o n - l i n e a r i t y  
be low  10kN can be see n .
30-1 
2 8 -  
2 6 -  
2 4 -  
2 2 -  
2 0 -  
§  1 8 -  
I 16 '  
1 4 -  
1 2 -  
1 0 -
4 -
0.2 0.80 0.4 0.6
shortening — mm
F ig u r e  6 .3 2 :  L o a d - d e f l e c t i o n  o f  t h e  load b e h a v io u r  f o r
P l a t e  C -  t e s t  2
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m agnitude of modes 1, 2 & 3 — mm
1 2 3
F ig u r e  6 .3 3 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  C -  t e s t  2
292
F i g u r e  6 . 3 3  s h o w s  t h e  p l o t  o f  t h e  F o u r i e r
c o e f f i c i e n t s  f o r  t h i s  t e s t .  F r o m  t h i s  i t  c a n  b e  s e e n  t h a t
a t  a  l o a d  o f  a b o u t  2 3 k N  t h e  p l a t e  s n a p s  d y n a m i c a l l y  f r o m  a
o n e -  t o  a  t w o - h a l f w a v e  f o r m .  A s  e x p e c t e d  m o d e  o n e  b e g i n s  a s
t h e  m o s t  d o m i n a n t  ( a l t h o u g h  n e g a t i v e )  m o d e  a n d  i n c r e a s e s  i n  
m a g n i t u d e  u n d e r  i n c r e a s i n g  l o a d ,  w i t h  m o d e s  t w o  a n d  t h r e e  
a l s o  g r a d u a l l y  i n c r e a s i n g .  A t  2 3 k N  m o d e  o n e  d y n a m i c a l l y  
d e c r e a s e s  i n  m a g n i t u d e  a n d  m o d e  t w o  d y n a m i c a l l y  i n c r e a s e s  
t o  b e c o m e  t h e  d o m i n a n t  m o d e ;  m o d e  t h r e e  a l s o  m a k i n g  a  s m a l l  
d y n a m i c  i n c r e a s e .  M o d e  t w o  t h e n  i n c r e a s e s  r a p i d l y  a s  
c o e f f i c i e n t  o n e  c o n t i n u e s  t o  d e c r e a s e  i n  m a g n i t u d e  a n d  m o d e  
t h r e e  c o n t i n u e s  t o  m a k e  a  g r a d u a l  i n c r e a s e .
P l o t t i n g  m o d e  o n e  a g a i n s t  m o d e  t w o  g i v e s  t h e  c u r v e  
s h o w n  i n  F i g u r e  6 . 3 4 .  T h i s  a l s o  s h o w s  t h e  d y n a m i c  s n a p  f r o m  
a  o n e -  t o  a  t w o - h a l f w a v e  f o r m .  T h e  d a s h e d  l i n e  i n d i c a t e s  
t h e  u n s t a b l e  p o r t i o n  o f  t h e  c o u p l e d  e q u i l i b r i u m  p a t h .
CM
*u
cn 0.4 “
- 0.2
- 0 . 9-1 .3 1.1-1 .5-1 .7- 1 . 9
m agnitude of mode 1 — mm
F ig u r e  6 .3 4 :  P l o t  o f  c o e f f i c i e n t  1 a g a in s t  c o e f f i c i e n t  2
f o r  P l a t e  C -  t e s t  2
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F ig u r e  6 .3 5 :  D e f l e c t e d  forms o f  t h e  loaded p l a t e  f o r  P l a t e
C -  t e s t  2
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F i g u r e  6 . 3 5  s h o w s  t h e  d e f l e c t e d  f o r m s  o f  t h e  p l a t e  a t  
l o a d s  o f  6 , 1 2 ,  1 8 ,  2 3 . 3 ,  2 3 . 6  a n d  3 0 k N .  T h i s  a g a i n  s h o w s  
t h a t  u p  t o  2 3 . 3  t h e  d e f l e c t e d  f o r m  i s  p r e d o m i n a n t l y  a  
o n e - h a l f w a v e .  A t  2 3 . 3  t h e  p l a t e  j u m p s  d y n a m i c a l l y  t o  t h e  
t w o - h a l f w a v e  f o r m ,  t h e  a m p l i t u d e  i n c r e a s i n g  a s  t h e  a x i a l  
l o a d  i s  i n c r e a s e d  f u r t h e r .  A g a i n  t h e  u n e x p e c t e d  d e f l e c t e d  
f o r m  a p p e a r s  a t  t h e  t o p  o f  t h e  p l a t e .  T h e  s e c t i o n s  a c r o s s  
t h e  p l a t e  s h o w  t h a t  t h e  d e f l e c t e d  f o r m  i s  g e n e r a l l y  
s y m m e t r i c a l .
T e s t 3
L a t e r a l  l o a d i n g :  ' - 5 ,  - 4 ,  - 3 ' .  T h i s  i s  e q u i v a l e n t  t o
a  t r a p e z o i d a l  p r e s s u r e  d i s t r i b u t i o n  v a r y i n g  f r o m  
- 0 . 1 8 3 N / m m 2 a t  t h e  t o p  t o  - 0 . 0 8 3 N / m m 2 a t  t h e  b o t t o m  o f  t h e  
p l a t e .
30 -j 
2 8 -  
2 6 -  
2 4 -  
2 2 -  
2 0 -
I I 6 "  
14- 
1 2 -  
1 0 -
0.80.40 0.2 0.6
shortening — mm
F ig u r e  6 . 3 6 :  L o a d - d e f l e c t i o n  o f  th e  load b e h a v io u r  f o r
P l a t e  C -  t e s t  3
295
T h e  a x i a l  l o a d - d e f 1 e c t i o n  c u r v e  f o r  t e s t  3  i s  s h o w n  
i n  F i g u r e  6 . 3 6  f o r  l o a d i n g  o n l y .  T h i s  a g a i n  s h o w s  a  r e g i o n  
o f  n o n - l i n e a r i t y  a t  l o a d s  b e l o w  1 0 k N .  A t  a  l o a d  o f  
a p p r o x i m a t e l y  2 0 k N  t h e r e  i s  a  s m a l l  d y n a m i c  c h a n g e  o f  
s t i f f n e s s .
T h e  p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s  f o r  t h i s  t e s t ,  
F i g u r e  6 . 3 7 ,  i n d i c a t e s  t h a t  m o d e  o n e  i s  i n i t i a l l y  t h e  
d o m i n a n t  m o d e  ( a l t h o u g h  n e g a t i v e ) .  U n d e r  i n c r e a s i n g  l o a d  
t h e  m a g n i t u d e  o f  t h i s  m o d e  g r a d u a l l y  i n c r e a s e s ,  m o d e s  t w o  
a n d  t h r e e  s t a y i n g  v e r y  c l o s e  t o  t h e  l o a d  a x i s .  A t  a  l o a d  o f  
2 0 k N  m o d e  o n e  b e g i n s  t o  d e c r e a s e  a n d  m o d e  t w o  m a k e s  a  
m a r k e d  i n c r e a s e  a n d  a p p e a r s  t o  r e s t r a i n  a n y  s i g n i f i c a n t  
i n c r e a s e  i n  m o d e  t h r e e .  U n d e r  i n c r e a s i n g  l o a d ,  m o d e  t w o  
c o n t i n u e s  t o  i n c r e a s e  r a p i d l y  w h i l e  m o d e  o n e  r e m a i n s  
v i r t u a l l y  c o n s t a n t  a n d  m o d e  t h r e e  g r a d u a l l y  i n c r e a s e s .
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F ig u r e  6 . 3 7 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  C -  t e s t  3
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P l o t t i n g  m o d e  o n e  a g a i n s t  m o d e  t w o  g i v e s  t h e  c u r v e  
s h o w n  i n  F i g u r e  6 . 3 8 .  T h i s  s h o w s  t h e  c o u p l i n g  b e t w e e n  t h e  
o n e -  a n d  t w o - h a l f w a v e  f o r m s ,  t h e  d a s h e d  l i n e  i n d i c a t i n g  t h e  
u n s t a b l e  p o r t i o n  o f  t h e  c o u p l e d  e q u i l i b r i u m  p a t h .
2.6 -| 
2.4-
E
E
CM 1-8 -  
a) 1 .6 -
TJ
§ 1.4-
h— 1.2 -
o
Q> 1 “  
"U
R 0 .8 -
o)  0 .6  -
o
£ 0.4 J 
0 .2 -
0.75-1.05 -0.85-1 .15
m agnitude of mode 1 — mm
F i g u r e  6 . 3 8 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  C  -  t e s t  3
F i g u r e  6 . 3 9  s h o w s  t h e  d e f l e c t e d  f o r m  o f  t h e  p l a t e  a t  
l o a d s  o f  6 , 1 2 ,  1 8 ,  2 3 . 8 ,  2 5 . 4  a n d  3 0 k N .  T h i s  s h o w s  t h a t  a  
l o a d  o f  1 8 k N  t h e  b u c k l e d  f o r m  i s  p r e d o m i n a n t l y  a  
o n e - h a l f w a v e  f o r m  a n d  a t  2 3 . 8 k N  t h i s  h a s  c h a n g e d  t o  a  
t w o - h a l f w a v e  f o r m .  A s  t h e  a x i a l  l o a d  i s  i n c r e a s e d  f u r t h e r  
t h e  a m p l i t u d e  o f  t h i s  m o d e  a l s o  i n c r e a s e s .  A g a i n  t h e  
u n e x p e c t e d  f o r m  a t  t h e  t o p  o f  t h e  p l a t e  i s  m o r e  a p p a r e n t  a t  
t h e  h i g h e r  l o a d s .
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F ig u r e  6 .3 9 :  D e f l e c t e d  forms o f  th e  loaded p l a t e  f o r  P l a t e
C -  t e s t  3
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T e s t  4
L a t e r a l  l o a d i n g :  ' - 3 ,  0 ,  + 3 ' .  T h i s  i s  e q u i v a l e n t  t o
a n  o u t - o f - p l a n e  b e n d i n g  p r e s s u r e  v a r y i n g  f r o m  - 0 . 1 3 3 N / m m 2
o
a t  t h e  t o p  t o  + 0 . 1 3 3 N / m m  a t  t h e  b o t t o m  o f  t h e  p l a t e .
T h e  a x i a l  l o a d - d e f 1 e c t i o n  b e h a v i o u r  f o r  t e s t  4  i s  
s h o w n  i n  F i g u r e  6 . 4 0 .  T h i s  s h o w s  a n  a l m o s t  l i n e a r  
l o a d - d e f l e c t i o n  r e l a t i o n s h i p  a f t e r  t h e  i n i t i a l
n o n - l i n e a r i t y .
30-i
2 8 -
2 6 -
2 4 -
2 2 -
2 0 -
z:
I ,D" 
no 14 - 
o  1 2 -
1 0 -
0.80.60.40.20
shortening — mm
F i g u r e  6 . 4 0 :  L o a d - d e f 1 e c t i o n  o f  t h e  l o a d  b e h a v i o u r  f o r
P l a t e  C -  t e s t  4
T h e  p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s ,  s h o w n  i n  F i g u r e  
6 . 4 1 ,  s h o w s  t h a t  m o d e  t w o  i s  a l w a y s  t h e  d o m i n a n t  m o d e .  M o d e  
o n e  i n i t i a l l y  i n c r e a s e s  g r a d u a l l y  b u t  a s  i t  r e a c h e s  a  
m a x i m u m  a t  a p p r o x i m a t e l y  1 4 . 5 k N  m o d e  t w o  b e g i n s  t o  i n c r e a s e  
m o r e  r a p i d l y .  M o d e  t h r e e  m a k e s  a  g r a d u a l  i n c r e a s e  
t h r o u g h o u t  t h e  t e s t  b e c o m i n g  g r e a t e r  t h a n  m o d e  o n e  a t  a  
l o a d  o f  1 7 . 5 k N .  A t  a  l o a d  o f  2 5 k N  m o d e  o n e  b e c o m e s  
n e g a t i v e .
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magnitude of modes 1, 2 &  3 — mm  
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F ig u r e  6 . 4 1 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  C -  t e s t  4
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T h e  p l o t  o f  m o d e  o n e  a g a i n s t  m o d e  t w o  i s  s h o w n  i n  
F i g u r e  6 . 4 2 .  T h i s  s h o w s  t h e  g e n e r a l  f o r m  o f  t h e  i m p e r f e c t  
c o u p l e d  e q u i l i b r i u m  p o i n t .
2 . 6-1
2 . 4 -
2 .2 -
1 .8 -
1 . 6 -
1 . 4 -
1 .2 -
0 .8 -
0 .6 -
0 . 4 -
0 .2 -
0 . 30 0.1 0.2- 0.1- 0.2
magnitude of mode 1 — mm
F i g u r e  6 . 4 2 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  C  -  t e s t  4
T h e  d e f l e c t e d  f o r m  o f  t h e  p l a t e ,  a t  l o a d s  o f  6 , 1 2 ,
1 8 ,  2 4  a n d  3 0 k N ,  i s  s h o w n  i n  F i g u r e  6 . 4 3 .  T h i s  s h o w s  t h a t  
t h e  b u c k l e d  f o r m  f o r  t h i s  t e s t  i s  a l w a y s  p r e d o m i n a n t l y  
t w o - h a l f w a v e  w i t h  t h e  a m p l i t u d e  i n c r e a s i n g  a s  t h e  a x i a l  
l o a d  i n c r e a s e s .
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F ig u r e  6 . 4 3 :  D e f l e c t e d  forms o f  th e
C -  t e s t  4
C-C
B-B
A-A
loaded p l a t e  f o r  P l a t e
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T e s t  5
L a t e r a l  l o a d i n g :  ' - 5 ,  0 ,  + 5 ' .  T h i s  i s  e q u i v a l e n t  t o
a n  o u t - o f - p l a n e  b e n d i n g  p r e s s u r e  v a r y i n g  f r o m  - 0 . 2 2 2 N / m m 2 
a t  t h e  t o p  t o  + 0 . 2 2 2 N / m m 2 a t  t h e  b o t t o m  o f  t h e  p l a t e .
T h e  a x i a l  l o a d - d e f 1 e c t i o n  b e h a v i o u r  f o r  t e s t  5  i s  
s h o w n  i n  F i g u r e  6 . 4 4 .  A g a i n  t h i s  s h o w s  a  c o n s t a n t  d e g r e e  o f  
s t i f f n e s s  t h r o u g h o u t  t h e  t e s t .
30 -| 
2 8 -  
2 6 -  
2 4 -  
2 2 -  
2 0 -
\ 16- 
T3 14 - 
o  1 2 -  
1 0 -
0.80 0.2 0.4 0.6
shortening — mm
F i g u r e  6 . 4 4 :  L o a d - d e f 1 e c t i o n  o f  t h e  l o a d  b e h a v i o u r  f o r
P l a t e  C  -  t e s t  5
F i g u r e  6 . 4 5  s h o w s  t h e  p l o t  o f  t h e  F o u r i e r
c o e f f i c i e n t s  f o r  t h i s  t e s t  f r o m  w h i c h  i t  c a n  b e  s e e n  t h a t ,  
a s  e x p e c t e d ,  m o d e  t w o  i s  t h e  d o m i n a n t  m o d e  t h r o u g h o u t .  A s
m o d e  o n e  r e a c h e s  i t s  m a x i m u m  a t  a  l o a d  o f  1 8 k N  m o d e  t w o
s t a r t s  t o  i n c r e a s e  a t  a  g r e a t e r  r a t e .  M o d e  t h r e e  s t e a d i l y  
i n c r e a s e  b e c o m i n g  g r e a t e r  t h a n  m o d e  o n e  a t  a  l o a d  o f  
1 9 . 5 k N ,  m o d e  o n e  b e c o m i n g  n e g a t i v e  a t  2 7 . 5 k N .
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F ig u r e  6 .4 5 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  C -  t e s t  5
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I n  F i g u r e  6 . 4 6  m o d e  o n e  h a s  b e e n  p l o t t e d  a g a i n s t  m o d e  
t w o .  T h i s  s h o w s  t h e  g e n e r a l  f o r m  o f  t h e  i m p e r f e c t  c o u p l e d  
e q u i l i b r i u m  p a t h .
2.8 i  
2 .6 -
2 . 4 -
2 .2 -
2 -
1.8 -
1 . 4 -
1 .2 -
0 . 50 . 30.1- 0.1
m agnitude of mode 1 — mm
F i g u r e  6 . 4 6 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  C  -  t e s t  5
F i g u r e  6 . 4 7  s h o w s  t h e  d e f l e c t e d  f o r m  o f  t h e  p l a t e  a t  
l o a d s  o f  6 , 1 2 ,  1 8 ,  2 4  a n d  3 0 k N .  T h i s  s h o w s  t h a t  t h e  p l a t e  
i n i t i a l l y  b u c k l e s  i n t o  t h e  t w o - h a l f w a v e  m o d e ,  i t s  a m p l i t u d e  
i n c r e a s i n g  a s  t h e  a x i a l  l o a d  i n c r e a s e s .  A g a i n  t h e  
u n e x p e c t e d  f o r m  a t  t h e  t o p  o f  t h e  p l a t e  c a n  b e  s e e n .
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F ig u r e  6 .4 7 :  D e f l e c t e d  forms o f  t h e  loaded p l a t e  f o r  P l a t e
C -  t e s t  5
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6 . 6 . 4  P L A T E  D
T h e  d i f f e r e n t  l a t e r a l  l o a d  c a s e s  a p p l i e d  t o  t h i s  
p l a t e  a r e  s h o w n  i n  T a b l e  6 . 1 0
T e s t
L a t e r a l  l o a d  -  k N I m p e r f e c t i o n
t o p m i d d l e b o t t o m n o r m a n g l e
1 0 0 0 0 0 °
2 + 2 + 2 + 2 0 . 0 6 4 0 °
3 + 4 + 4 + 4 0 . 1 2 8 0 °
4 +  2 + 3 + 4 0 .  1 0 7 2 7 °
5 - 3 0 + 3 0 . 1 2 8 9 0 °
T a b l e  6 . 1 0 :  A p p l i e d  l a t e r a l  l o a d i n g  c a s e s  f o r  p l a t e  D
O v e r a l l  f a i l u r e  o f  t h i s  p l a t e  o c c u r r e d  a t '  a  l o a d  o f  
4 4 . 6 k N  a n d  w a s  a g a i n  c a u s e d  b y  t h e  f o r m a t i o n  o f  a  p e r m a n e n t  
l o c a l  b u c k l e  b e t w e e n  t w o  e d g e  r o l l e r s .
T e s t  1
N o  l a t e r a l  l o a d i n g :  t h e  ’ i d e a l ’ c a s e
T h e  a x i a l  l o a d - d e f 1 e c t i o n  b e h a v i o u r  f o r  t e s t  1 i s  
s h o w n  i n  F i g u r e  6 . 4 8 .  A f t e r  t h e  i n i t i a l  n o n - l i n e a r i t y  t h i s  
s h o w s  a  c h a n g e  o f  s t i f f n e s s  a t  a  l o a d  o f  a p p r o x i m a t e l y  
1 9 k N .
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30 i  
2 8  -  
2 6 -  
2 4 -  
2 2 -  
2 0 -
z:
I 1 6 “  
"o 1 4  -
o 1 2 -
1 0 -
4 -
0.80.60 . 40.20
shortening — mm
F i g u r e  6 . 4 8 :  L o a d - d e f 1 e c t i o n  o f  t h e  l o a d  b e h a v i o u r  f o r
P l a t e  D -  t e s t  1
F i g u r e  6 . 4 9  s h o w s  a  p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s  
f o r  t h i s  t e s t  f r o m  w h i c h  i t  c a n  b e  s e e n  t h a t  t h e  t h r e e  
m o d e s  r e m a i n  c l o s e  t o  t h e  l o a d  a x i s  u p  t o  a  l o a d  o f  a b o u t  
1 7 k N .  A t  t h i s  p o i n t  m o d e  t w o  b e g i n s  t o  i n c r e a s e  m o r e  
r a p i d l y  w i t h  m o d e  t h r e e  i n c r e a s i n g  l e s s  q u i c k l y .  M o d e  o n e  
a l s o  s t a r t s  t o  i n c r e a s e  r e a c h i n g  a  m a x i m u m  v a l u e  a t  a  l o a d  
o f  a p p r o x i m a t e l y  2 4 k N  b e f o r e  r e d u c i n g  a g a i n .
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2 0  -
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1 0  -
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0 1 2 
magnitude of modes 1, 2 &  3 — mm
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F ig u r e  6 .4 9 :  P l o t  o f  F o u r i e r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  D -  t e s t  1
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I n  F i g u r e  6 . 5 0  c o e f f i c i e n t  o n e  h a s  b e e n  p l o t t e d  
a g a i n s t  m o d e  t w o .  I n  t h e  p o s i t i v e  q u a d r a n t  t h i s  s h o w s  t h e  
g e n e r a l  f o r m  o f  t h e  c o u p l e d  i m p e r f e c t  e q u i l i b r i u m  p a t h .
2 . 4 -|  
2 .2 -
1.4-
1.2 -
0 .8 -
0 . 6 -
0 .4 -
0 .2 -
- 0.2
0.25 0.350.150.05
m agnitude of mode 1 — mm
F i g u r e  6 . 5 0 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  D -  t e s t  1
F i g u r e  6 . 5 1  s h o w s  t h e  d e f l e c t e d  f o r m  o f  t h e  p l a t e  a t  
l o a d s  o f  8 , 1 6 ,  2 3 ,  2 5  a n d  3 0 k N .  T h i s  s h o w s  t h a t  a t  a  l o a d  
o f  1 6 k N  t h e  p l a t e  h a s  u n d e r g o n e  o n l y  v e r y  s m a l l  d e f l e c t i o n s  
i n t o  a  t w o - h a l f w a v e  f o r m .  A t  2 3 k N  t h e  a m p l i t u d e  o f  t h i s  
m o d e  h a s  m a d e  a  l a r g e  i n c r e a s e ,  i n c r e a s i n g  f u r t h e r  a s  t h e  
t e s t  p r o c e e d s .
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BL i
3.0-3.0 0.0mm
KEY
LOAD -  kN
8.0  
16.0
23.0
25.0
30.0
C-C
A-A
F ig u r e  6 .5 1 :  D e f l e c t e d  forms o f  t h e  loaded p l a t e  f o r  P l a t e
D -  t e s t  1
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T e s t  2
L a t e r a l  l o a d i n g :  ’ + 2 ,  + 2 ,  + 2 ’ . T h i s  i s  e q u i v a l e n t  t o
a  u n i f o r m l y  d i s t r i b u t e d  p r e s s u r e  o f  0 . 0 6 4 N / m m 2 o v e r  t h e  
e n t i r e  p l a t e .
T h e  a x i a l  l o a d - d e f  1 e c t  i o n  c u r v e  f o r  t e s t  2 i s  s h o w n
i n  F i g u r e  6 . 5 2 .  T h i s  s h o w s  a  s m a l l ,  b u t  n o t i c e a b l e  c h a n g e
o f  s t i f f n e s s  a t  a  l o a d  o f  a p p r o x i m a t e l y  2 1 k N .  A g a i n  t h e
n o n - l i n e a r i t y  a t  l o a d s  b e l o w  1 0 k N  m a y  b e  s e e n .
3 0  1  
2 8 -
2 6 -
2 4 -
2 2 -
2 0 -
z:
0.80.4 0.60.20
shortening — mm
F i g u r e  6 . 5 2 :  L o a d - d e f 1 e c t i o n  o f  t h e  l o a d  b e h a v i o u r  f o r
P l a t e  D -  t e s t  2
F r o m  t h e  p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s ,  F i g u r e  
6 . 5 3 ,  i t  c a n  b e  s e e n  t h a t  t h e  p l a t e  i n i t i a l l y  b u c k l e s  i n t o  
a  o n e - h a l f w a v e  m o d e .  A s  t h i s  m o d e  r e a c h e s  a  m a x i m u m  a t  a  
l o a d  o f  a p p r o x i m a t e l y  2 2 k N  m o d e  t w o  b e c o m e s  t h e  d o m i n a n t  
m o d e  i n c r e a s i n g  f u r t h e r  u n d e r  i n c r e a s i n g  a x i a l  l o a d .  M o d e  
t h r e e  g r a d u a l l y  i n c r e a s e s  t h r o u g h o u t  t h e  t e s t .
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30
2 0  -
TJ
1 0  -
210
magnitude of modes 1, 2 & 3 — mm
1 2 3
F ig u r e  6 .5 3 :  P l o t  o f  F o u r i e r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  D -  t e s t  2
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P l o t t i n g  m o d e  o n e  a g a i n s t  m o d e  t w o  g i v e s  t h e  c u r v e  
g i v e n  i n  F i g u r e  6 . 5 4 .  T h i s  s h o w s  t h e  f a m i l i a r  f o r m  o f  t h e  
i m p e r f e c t  c o u p l e d  e q u i l i b r i u m  p a t h .
2 . 4  -T 
2 .2 -  
2 -  
1 .8 -
1 . 4 -
1.2 -
0 .8 -
0 . 6 -
0 . 4 -
0 .2 -
- 0.2
0.8 10 . 4 0.6
magnitude of mode 1 — mm
F i g u r e  6 . 5 4 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  D -  t e s t  2
F i g u r e  6 . 5 5  s h o w s  t h e  d e f l e c t e d  f o r m s  o f  t h e  p l a t e  a t  
l o a d s  o f  7 ,  1 4 ,  2 0 ,  2 2  a n d  3 0 k N .  T h i s  s h o w s  t h a t  t h e  p l a t e  
i n i t i a l l y  b u c k l e s  i n t o  a  o n e - h a l f w a v e  f o r m .  T h i s  c h a n g e s  
t o  a  t w o - h a l f w a v e  m o d e  t h e  a m p l i t u d e  o f  w h i c h  i n c r e a s e s  a s  
t h e  a x i a l  l o a d  i s  i n c r e a s e d  f u r t h e r .  A g a i n  t h e  u n e x p e c t e d  
f o r m  a t  t h e  t o p  o f  t h e  p l a t e  i s  s e e n .
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B0.0mm-4.0
KEY
LOAD -  kN
7.0
14.0
20.0  
22.0
30.0
C-C
A-A
F ig u r e  6 .5 5 :  D e f l e c t e d  forms o f  th e  loaded p l a t e  f o r  P l a t e
D -  t e s t  2
316
T e s t  3
L a t e r a l  l o a d i n g :  ' + 4 ,  + 4 ,  + 4 ' .  T h i s  i s  e q u i v a l e n t  t o
a  u n i f o r m l y  d i s t r i b u t e d  p r e s s u r e  o f  0 . 1 2 8 N / m m 2 o v e r  t h e  
e n t i r e  p l a t e .
T h e  a x i a l  l o a d - d e f  1 e c t i o n  c u r v e  f o r  t e s t  3  i s  s h o w n  
i n  F i g u r e  6 . 5 6  f o r  l o a d i n g  o n l y .  T h i s  a g a i n  s h o w s  t h e  
r e g i o n  o f  n o n - l i n e a r i t y  b e l o w  1 0 k N .  A t  a  l o a d  o f  2 3 k N  a  
s m a l l  b u t  n o t i c e a b l e  c h a n g e  i n  s t i f f n e s s  m a y  b e  s e e n .
30-i
2 8 -
2 6 -
2 4 -
2 2 -
2 0 -
, 16- 
*u 14 - 
o 1 2 -  
1 0 -
4 -
2 -
0.80.60.40.20
shortening — mm
F i g u r e  6 . 5 6 :  L o a d - d e f 1 e c t i o n  o f  t h e  l o a d  b e h a v i o u r  f o r
P l a t e  D -  t e s t  3
T h e  p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s  f o r  t h i s  t e s t ,  
F i g u r e  6 . 5 7 ,  i n d i c a t e s  a s  e x p e c t e d  t h a t  m o d e  o n e  i s
i n i t i a l l y  t h e  d o m i n a n t  m o d e  r e a c h i n g  a  m a x i m u m  v a l u e  a t  a  
l o a d  o f  2 3 k N .  M o d e  t w o  i n c r e a s e s  t h r o u g h o u t  t h e  t e s t  t o
b e c o m e  t h e  p r e d o m i n a n t  m o d e  a t  a  l o a d  o f  2 6 k N .  M o d e  t h r e e  
g r a d u a l l y  i n c r e a s e s  t o  r e a c h  a  m a x i m u m  a t  a  l o a d  o f
a p p r o x i m a t e l y  2 4 k N .
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2 0  -
1 0  -
210
m agnitude of modes 1, 2 & 3 — mm
1 2 3
F ig u r e  6 .5 7 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  D -  t e s t  3
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P l o t t i n g  m o d e  o n e  a g a i n s t  m o d e  t w o  g i v e s  t h e  c u r v e  
s h o w n  i n  F i g u r e  6 . 5 8 .  T h i s  a g a i n  s h o w s  t h e  f a m i l i a r  f o r m  o f  
t h e  c o u p l e d  p a t h  p r e d i c t e d  b y  t h e  g e n e r a l  t h e o r y .
2 . 4 -1 
2 .2 -
1.4-
1.2 -
0 .8 -
0 .4 -
0 .2 -
- 0.2
1 1.2 1.4
m agnitude of mode 1 — mm
1.80.8
F i g u r e  6 . 5 8 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  D -  t e s t  3
F i g u r e  6 . 5 9  s h o w s  t h e  d e f l e c t e d  f o r m  o f  t h e  p l a t e  a t  
l o a d s  o f  7 ,  1 4 ,  2 1 ,  2 3  a n d  3 0 k N .  T h i s  s h o w s  t h a t  t h e  p l a t e  
i n i t i a l l y  b u c k l e s  i n t o  a  o n e - h a l f w a v e  c h a n g i n g  t o  a  
p r e d o m i n a n t l y  t w o - h a l f w a v e  m o d e .  T h e  s e c t i o n s  a c r o s s  t h e  
p l a t e  s h o w  t h a t  t h e  d e f l e c t e d  f o r m  i s  g e n e r a l l y  s y m m e t r i c .  
A g a i n  t h e  u n e x p e c t e d  d e f l e c t e d  f o r m  a p p e a r s  a t  t h e  t o p  o f  
t h e  p l a t e .
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4.00.0mm-4.0
KEY 
LOAD -  kN
v 7.0 .
+ 14.0
x 21.0
□ 23.0
o 30.0
C-C
B-B
A-A
F ig u r e  6 .5 9 :  D e f l e c t e d  forms o f  t h e  loaded p l a t e  f o r  P l a t e
D -  t e s t  3
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T e s t  4
L a t e r a l  l o a d i n g :  ' + 2 ,  + 3 ,  + 4 ' .  T h i s  i s  e q u i v a l e n t  t o
a  t r a p e z o i d a l  p r e s s u r e  d i s t r i b u t i o n  v a r y i n g  f r o m  0 . 0 4 8 N / m m 2 
a t  t h e  t o p  t o  0 . 1 4 4 N / m m  a t  t h e  b o t t o m  o f  t h e  p l a t e .
F i g u r e  6 . 6 0  s h o w s  t h e  a x i a l  l o a d - d e f 1 e c t i o n  b e h a v i o u r  
f o r  t e s t  4 .  T h i s  s h o w s  t h a t  t h e r e  i s  a  s m a l l  c h a n g e  o f  
s t i f f n e s s  a t  a  l o a d  o f  a p p r o x i m a t e l y  2 2 k N .
3 0 -j 
2 8 -  
2 6 -  
2 4 -  
2 2 -  
2 0 -
4 -
2 -
0.80.60.2 0.40
shortening — mm
F i g u r e  6 . 6 0 :  L o a d - d e f 1 e c t i o n  o f  t h e  l o a d  b e h a v i o u r  f o r
P l a t e  D -  t e s t  4
T h e  p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s ,  s h o w n  i n  F i g u r e  
6 . 6 1  s h o w s  t h a t  t h e  o n e - h a l f w a v e  i s  i n i t i a l l y  t h e  
p r e d o m i n a n t  m o d e  i n c r e a s i n g  a t  a  s l o w e r  r a t e  t h a n  m o d e  t w o .  
M o d e  o n e  r e a c h e s  i t s  m a x i m u m  v a l u e  a t  a  l o a d  o f  a b o u t  2 1 k N  
w i t h  m o d e  t w o  b e c o m i n g  t h e  d o m i n a n t  m o d e  a t  2 3 k N .  M o d e  
t h r e e  i n i t i a l l y  i n c r e a s e s  v e r y  s l o w l y  t o  r e a c h  a  m a x i m u m  a t  
a p p r o x i m a t e l y  2 4 k N .
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m agnitude of modes 1, 2 & 3 — mm  
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F ig u r e  6 .6 1 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  D -  t e s t  4
322
m
ag
ni
tu
de
 
of 
m
od
e 
2 
— 
m
m
F i g u r e  6 . 6 2  shows a p l o t  o f  mode one p l o t t e d  a g a i n s t  
mode tw o .  A g a in  t h i s  shows t h e  f a m i l i a r  fo rm  o f  t h e  
i m p e r f e c t  c o u p le d  e q u i l i b r i u m  p a t h .
2.6 -| 
2 .4 -  
2 .2 -
1.8 -
1.4-
1.2 -
0.8 -
0.6 -
0.4 -
0.9 1.30.5 0.7 1.1
magnitude of mode 1 — mm
F i g u r e  6 . 6 2 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  D -  t e s t  4
The d e f l e c t e d  fo rm  o f  t h e  p l a t e ,  a t  lo a d s  o f  7 ,  14,
21 ,  23 and 30kN,  i s  shown in  F i g u r e  6 . 6 3 .  A g a in  t h e
d e f l e c t e d  fo rm  a t  t h e  t o p  o f  t h e  p l a t e  i s  n o t  as e x p e c t e d  
and some asymmetry  i s  a l s o  p r e s e n t .  The l o n g i t u d i n a l  
s e c t i o n  shows t h a t  t h e  p l a t e  i n i t i a l l y  b u c k le s  i n t o  a 
o n e - h a l f w a v e  chan g in g  t o  a p r e d o m i n a n t l y  t w o - h a l f w a v e  fo rm  
as t h e  a x i a l  load  i n c r e a s e s .
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4.0-4.0 0.0mm
KEY
LOAD -  kN 
v 7.0
+ 14.0
x 21.0
□ 23.0
o 30.0
C-C
B-B
.-L _ .
A-A
F ig u r e  6 .6 3 :  D e f l e c t e d  forms o f  th e  loaded p l a t e  f o r  P l a t e
D -  t e s t  4
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T e s t  5
L a t e r a l  l o a d i n g :  ' - 3 ,  0 ,  + 3 ' .  T h i s  i s  e q u i v a l e n t  t o
an o u t - o f - p l a n e  b en d in g  p r e s s u r e  v a r y i n g  f ro m  -0 .1 2 8 N /m m 2 
a t  t h e  t o p  t o  +0 .128N /m m 2 a t  t h e  bo t to m  o f  t h e  p l a t e .
The a x i a l  l o a d - d e f l e c t i o n  b e h a v i o u r  f o r  t h i s  t e s t  i s  
shown in  F i g u r e  6 . 6 4 .  A f t e r  t h e  i n i t i a l  n o n - l i n e a r i t y  t h i s  
F i g u r e  shows a l i n e a r  l o a d - d i s p l a c e m e n t  r e l a t i o n s h i p .
30 -i 
2 8 -  
2 6 -  
2 4 -  
2 2 -  
2 0 -
z:
I 16 -  
14- 
1 2 -  
1 0 -
4 -
0.80.60.40.20
shortening — mm
F i g u r e  6 . 6 4 :  L o a d - d e f 1e c t i o n  o f  t h e  lo ad  b e h a v i o u r  f o r
P l a t e  D -  t e s t  5
F i g u r e  6 . 6 5  shows a p l o t  o f  t h e  F o u r i e r  c o e f f i c i e n t s  
f o r  t e s t  5 f ro m  which  i t  can be seen t h a t  mode two is  
a lw a ys  t h e  most dom inant  mode. Modes two and t h r e e  
i n i t i a l l y  i n c r e a s e  t o g e t h e r  g r a d u a l l y ,  b u t  a t  a load  o f  
a p p r o x i m a t e l y  21kN mode one r e a c h e s  i t s  maximum v a l u e .  Mode 
two i n c r e a s e s  t h r o u g h o u t  t h e  t e s t .
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magnitude of modes 1, 2 &  3 — m m  
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F ig u r e  6 .6 5 :  P l o t  o f  F o u r ie r  c o e f f i c i e n t s  a g a in s t  load f o r
P l a t e  D -  t e s t  5
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In  F i g u r e  6 . 6 6  c o e f f i c i e n t  one has been p l o t t e d  
a g a i n s t  mode tw o .  A g a in  t h i s  shows t h e  g e n e r a l  fo rm  o f  t h e  
i m p e r f e c t  c o u p le d  e q u i l i b r i u m  p a th  p r e d i c t e d  by t h e  g e n e r a l  
t h e o r y .
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F i g u r e  6 . 6 6 :  P l o t  o f  c o e f f i c i e n t  1 a g a i n s t  c o e f f i c i e n t  2
f o r  P l a t e  D -  t e s t  5
The d e f l e c t e d  fo rm  o f  t h e  p l a t e  i s  shown in  F i g u r e
6 . 6 7  a t  lo ad s  o f  7 ,  14 ,  2 1 ,  25 and 30kN.  T h i s  shows t h a t
t h e  p l a t e  i n i t i a l l y  b u c k le s  i n t o  a t w o - h a l f w a v e  mode t h e
a m p l i t u d e  o f  w h ich  i n c r e a s e s  as t h e  a x i a l  lo ad  i n c r e a s e s .
A g a in  t h e  asymmetry a c r o s s  t h e  p l a t e  i s  p r e s e n t ,  in  
p a r t i c u l a r  a c r o s s  t h e  c e n t r e l i n e ,  s e c t i o n  B -B ,  w here  t h e r e  
i s  no o u t - o f - p l a n e  l o a d i n g .
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6 . 7 D IS C U S S IO N S
6 . 7 . 1  DISCUSSION OF EXPERIMENTAL CONS I DERAT IONS
D u r in g  t h e  e x p e r i m e n t a l  work a number o f  p rob lem s  
w ere  e n c o u n t e r e d  in  t h e  use o f  t h e  S a te c  t e s t i n g  m ach ine  
w hich  showed t h e m s e lv e s  in  some o f  t h e  r e s u l t s .
Due t o  t h e  age o f  t h e  m achine  t h e  t h r e a d  on t h e  main
screws i s  worn and a t  a lo ad  o f  4 .5 k N  ( t h e  w e i g h t  o f  t h e
m ach ines  h ead )  t h e  t e s t  p l a t e s  b e g in  t o  c a r r y  t h e  head as
i
i t  moves w i t h i n  t h e  t h r e a d .  T h i s  was t h e  cause o f  t h e  
n o n - l i n e a r i t y  in  t h e  a x i a l  l o a d - d e f 1e c t i o n  o f  t h e  lo ad  
c u r v e s  between 0 and 10kN and c o u ld  n o t  be a v o i d e d .
A l th o u g h  t h e  t o p  edge b l o c k  was c a r e f u l l y  l i n e d  up
w i t h  t h e  t o p  o f  t h e  p l a t e s  a t  t h e  s t a r t  o f  t h e  t e s t s ,  due  
t o  a v e r y  s l i g h t  m i s - a l i g n m e n t  o f  t h e  head o f  t h e  m a c h in e ,  
an e c c e n t r i c i t y  ( i n  t h e  o u t - o f - p l a n e  d i r e c t i o n )  in  t h e  
a x i a l  l o a d i n g  was i n t r o d u c e d  as t h e  lo ad  was a p p l i e d .  T h i s  
c o n t r i b u t e d  t o  t h e  u n e x p e c te d  d e f l e c t e d  fo r m ,  a t  t h e  t o p  o f  
t h e  p l a t e s ,  a t  t h e  h i g h e r  lo a d s .  T h i s  e f f e c t  c o u ld  be 
r e d u c e d  in  any f u t u r e  t e s t i n g  programme by m o u n t in g  t h e  t o p  
edge b l o c k  on a r o l l e r  s u p p o r t .
The speed o f  t h e  h ead ,  d u r i n g  l o a d i n g ,  was s e t  t o  t h e  
minimum speed t h a t  t h e  m ach ine  would  a l l o w .  However t h i s  
was t o o  f a s t  t o  o b s e r v e  t h e  f u l l  e x t e n t  o f  any dynamic  
ju m p in g .  U s in g  t h i s  m achine  t h i s  p ro b lem  c a n n o t  be a v o i d e d .  
F u t u r e  t e s t s  c o u ld  be co n d u c ted  in  a s p e c i a l l y  d e s ig n e d
l o a d i n g  f ra m e  w i t h  s e n s i t i v e  a c t u a t o r s  used t o  a p p ly  t h e  
a x i a l  lo a d s .
O v e r a l l  f a i l u r e  o f  t h e  p l a t e s  o c c u r r e d  by t h e
f o r m a t i o n  o f  one o r  more l o c a l  perm anent  b u c k le s  betw een  
t h e  r o l l e r s  a lo n g  t h e  l e n g t h  o f  t h e  p l a t e s .  T h i s  e f f e c t  
c o u ld  be a v o id e d  by r e d u c in g  t h e  u n s u p p o r te d  l e n g t h  o f  t h e  
p l a t e  edge by u s in g  s h o r t e r  r o l l e r s  f i x e d  c l o s e r  t o g e t h e r .
A f u r t h e r  p rob lem  e n c o u n t e r e d  w i t h  t h e  r o l l e r
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s u p p o r t s  a p p ears  t o  have been t h e  i n t r o d u c t i o n  o f  a s l i g h t  
e c c e n t r i c i t y  caused by t h e  w i d t h  o f  t h e  s l o t  b e in g  
a p p r o x i m a t e l y  0.15mm g r e a t e r  th a n  t h e  t h i c k n e s s  o f  t h e  
p l a t e  w i t h  t h e  grub screws f i x e d  f ro m  one s i d e  o n l y .  T h i s  
c o u ld  be a v o id e d  by f i x i n g  f ro m  b o th  s i d e s  so t h a t  
a d j u s t m e n t s  c o u ld  be made t o  c e n t r a l i s e  t h e  p l a t e .  However ,  
d u r i n g  t h e  e x p e r i m e n t a l  work i t  was fo u n d  t h a t  t h i s  e f f e c t  
c o u ld  be overcome by a l t e r i n g  t h e  f a c e  t o  w h ich  t h e  l a t e r a l  
lo ad s  w ere  a p p l i e d .
F i g u r e  6 . 6 8  shows a t y p i c a l  p l o t  o f  lo ad  a g a i n s t  
s t r a i n  f o r  gauges 3 and 8 ( s e e  F i g u r e  6 . 6 ) .  From t h i s  i t  
can be seen t h a t  a good s i m p l e  s u p p o r t  c o n d i t i o n  has been  
a c h ie v e d  up t o  a lo ad  o f  a p p r o x i m a t e l y  19kN w here  t h e  
s u p p o r t  b e g in s  t o  l o c k .  A t y p i c a l  p l o t  o f  lo ad  a g a i n s t  
s t r a i n  f o r  gauges 19 and 23 i s  shown in  F i g u r e  6 . 6 9 .  T h i s  
shows t h a t  l o n g i t u d i n a l  b e n d in g  betw een t h e  r o l l e r s  does 
n o t  o c c u r  u n t i l  a load  o f  a p p r o x i m a t e l y  18kN. I t  i s  
c o n s id e r e d  t h a t  t h i s  b en d in g  between t h e  s u p p o r t s  may be 
c o n t r i b u t i n g  t o  t h e  l o c k i n g  o f  t h e  r o l l e r s .
6 . 7 . 2  DISCUSSION OF EXPERIMENTAL RESULTS
The m a t e r i a l  p r o p e r t y  t h a t  d i r e c t l y  a f f e c t s  t h e  
b e h a v i o u r  o f  t h e s e  p l a t e s  i s  t h e  v a l u e  o f  P o is s o n s  r a t i o .  
I t  i s  known t o  be d i f f i c u l t  t o  o b t a i n  an e x a c t  v a l u e  f o r  
t h i s  by s i m p le  methods b u t  an a t t e m p t  was made in  t h e  
p r e l i m i n a r y  e x p e r i m e n t s .  These t e s t s  gave a low e r  a v e r a g e  
v a l u e  o f  0 . 2 3  and an upper  a v e r a g e  v a l u e  o f  0 . 3 4  f o r  t h e  
P o iss o n s  r a t i o  o f  t h e  1.5mm s h e e t .  R e f e r r i n g  t o  F i g u r e  5 . 4  
t h e s e  l i m i t s  o f  P o iss ons  r a t i o  gave a r a n g e  o f  p o s s i b l e  
p l a t e  a s p e c t  r a t i o s  t o  be i n v e s t i g a t e d .
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F i g u r e  6 . 6 8 :  T y p i c a l  l o a d - s t r a i n  c u r v e  f rom  gauges norm al
t o  t h e  s i d e  o f  t h e  p l a t e
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F i g u r e  6 . 6 9 :  T y p i c a l  l o a d - s t r a i n  c u r v e  f ro m  gauges p a r a l l e l
t o  t h e  s i d e  o f  t h e  p l a t e
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From t h e  g e n e r a l  t h e o r y  o f  C h a p t e r  5 an i d e a l  
l a t e r a l l y  r e s t r a i n e d  p l a t e  under  a x i a l  co m p res s io n  w i l l  
i n i t i a l l y  f o l l o w  t h e  fu n d a m e n ta l  p a th  and th u s  und ergo  
e l a s t i c  s h o r t e n i n g  w h i l e  r e m a i n in g  f l a t .  At  t h e  f i r s t  
p r i m a r y  b i f u r c a t i o n  p o i n t ,  A , t h e  p l a t e  b u c k le s  i n t o  a 
o n e - h a l f w a v e  fo rm  whose a m p l i t u d e  i n c r e a s e s  as t h e  l o a d i n g  
c o n t i n u e s .  The h i g h e s t  se c o n d a ry  b i f u r c a t i o n  p o i n t  i s  t h e n  
e n c o u n t e r e d  a t  w h ic h ,  under  d e f l e c t i o n  c o n t r o l ,  t h e  p l a t e  
snaps d y n a m i c a l l y  t o  a t w o - h a l f w a v e  mode showing a d e c r e a s e  
i n  lo a d .  The fo rm  o f  t h e  c o u p le d  p a th  as i t  changes mode 
d y n a m i c a l l y  w i l l  be o f  an e l l i p t i c a l  fo rm  when p l o t t e d  in  
t h e  d i s p l a c e m e n t  p l a n e ,  as shown in  F i g u r e  5 . 2 3 .
The e q u i l i b r i u m  p a th s  o f  an i m p e r f e c t  sys tem  a r e  
shown in  F i g u r e  5 . 2 6 .  From t h i s  i t  can be seen t h a t  
i m p e r f e c t i o n s  ' ro u n d  o f f '  t h e  b e h a v i o u r  o f  t h e  i d e a l  
sys te m .  The i m p e r f e c t i o n  a n g l e ,  as i t  i n c r e a s e s  f ro m  z e r o  
t o  t h e  h y s t e r e s i s  a n g l e ,  r a p i d l y  re d u c e s  t h e  maximum lo a d  
c a r r i e d  b e f o r e  t h e  dynamic snap t o  mode two o c c u r s .  W i t h  an 
i m p e r f e c t i o n  a n g l e  g r e a t e r  t h a n  t h e  h y s t e r e s i s  a n g l e  t h e  
p l a t e  changes b u c k l e  mode s m o o t h ly .  The h y s t e r e s i s  a n g l e  
f o r  t h e  c o i n c i d e n t  c a s e ,  w i t h  a P o iss o n s  r a t i o  o f  0 . 3 4 ,  has  
been c a l c u l a t e d  as 2 6 . 1 8 ° .
The purpo se  o f  t h e  i n i t i a l  ' i d e a l '  t e s t s  c a r r i e d  o u t  
on each p l a t e  was n o t ,  p r i m a r i l y ,  t o  t r y  t o  r e p r o d u c e  t h i s  
i d e a l  b e h a v i o u r  e x p e r i m e n t a l l y .  They w ere  however c o n d u c te d  
t o  o b t a i n  an i n d i c a t i o n  o f  t h e  i n i t i a l  i m p e r f e c t i o n s  o f  t h e  
p l a t e  i t s e l f  b e f o r e  any a d d i t i o n a l  i m p e r f e c t i o n s ,  in  t h e  
fo rm  o f  t h e  o u t - o f - p l a n e  l o a d s ,  w ere  a p p l i e d .  P l a t e s  B and 
C both  d e m o n s t r a te d  a change o f  s t i f f n e s s  a t  a load  o f  21kN 
as t h e  b u c k le d  mode changed f ro m  a p r e d o m i n a n t l y  
o n e - h a l f w a v e  t o  a t w o -  and t h r e e - h a l f w a v e  mode 
r e s p e c t i v e l y .  P l a t e  D changed s t i f f n e s s  a t  a load  o f  19kN 
as t h e  b u c k le  changed f ro m  a o n e -  t o  a t w o - h a l f w a v e  f o r m .  
T h i s  i n d i c a t e s  t h a t  t h e  p r e f e r r e d  t h r e e - h a l f w a v e  mode o f  
p l a t e  C was a f u n c t i o n  o f  t h e  i n i t i a l  i m p e r f e c t i o n s  w i t h i n  
t h e  p l a t e  and n o t  t h e  p l a t e  a s p e c t  r a t i o .
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The p l o t s  o f  t h e  F o u r i e r  c o e f f i c i e n t s  ( F i g u r e s  6 . 9 ,  
6 . 2 9  and 6 . 4 9 )  show t h a t  i n i t i a l l y  t h e  c o e f f i c i e n t s  re m a in  
r e a s o n a b l y  c l o s e  t o  t h e  load  a x i s ,  as e x p e c t e d  f ro m  t h e  
t h e o r y .  A t  t h e  b u c k l i n g  l o a d ,  f o r  p l a t e s  B and D, mode two  
t h e n  i n c r e a s e s  r a p i d l y  w i t h  mode t h r e e  a l s o  i n c r e a s i n g  a t  a 
g r e a t e r  r a t e .  Mode o n e ,  a f t e r  a s l i g h t  i n c r e a s e ,  re d u c e s  
and i s  l e s s  t h a n  mode t h r e e .  For  p l a t e  C mode t h r e e  makes a 
r a p i d  i n c r e a s e  a t  t h e  b u c k l i n g  lo a d ,  modes one and two  
r e m a i n in g  c l o s e  t o  t h e  lo a d  a x i s .  T h i s  i n d i c a t e s  t h a t ,  due  
t o  t h e  i n i t i a l  i m p e r f e c t i o n s  w i t h i n  t h e  p l a t e s ,  mode t h r e e  
makes a c o n t r i b u t i o n  t o  t h e  p o s t - b u c k l i n g  b e h a v i o u r .
The s e c t i o n s  drawn a c r o s s  t h e  d e f l e c t e d  p l a t e s  
( F i g u r e s  6 . 1 1 ,  6 .3 1  and 6 . 5 1 )  show t h e  asymmetry  in  t h e
b u c k le  p a t t e r n .  These show t h a t  t h e r e  i s  no a p p a r e n t  
c o n s i s t e n c y  o f  t h e  asymmetry between t h e  p l a t e s  i n d i c a t i n g  
t h a t  t h i s  may be caused by t h e  i n i t i a l  i m p e r f e c t i o n s  w i t h i n  
t h e  p l a t e s  th e m s e lv e s  and n o t  t h e  s i d e  s u p p o r t s .
The t h e o r e t i c a l  i n v e s t i g a t i o n  o f  l a t e r a l l y  r e s t r a i n e d  
p l a t e s ,  C h a p t e r  5 ,  to o k  a two-mode d e f l e c t i o n  f u n c t i o n  t o  
r e p r e s e n t  t h e  d e f l e c t e d  fo rm  o f  t h e  p l a t e .  T h i s  assumed 
t h a t  any i n t e r a c t i o n  betw een component b u c k le d  modes would  
o c c u r  between a o n e -  and a t w o - h a l f w a v e  fo rm  o n l y ,  t h e  
t h r e e - h a l f w a v e  fo rm  p l a y i n g  no p a r t  in  t h e  p o s t - b u c k l i n g  
b e h a v i o u r .  The p l o t s  o f  t h e  F o u r i e r  c o e f f i c i e n t s  i n d i c a t e  
t h a t  in  t h e  ' i d e a l '  case  t h e  t h r e e - h a l f w a v e  mode i s  more  
d om inan t  t h a n  mode one .  When i n i t i a l  i m p e r f e c t i o n s  a r e  
a p p l i e d  modes one and two i n t e r a c t  i f  t h e  i m p e r f e c t i o n  
c o n t a i n s  an e le m e n t  o f  a o n e - h a l f w a v e  f o r m ,  mode t h r e e  
a p p e a r in g  t o  make l i t t l e  c o n t r i b u t i o n  t o  t h e  p o s t - b u c k l i n g  
b e h a v i o u r .  However when an i m p e r f e c t i o n  p u r e l y  in  t h e  fo rm  
o f  a t w o - h a l f w a v e  mode i s  a p p l i e d ,  mode t h r e e  a g a in  
d o m in a tes  mode one and a p p ears  t o  i n t e r a c t  w i t h  mode two a t  
h i g h e r  l o a d s .  Thus a component o f  a mode one i m p e r f e c t i o n  
i s  r e q u i r e d  t o  overcome t h e  i n i t i a l  i m p e r f e c t i o n s  in  t h e  
p l a t e .
Due t o  th e  method adopted in  th e s e  exp e r im e n ts  to
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a p p ly  t h e  o u t - o f - p l a n e  l o a d i n g  i t  was n o t  p o s s i b l e  t o  
a d j u s t  them so as t o  overcome t h e  i n i t i a l  i m p e r f e c t i o n s  in  
t h e  p l a t e s .  Had a more s e n s i t i v e  method been a do pte d  t h e  
loads  c o u ld  have been a d j u s t e d  so t h a t  t h e  i n i t i a l  
d e f l e c t e d  fo rm  was c o m p l e t e l y  s y m m e tr ic  a c r o s s  t h e  p l a t e  
and c o n t a i n e d  no l o n g i t u d i n a l  t h r e e - h a l f w a v e  component .
I t  s h o u ld  a l s o  be p o i n t e d  o u t  t h a t  t h e  e x p e r i m e n t a l  
i m p e r f e c t i o n s  a p p l i e d  t o  t h e  p l a t e s  a r e  q u i t e  l a r g e  
compared w i t h  t h o s e  assumed in  t h e  t h e o r e t i c a l  
i n v e s t i g a t i o n .  The g e n e r a l  t h e o r y  i s  o n l y  v a l i d  f o r  s m a l l  
i m p e r f e c t i o n s ,  a p p r o a c h in g  z e r o ,  and so some d i s t o r t i o n  o f  
t h e  e x p e r i m e n t a l  c u r v e s  m ig h t  be e x p e c t e d .
The t e s t s  c a r r i e d  o u t  on P l a t e  B d e m o n s t r a te d  t h e  
p r e d i c t e d  snap f ro m  a p r e d o m i n a n t l y  o n e -  t o  a p r e d o m i n a n t l y  
t w o - h a l f w a v e  fo rm  when an o u t - o f - p l a n e  u n i f o r m l y  
d i s t r i b u t e d  p r e s s u r e  i s  a p p l i e d .  The e x p e c t e d  f a l l  in  lo ad  
i s  n o t  a p p a r e n t  f rom  t h e  l o a d - s h o r t e n i n g  c u r v e  as t h e  head  
o f  t h e  m achine  was moving t o o  f a s t  t o  p i c k  t h i s  up. However  
p r o j e c t i n g  back t h e  upper  p o r t i o n  o f  t h e  c u r v e  g i v e s  an 
i n d i c a t i o n  o f  t h e  d e c r e a s e  in  lo ad  t h a t  o c c u r r e d .  
Subsequent  t e s t s  r e p o r t e d  on t h i s  p l a t e  i n d i c a t e d  a smooth  
t r a n s f o r m a t  ion  f ro m  mode one t o  mode tw o .  From T a b l e  6 . 8  
t h e  a p p l i e d  i m p e r f e c t i o n  a n g l e  i s  g r e a t e r  t h a n  t h e  
h y s t e r e s i s  a n g l e ,  th u s  dynamic  b e h a v i o u r  wou ld  n o t  be 
e x p e c t e d  f ro m  t h e  t h e o r y .
The t e s t  conducted  on P l a t e  C w i t h  an a p p l i e d  
o u t - o f - p l a n e  u n i f o r m l y  d i s t r i b u t e d  p r e s s u r e  a g a i n  
d e m o n s t r a te d  a dynamic mode change f ro m  a p r e d o m i n a n t l y  
o n e -  t o  a p r e d o m i n a n t l y  t w o - h a l f w a v e  b u c k le d  f o r m .  
P r o j e c t i n g  back t h e  upper  p o r t i o n  o f  t h e  a x i a l  
l o a d - d e f l e c t i o n  c u r v e  i n d i c a t e s  a s i m i l a r  load  r e d u c t i o n  t o  
t h a t  f o r  P l a t e  B b u t  t h a t  t h e  a s s o c i a t e d  lo s s  o f  en e rg y  was 
g r e a t e r  f o r  P l a t e  B th a n  f o r  P l a t e  C. The t h i r d  t e s t  on 
P l a t e  C, w i t h  an i m p e r f e c t i o n  a n g le  le s s  th a n  t h e  
h y s t e r e s i s  a n g l e ,  d e m o n s t r a te d  a s m a l l  dynamic  jump 
i n d i c a t e d  most c l e a r l y  on t h e  p l o t  o f  mode one v e r s u s  mode
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tw o .  The lo s s  o f  e n e rg y  in  t h i s  t e s t  was much s m a l l e r  t h a n  
f o r  t h e  case  o f  t h e  u n i f o r m l y  d i s t r i b u t e d  p r e s s u r e .  The  
i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  o f  t h e  t h e o r e t i c a l  
i n v e s t i g a t i o n  show t h a t  as t h e  i m p e r f e c t i o n  a n g le  i n c r e a s e s  
to w a rd s  t h e  h y s t e r e s i s  a n g l e  t h e  two l a y e r s  o f  t h e  s u r f a c e  
come c l o s e r  t o g e t h e r  i n d i c a t i n g  t h a t  t h e  e n e rg y  lo s s  
a s s o c i a t e d  w i t h  a dynamic jump d e c re a s e s  as t h e  h y s t e r e s i s  
a n g le  i s  a p p ro a c h e d .  In t h e  s ub seque nt  two t e s t s  on t h i s  
p l a t e  a  smooth mode change was o b s e rv e d  as p r e d i c t e d  by t h e  
g e n e r a l  t h e o r y .
In t h e  t e s t s  co n d u c ted  on P l a t e  D no dynamic mode 
changes w ere  o b s e r v e d  f o r  e i t h e r  o f  t h e  two cases  w i t h  an 
u n i f o r m l y  d i s t r i b u t e d  o u t - o f - p l a n e  p r e s s u r e  a p p l i e d .  
The a x i a l  l o a d - s h o r t e n i n g  c u r v e s  f o r  t h e s e  two t e s t s  
i n d i c a t e  t h a t  t h e  mode change o c c u r r e d  a t  a s i m i l a r  lo a d  
and i n v o l v e d  a s i m i l a r  d e g re e  o f  lo s s  in  s t i f f n e s s .  The  
p l o t s  o f  t h e  F o u r i e r  c o e f f i c i e n t s  show t h a t  t h e  i n c r e a s e  in  
t h e  mode one i m p e r f e c t i o n  re d u c e s  t h e  e f f e c t  o f  t h e  
t h r e e - h a l f w a v e  fo rm  and causes a d e f i n i t e  d e c r e a s e  in  t h e  
m a g n i tu d e  o f  t h i s  mode as mode two t a k e s  o v e r  f ro m  mode 
one .  The su b seq u e n t  two t e s t s  c o n d u c ted  on P l a t e  D a l s o  
showed a smooth mode change as p r e d i c t e d  by t h e  g e n e r a l  
t h e o r y .
The r e s u l t s  o f  t h e s e  e x p e r i m e n t s ,  t o  t h e  o r d e r  t h a t  
t h e  e x p e r i m e n t a l  a c c u r a c y  a l l o w e d  ( f o r  exam ple  t h e  
s e n s i t i v i t y  o f  t h e  o u t - o f - p l a n e  loads  a p p l i e d  and t h e  
number o f  c e n t r e l i n e  d e f l e c t i o n  r e a d i n g s  t a k e n ) ,  i n d i c a t e  
t h a t  t h e  p o s t - b u c k l i n g  b e h a v i o u r  o f  l a t e r a l l y  r e s t r a i n e d  
p l a t e s  can be a d e q u a t e l y  p r e d i c t e d  by c o n s i d e r i n g  i t  as a 
t w o - d e g r e e  o f  f re edom  p ro b le m .
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7 . 0  CONCLUSIONS
A c o n s e r v a t i v e ,  d o u b l y - s y m m e t r i c  s t r u c t u r a l  sys tem  
w i t h  two a c t i v e  d e g re e s  o f  f re e d o m  has been i n v e s t i g a t e d .  
I t  was s u b j e c t  t o  two m a j o r  i m p e r f e c t i o n s  and a s p l i t t i n g  
p a r a m e t e r .  O n ly  n o n - e x i s t e n c e  s y s te m s ,  f o r  w h ic h  t h e r e  a r e  
two b r a n c h i n g  p a t h s  f o r  t h e  i d e a l  c o i n c i d e n t  s y s te m ,  have  
been c o n s i d e r e d .
When a n o n - z e r o  s p l i t t i n g  p a r a m e t e r  i s  a p p l i e d  t h e  
sys te m  u n d er  lo a d  e n c o u n t e r s  two u n c o u p le d  p a t h s  a t  two  
p r i m a r y  b i f u r c a t i o n  p o i n t s .  A c l o s e d  loop  p a t h ,  i s o l a ,  may 
e x i s t  t o  fo rm  a t r a n s i t i o n  be tw een  t h e  two u n c o u p le d  p a t h s .  
When i t  does e x i s t  i t  i s  o f  e l l i p t i c a l  fo rm  when p r o j e c t e d  
o n t o  t h e  d i s p l a c e m e n t  p l a n e .  As S u p p le  ( 1 9 6 7 )  f o u n d ,  t h e  
i s o l a  r e d u c e s  t o  a p o i n t  t o  become i m a g in a r y  as t h e  
s p l i t t i n g  p a r a m e t e r  changes s i g n  t h r o u g h  z e r o .  The  
c o o r d i n a t e s  o f  t h e  s e c o n d a r y  b i f u r c a t i o n  p o i n t s  on t h e  
u n c o u p le d  p a t h s  have been fo u n d  i n  b o th  l o a d - d i s p l a c e m e n t  
and l o a d - d e f l e c t i o n  o f  t h e  lo a d  s p a c e .
From an i n v e s t i g a t i o n  i n t o  t h e  s t a b i l i t y  o f  t h e  
p o s t - b u c k l i n g  e q u i l i b r i u m  p a t h s  i t  has been shown t h a t  a t  
t h e  s e c o n d a r y  b i f u r c a t i o n  p o i n t s  t h e  m o s t - s t i f f  u n c o u p le d  
p a t h  lo s e s  one d e g re e  o f  s t a b i l i t y  and t h e  l e a s t - s t i f f  p a t h  
g a i n s  one d e g re e  o f  s t a b i l i t y .  The s t a b i l i t y  o f  t h e  i s o l a  
was shown t o  be g o v ern ed  by i t s  c u r v a t u r e  and a l s o  t h e  
c u r v a t u r e  o f  t h e  u n c o u p le d  p a t h s .  The s t a b i l i t y  o f  t h e  
s e c o n d a r y  b i f u r c a t i o n  p o i n t s  was found  t o  depend on t h e  
s i g n  o f  t h e  c u r v a t u r e  o f  t h e  u n c o u p le d  p a t h s  and t h e  
s t a b i l i t y  o f  t h e  i s o l a .
The b e h a v i o u r  o f  t h e  i m p e r f e c t  sys tem  was t h e n  
i n v e s t i g a t e d  by t h e  i n t r o d u c t i o n  o f  two m a jo r  i m p e r f e c t i o n s  
i n t o  t h e  i d e a l  s ys te m .  Each i m p e r f e c t i o n  was a p p l i e d  a l o n e  
i n  t u r n  and t h i s  was shown t o  l e a d  t o  one u n c o u p le d  and one  
c o u p le d  s o l u t i o n .
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D e pend ing  on t h e  m a g n i tu d e  o f  t h e  i m p e r f e c t i o n  norm 
and t h e  s i g n  o f  t h e  s p l i t t i n g  p a r a m e t e r  t h e  c o u p le d  
s o l u t i o n  i n t e r s e c t s  t h e  c o u p le d  p a t h  a t  e i t h e r  one o r  t h r e e  
r e a l  b i f u r c a t i o n  p o i n t s .  One p o i n t  c o r r e s p o n d s  t o  a c o u p le d  
e q u i l i b r i u m  p a t h  b r a n c h in g  f ro m  t h e  u n c o u p le d  p a t h  and t h i s  
a lw a y s  e x i s t s .  The o t h e r  two p o i n t s ,  when t h e y  e x i s t ,  
c o r r e s p o n d  t o  t h e  i n t e r s e c t i o n  o f  an i s o l a  w i t h  t h e  
u n c o u p led  p a t h .  I t  has a l s o  been shown t h a t  und er  c e r t a i n  
c o n d i t i o n s  a d d i t i o n a l  l i m i t  p o i n t s  e x i s t  on t h e  c o u p le d  
p a t h ,  e i t h e r  on t h e  i s o l a  o r  t h e  b r a n c h in g  p a t h .  The  
c o n d i t i o n s  f o r  t h e  e x i s t e n c e  o f  t h e  i s o l a  and t h e  
a d d i t i o n a l  c o u p le d  l i m i t  p o i n t s  have been o b t a i n e d .  The  
c o o r d i n a t e s  o f  t h e  b r a n c h in g  p o i n t s  and t h e  c o u p le d  l i m i t  
p o i n t s  have a l s o  been d e r i v e d .  The e x i s t e n c e  o f  t h e s e  
a d d i t i o n a l  c o u p le d  l i m i t  p o i n t s  has i m p o r t a n t  i m p l i c a t i o n s  
on t h e  p o s t - b u c k l i n g  b e h a v i o u r  o f  t h e s e  s y s te m s .  When t h e y  
do n o t  e x i s t  t h e  s y s te m ,  und er  l o a d ,  e x h i b i t s  a smooth  
b u c k l e  p a t t e r n  change .  However ,  when t h e y  do e x i s t ,  a 
dynamic jump f ro m  mode one t o  mode two o c c u r s .
A sys tem  c l a s s i f i c a t i o n  based on t h e  number o f  
c r i t i c a l  p o i n t s  t h a t  o c c u r  on t h e  c o u p le d  p a t h s  was 
proposed  f o r  each o f  t h e  two m a j o r  i m p e r f e c t i o n s .
Due t o  t h e  c o m p l e x i t y  o f  t h e  a l g e b r a  i t  was n o t  
p o s s i b l e  t o  o b t a i n  c l o s e d  fo rm  a l g e b r a i c  e q u a t i o n s  f o r  a l l  
p o i n t s  on t h e  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  o f  t h e s e  
s y s te m s .  Thus t o  i n v e s t i g a t e  t h e  i m p e r f e c t i o n  s e n s i t i v i t y  
f u r t h e r  i t  was n e c e s s a r y  t o  s t u d y  t h e  b e h a v i o u r  o f  
s p e c i f i c  p rob lem s  u s i n g  a n u m e r i c a l  a n a l y s i s .
To t h i s  end t h e  n u m e r ic a l  m ethod ,  d e v e lo p e d  by W icks  
( 1 9 8 6 )  t o  i n v e s t i g a t e  t h e  b e h a v i o u r  o f  c o i n c i d e n t  s y s te m s ,  
was m o d i f i e d  t o  i n c l u d e  t h e  e f f e c t s  o f  t h e  s p l i t t i n g  
p a r a m e t e r .  T h i s ,  t o g e t h e r  w i t h  t h e  a l g e b r a i c  a n a l y s i s ,  
e n a b le d  a more d e t a i l e d  s t u d y  o f  n o n - e x i s t e n c e  sys tem s t o  
be made t h a n  h i t h e r t o .  In t h e s e  s t u d i e s  i t  has been assumed  
t h a t  t h e  i m p e r f e c t i o n s  and t h e  s p l i t t i n g  p a r a m e t e r  a r e  
s m a l 1.
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The g e n e r a l  t h e o r y  was t h e n  a p p l i e d  t o  t h r e e
t h e o r e t i c a l  models  w h ich  a r e  exam ples  o f  d o u b l y - s y m m e t r i c
b r a n c h in g  s y s te m s .  In  each case  o n l y  t h e  n a t u r a l  
e q u i l i b r i u m  p a t h s  w ere  c o n s i d e r e d  as t h e s e  a r e  o f  most
p r a c t i c a l  i m p o r t a n c e .  The models  exam ined w e re ;
a )  A p i n - e n d e d  s t r u t  under  a x i a l  c o m p res s io n  s u p p o r t e d  
l a t e r a l l y  by a W i n k l e r - t y p e  e l a s t i c  f o u n d a t i o n .
b )  A m o d i f i e d  r i g i d  l i n k - s p r i n g  S t e i n  model und er  a x i a l  
c o m p r e s s io n .
c )  A t h i n  s i m p l y - s u p p o r t e d  l a t e r a l l y  r e s t r a i n e d  
r e c t a n g u l a r  p l a t e  und er  a x i a l  c o m p r e s s io n .
For  each model exam ples  w ere  t a k e n  w h ic h  a r e  
r e p r e s e n t a t i v e  o f  t h e  g e n e r a l  b e h a v i o u r  w i t h  z e r o ,  n e g a t i v e  
and p o s i t i v e  s p l i t t i n g  p a r a m e t e r s .  Each model was
c l a s s i f i e d  a c c o r d i n g  t o  t h e  fo rm  o f  t h e  i d e a l  p a t h s  and a 
f u r t h e r  c l a s s i f i c a t i o n  made based on t h e  b e h a v i o u r  o f  t h e  
sys tem  w i t h  each o f  t h e  two i m p e r f e c t i o n s  a p p l i e d .  U s in g
t h e  m o d i f i e d  n u m e r i c a l  t e c h n i q u e  t h e  i m p e r f e c t i o n
s e n s i t i v i t y  s u r f a c e s  o f  t h e  n a t u r a l  l o a d i n g  p a t h s  w e re  
g e n e r a t e d  f o r  each e x a m p le .  Due t o  t h e  i n h e r e n t  d o u b le  
symmetry o f  t h e s e  systems i t  was o n l y  n e c e s s a r y  t o  g e n e r a t e  
t h e  s u r f a c e  f o r  p o s i t i v e  i m p e r f e c t i o n s .
The t h r e e  exam ples  c o n s i d e r e d  f o r  t h e  s t r u t  model  
w ere  a l l  found  t o  e x h i b i t  n o n - h y s t e r e s i s  b e h a v i o u r  on t h e  
n a t u r a l  l o a d i n g  p a th s  and w ere  i m p e r f e c t i o n  s e n s i t i v e .
The c l a s s i f i c a t i o n  o f  t h e  i m p e r f e c t  S t e i n  model was 
found  t o  f a l l  i n t o  t h r e e  r e g i o n s  d ep en d an t  on t h e  e n e r g y  
p a r a m e t e r  t h r o u g h  w h ich  t h e  s t i f f n e s s  o f  t h e  c e n t r a l  s p r i n g  
was v a r i e d .  Two o f  t h e s e  r e g i o n s  w ere  o f  p a r t i c u l a r  
r e l e v a n c e  t o  t h e  p o s t - b u c k l i n g  b e h a v i o u r  o f  l a t e r a l l y  
r e s t r a i n e d  p l a t e s  and an exam ple  was t a k e n  f ro m  e a c h .  F o r  
each exam ple  z e r o ,  n e g a t i v e  and p o s i t i v e  s p l i t t i n g  
p a r a m e t e r s  w ere  a p p l i e d .  A s t u d y  o f  t h e  i m p e r f e c t  b e h a v i o u r  
o f  t h i s  m o d e l ,  f o r  a l l  c o m b i n a t i o n s  o f  t h e  tw o  
i m p e r f e c t i o n s ,  l e d  t o  t h e  f o u r  p o s s i b l e  g e n e r a l  fo rm s  o f
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s t a b i l i t y  b o u n d a r ie s  p ro p o s e d .  These s t a b i l i t y  b o u n d a r ie s  
r e p r e s e n t  t h e  l o c i  o f  c r i t i c a l  p o i n t s  as t h e  r a t i o  o f  t h e  
two i m p e r f e c t i o n s  i s  v a r i e d  and t h e r e f o r e  t h e y  d e f i n e  
r e g i o n s  o f  s t a b l e  and u n s t a b l e  b e h a v i o u r .  Thus t h e  fo rm  o f  
t h e  s t a b i l i t y  b o u n d a r ie s  has i m p o r t a n t  i m p l i c a t i o n s  on t h e  
p o s t - b u c k l i n g  b e h a v i o u r  and dynamic b u c k l e  p a t t e r n  changes  
o f  t h e s e  s y s te m s .  A c o n s i d e r a t i o n  o f  t h e i r  fo rm  f o r  a 
p a r t i c u l a r  sys tem  i n d i c a t e s  w h e t h e r  c o n v e rg e n c e  t o  t h e  
p r e f e r r e d  mode w i l l  o c c u r  s t a t i c a l l y ,  p a r t i a l l y  d y n a m i c a l l y  
o r  d y n a m i c a l l y  f o r  a l l  c o m b i n a t i o n s  o f  t h e  two  
i m p e r f e c t i o n s .
I t  was shown t h a t  a sys tem  w hich  behaves d y n a m i c a l l y  
f o r  a r a n g e  o f  i m p e r f e c t i o n  a n g le s  und er  c o n d i t i o n s  o f  
c o i n c i d e n c e  c o u l d ,  und er  c o n d i t i o n s  o f  n e a r - c o i n c i d e n c e ,  
behave d y n a m i c a l l y  f o r  a l l  c o m b i n a t i o n s  o f  t h e  two  
i m p e r f e c t i o n s .  M o re o v e r  i t  was fo u n d  t h a t  some sys tem s
w hich  d e m o n s t r a t e  n o n - h y s t e r e s i s  b e h a v i o u r  und er  c o n d i t i o n s  
o f  c o i n c i d e n c e  may, i n  some c i r c u m s t a n c e s ,  e x h i b i t  
h y s t e r e s i s  b e h a v i o u r  und er  c o n d i t i o n s  o f  n e a r - c o i n c i d e n c e .  
Thus a sys tem  w hich  had p r e v i o u s l y  been c o n s i d e r e d  t o  be
s t a b l e  c o u ld  undergo  dynamic  b u c k l e  p a t t e r n  ch a n g e s .  Hence
t h e  s p l i t t i n g  p a r a m e t e r  l e a d s  t o  more dynamic  e f f e c t s  i n  
t h e s e  sys te m s .
For  t h e  l a t e r a l l y  r e s t r a i n e d  p l a t e  model t h e  r e g i o n  
o f  i n t e r e s t ,  f o r  t h i s  p r e s e n t  s t u d y ,  was g o v e rn e d  by t h e  
v a l u e s  o f  P o is s o n s  r a t i o  and p l a t e  a s p e c t  r a t i o .  A
v a r i a t i o n  o f  e i t h e r  o f  t h e s e  two f a c t o r s  was shown t o
d i r e c t l y  a f f e c t  t h e  m a g n i tu d e  o f  t h e  s p l i t t i n g  p a r a m e t e r .  
Thus ,  i n  c o n t r a s t  w i t h  t h e  S t e i n  m o d e l ,  t h e  s p l i t t i n g
p a r a m e te r  i s  d ep endan t  on two q u a n t i t i e s .
The i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e  f o r  each exa m p le  
t a k e n  in  t h e  S t e i n  and p l a t e  models  was g e n e r a t e d  u s i n g  t h e  
m o d i f i e d  n u m e r i c a l  t e c h n i q u e .  The s u r f a c e s  o b t a i n e d  f o r  a 
n o n - z e r o  s p l i t t i n g  p a r a m e te r  w ere  found  t o  be a s y m p t o t i c  t o
t h e  s u r f a c e s  g e n e r a t e d  under  c o n d i t i o n s  o f  c o i n c i d e n c e .
341
The p h y s i c a l  fo rm  t a k e n  f o r  t h e  S t e i n  a n a lo g u e  
r e s u l t e d  i n  o n l y  two p o s s i b l e  modes o f  d e f o r m a t i o n  f o r  t h i s  
model and t h u s  was t h e  a c c u r a t e  s o l u t i o n .  The d e f l e c t i o n  
f u n c t i o n  assumed f o r  t h e  s t r u t  and p l a t e  model was t a k e n  as  
t h e  sum o f  o n l y  t h e  f i r s t  two w a v e fo rm s .  T h i s  a p p r o x i m a t i o n  
may be c o n s i d e r e d  t o  be a c c e p t a b l e  i f  t h e  n u m e r i c a l  s t u d i e s  
a r e  c o n f i n e d  t o  r e g i o n s  w here  t h e  t h i r d  b u c k l i n g  lo a d  i s  
w e l l  s e p a r a t e d  f ro m  t h e  f i r s t  two p r i m a r y  b i f u r c a t i o n  
p o i n t s  f o r  t h e  i d e a l  s y s te m ,  and i f  t h e  r a t e  o f  change o f  
t h e  e n e rg y  c o e f f i c i e n t s  ( f o r  t h i s  mode) keep i t  w e l l  
s e p a r a t e d  when, f o r  e x a m p le ,  i m p e r f e c t i o n s  o r  a s p l i t t i n g  
p a r a m e t e r  a r e  i n t r o d u c e d .  I f  t h e s e  r e s t r i c t i o n s  a r e  n o t  
o b s e r v e d  t h e n  a d d i t i o n a l  w aveform s s h o u ld  be t a k e n  i n t o  
a c c o u n t  i n  t h e  d e f l e c t i o n  f u n c t i o n  t o  p r o v i d e  a more  
a c c u r a t e  a n a l y s i s .
In  o r d e r  t o  v e r i f y ,  q u a l i t a t i v e l y ,  t h e  s i m p l e  
t h e o r i e s  p r o p o s e d ,  a t e s t  f ra m e  and p r o c e d u r e  was d e v e lo p e d  
t o  i n v e s t i g a t e  t h e  p o s t - b u c k l i n g  b e h a v i o u r  o f  t h i n ,  
r e c t a n g u l a r ,  s i m p l y - s u p p o r t e d  l a t e r a l l y  r e s t r a i n e d  p l a t e s .  
The s e m i - r i g i d  t e s t  f ra m e  was mounted i n  a t e s t i n g  m ach in e  
w hich  a p p l i e d  u n i a x i a l  c o m p r e s s iv e  l o a d s .  A number o f  
c o n c e n t r a t e d  o u t - o f - p l a n e  p o i n t  lo a d s  was a p p l i e d  t o  
r e p r e s e n t  i n i t i a l  g e o m e t r i c  i m p e r f e c t i o n s  i n  t h e  p l a t e .  The  
a x i a l  l o a d - d e f l e c t i o n  o f  t h e  lo ad  b e h a v i o u r  was f o l l o w e d  by  
means o f  a lo ad  c e l l  and a v e r t i c a l l y  mounted LVDT 
t r a n s d u c e r .  A g r i d  o f  LVDT t r a n s d u c e r s  h e l d  normal  t o  t h e  
f a c e  o f  t h e  p l a t e s  m easured t h e  o u t - o f - p l a n e  d i s p l a c e m e n t s  
d u r i n g  l o a d i n g .
The r e s u l t s  o f  t h e  p l a t e  t e s t s  showed t h a t  f o r  
c e r t a i n  c o m b i n a t i o n s  o f  t h e  two i m p e r f e c t i o n s  dynam ic  
changes i n  b u c k l e  p a t t e r n  w ould  o c c u r  and f o r  o t h e r s  a 
smooth change c o u ld  be e x p e c t e d .  T h i s  a g r e e d  w i t h  t h e  
t h e o r e t i c a l  i n v e s t i g a t i o n  o f  t h e s e  p l a t e s .
F o u r i e r  a n a l y s i s  o f  t h e  p l a t e  c e n t r e l i n e  d i s p l a c e m e n t  
r e a d i n g s  i n d i c a t e d  t h a t  when an i m p e r f e c t i o n  i n  t h e  fo r m  o f  
a o n e - h a l f w a v e ,  o r  a c o m b i n a t i o n  o f  a o n e -  and t w o - h a l f w a v e
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f o r m ,  was a p p l i e d  c o u p l i n g  o c c u r r e d  betw een modes one and 
tw o .  Mode t h r e e  a p p e a r e d  t o  p l a y  l i t t l e  p a r t  i n  t h e  
p o s t - b u c k l i n g  b e h a v i o u r .  When an i m p e r f e c t i o n  p u r e l y  i n  t h e  
fo rm  o f  mode two was a p p l i e d ,  c o u p l i n g  be tw een  modes one  
and two a g a i n  o c c u r r e d  as p r e d i c t e d  by t h e  t h e o r y .  However ,  
a t  lo a d s  g r e a t e r  t h a n  t w i c e  t h e  i n i t i a l  b u c k l i n g  lo a d  o f  
t h e  i d e a l  s y s te m ,  mode t h r e e ,  a l t h o u g h  s t i l l  s m a l l  i n  
m a g n i t u d e ,  a p p e a re d  t o  make s l i g h t l y  more o f  a c o n t r i b u t i o n  
t o  t h e  b e h a v i o u r  t h a n  mode one .  I t  was c o n s i d e r e d  t h a t  t h i s  
was due t o  t h e  i n i t i a l  i m p e r f e c t i o n s  i n h e r e n t  i n  t h e  p l a t e  
r a t h e r  t h a n  t h e  d i r e c t  i n f l u e n c e  o f  t h e  t h i r d  mode on t h e  
p o s t - b u c k l i n g  b e h a v i o u r .
I t  was t h e r e f o r e  shown t h a t ,  t o  t h e  o r d e r  o f  a c c u r a c y  
o f  t h e  e x p e r im e n t s  and w i t h  t h e  l i m i t e d  number o f
o u t - o f - p l a n e  d e f l e c t i o n s  m eas ured ,  a t w o - d i m e n s i o n a l
a n a l y s i s  g i v e s  a r e a s o n a b l e  a p p r o x i m a t i o n  t o  t h e
p o s t - b u c k l i n g  b e h a v i o u r  o f  t h e s e  p l a t e s .
7 . 1  PROPOSALS FOR FURTHER WORK
The f o l l o w i n g  p r o p o s a l s  f o r  f u r t h e r  work a r e  p u t
f o r w a r d .
The g e n e r a l  t h e o r y  d e v e lo p e d  h e r e  c o u ld  be e x t e n d e d  
by a d e t a i l e d  s t u d y  o f  t h e  e f f e c t  o f  t h e  s p l i t t i n g
p a r a m e te r  on t h e  com plem enta ry  l o a d i n g  p a t h s  o f  t h e  i d e a l  
and i m p e r f e c t  n o n - e x i s t e n c e  s y s te m s .  To c o m p le t e  t h i s  
t h e o r y  t h e  e f f e c t s  o f  t h e  s p l i t t i n g  p a r a m e t e r  on t h e  
n a t u r a l  and com plem entary  p a t h s  o f  i d e a l  and i m p e r f e c t
e x i s t e n c e  systems c o u ld  t h e n  be i n v e s t i g a t e d .
The m o d i f i e d  n u m e r i c a l  t e c h n i q u e  c o u ld  t h e n  be
f u r t h e r  a d a p te d  t o  i n c l u d e  t h e  e f f e c t s  o f  t h e  s p l i t t i n g
p a r a m e te r  on e x i s t e n c e  s y s te m s .  T h i s  would  e n a b l e  t h e  
c o m p le te  i m p e r f e c t i o n  s e n s i t i v i t y  s u r f a c e s  o f  t h e  s t r u t  on 
a W i n k l e r - t y p e  f o u n d a t i o n ,  t h e  m o d i f i e d  S t e i n  model and t h e  
l a t e r a l l y  r e s t r a i n e d  p l a t e  t o  be g e n e r a t e d  f o r  c o n d i t i o n s
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o f  n o n - e x i s t e n c e  and e x i s t e n c e .
A m u l t i - m o d a l  s t u d y  o f  t h e  s t r u t  and p l a t e  models  
c o u ld  a l s o  be c o n d u c te d  t o  e s t a b l i s h  what  e f f e c t s ,  i f  a n y ,  
t h e  h i g h e r  modes have on t h e  p o s t - b u c k l i n g  b e h a v i o u r  o f  
t h e s e  sys te m s .
These t h e o r e t i c a l  i n v e s t i g a t i o n s  s h o u ld  t h e n  be 
v e r i f i e d  by a f u r t h e r  programme o f  e x p e r i m e n t a t i o n .  W i t h  
m in o r  m o d i f i c a t i o n s  t o  t h e  t e s t  f ra m e  d e v e lo p e d  by t h e  
p r e s e n t  a u t h o r  an a c c u r a t e  s t u d y  o f  t h e  e x p e r i m e n t a l  
b e h a v i o u r  o f  l a t e r a l l y  r e s t r a i n e d  p l a t e s ,  b o th  i n  r e g i o n s  
o f  e x i s t e n c e  and n o n - e x i s t e n c e  b e h a v i o u r ,  wou ld  be 
p o s s i b l e .
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